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Abstract

In this paper, two well-celebrated results in metric fixed point theory due to Jaggi and Dass-
Gupta are revisited. To this end, the concepts of Jaggi and Dass-Gupta type bilateral multi-
valued contractions are introduced and suitable conditions for existence of fixed points for
such mappings are established. A nontrivial example is provided to support the hypotheses
of our main results. Moreover, a few consequences which dwell upon the generality of the
ideas presented herein are pointed out and discussed. Finally, one of our theorems is applied
to investigate sufficient conditions for existence of solutions of nonlinear functional equations
arising in dynamic programming and in optimization theory.
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1 Introduction and Preliminaries

Banach fixed point theorem (see [5]) is one of the earliest, simple and versatile classical results for
single-valued mappings in fixed point theory with metric space structure. More than a handful of
literature embrace applications and modifications of this principle from different perspectives, for
example, by weakening the hypotheses, employing different mappings and various forms of quasi and
pseudo-metric spaces. In this context, the work of Rhoades [20] is useful for recalling a few salient
Banach-type contractive definitions. Two obvious intersecting properties of most generalizations
of the Banach fixed point theorem is that their proofs are similar and the contractive conditions
consist of linear combinations of the distances between two distinct points and their images. The
first-two most embraced extensions of Banach contraction principle involving rational inequalities
were presented by Dass-Gupta [9] and Jaggi [10].
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Theorem 1.1 [10] Let (Q,p) be a complete metric space and U : Q@ — Q be a continuous
mapping. Further, Let U satisfies the condition:

ap(s, As)u(y, Ag)
p(As, Ay) < )

+nu(s, 1),

forallc,y3 € Q, ¢ # 7 and for some a,n € [0,1) with a +n < 1. Then ¥ has a unique fixed point in
Q.

Following [9, 10], a lot of related results (see, e.g. [17,18]) have been established. Moreover, the
theory of set-valued mappings plays major roles in several branches of mathematics because of
its applications in areas such as control theory, game theory, biomathematics, qualitative physics,
viability theory, and so on. In particular, the idea of multivalued mappings in fixed point theory
was initiated by von Neumann in 1935 in the study of game theory. On the other hand, the
notion multivalued mappings in metric fixed point theory was brought up by Nadler [16] who
used the concept of Hausdorff metric to obtain a generalization of Banach fixed point theorem.
Meanwhile, a number of generalizations in diverse frames of Nadler’s fixed point theorem have also
been investigated by several authors; see, for example, [1-4,11,15,19,21] and references therein.

On the other hand, in 1976, Caristi [7] presented a fixed point theorem whose statement and
proof are significantly different from the Banach fixed point theorem. The main result of |7, Theorem
2.1] is as follows.

Theorem 1.2 [7] Let (Q, 1) be a complete metric space, A be a closed subset of Q). Suppose that
A: A — A s an arbitrary function and ¥V : A :— Q is continuous. If there exists a real number
1n < 0 such that

1(A(s), WA(S)) < (s, As) 4 nu(s, A<)),

for all ¢ € A, then A has a fized point in A.

Not long ago, a new type of contraction called bilateral contraction was introduced by Chi-Ming et
al [8]. The presented idea combined two well-known results in fixed point theory due to Caristi [7]
and Jaggi [10].

Definition 1.3 [8] Let (Q, u) be a metric space. A mapping ¥ : Q — Q is called a Jaggi-type
bilateral contraction if there exists a function ¥ : Q — [0,00) such that

w(s, U¢) > 0 implies p(Ts, ¥y) < (¥(s) — H(¥s))Ru (s, ),

for all ¢, 5 € Q, where
(s, ) p(y, W) }

Ry (s,7) = max {u(w), o))

Definition 1.4 [5] Let (2, 1) be a metric space. A mapping ¥ : Q@ — Q is called a Dass-Gupta-
type bilateral contraction if there exists a function ¥ : Q@ — [0,00) such that

(s, W) > 0 implies u(Ws, ¥y) < (9(s) — I(¥s))Qu (s, 1),

for all ¢,y € Q, where

Q\I/(ga]) = max {N(Q]); 1+ M(';, \Ijg)ﬂ(]’ \IJ]) } )

1+ p(s,9)

The following are the two main results in [3].
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Theorem 1.5 [8, Theorem 1] Let (2, 1) be a complete metric space. If the mapping ¥ : Q@ — Q
s continuous and forms a Jaggi-type bilateral contraction on ), then there exists at least one u € §2
such that Vu = u.

Theorem 1.6 [5, Theorem 2] Let (§2, 1) be a complete metric space. If the mapping ¥ : Q@ — Q
is continuous and forms a Dass-Gupta-type bilateral contraction on ), then there exists at least one
u € Q such that Yu = u.

Hereafter, we denote by N, R* R and K () the sets of natural numbers, non-negative reals,
real numbers and the family nonempty compact subsets of 2, respectively.

Definition 1.7 Let (Q, 1) be a metric space. Then, a subset A of Q is called:

(i) compact if and only if for every sequence of elements of A, there exists a subsequence that
converges to an element of A.

(ii) closed if and only if for every sequence {, }nen of elements of A that converges to an element
¢, we have ¢ € A.

For A, B € K(Q), the function X : £(02) x £(2) — Ry, defined by

max {supgeA w(s, B),sup ¢ g (s, A)} , if it exists
0, otherwise

N(A, B) = {

is called the generalized Hausdorff-Pompeiu metric on () induced by the metric u, where
A) = inf .
pls, A) = inf pls, 1)

Definition 1.8 Let Q be a nonempty set. A mapping ¥ : Q@ — K() is called a multivalued
mapping. A point u € § is called a fixed point of a multivalued mapping ¥ if u € Yu.

Definition 1.9 Let (2, 1) be a metric space. A mapping ¥ : Q — K(Q) is called a multi-valued
contraction, if there exists A € (0,1) such that for all ¢,7 € Q,

N(Ts, ¥y) < Auls, ).

The following result due to Nadler [16] is the first metric fixed point theorem for multi-valued
contraction.

Theorem 1.10 FEvery multi-valued contraction on a complete metric space has at least one fixed
point.

Lemma 1.11 [16] Let (2, 1) be a metric space and A, B € K(2). If a € A, then there exists b € B
such that p(a,b) < X(A, B).

The aim of this work is to extend and unify various renowned metric fixed point results due to
Caristi [7], Chen etal. [3], Jaggi [10], and related articles in the framework of multi-valued mappings.
In particular, we noticed that the assumptions of [8, Theorems 1 and 2| do not guarantee the
uniqueness of fixed of the concerned single-valued mapping, thereby making the ideas therein more
appropriate for fixed theorems of multi-valued mappings. To this end, the concept of Jaggi-type
multi-valued bilateral contraction is initiated herein to properly address the aforementioned gap.
Moreover, encouraged by the celebrated fixed theorems of Dass-Gupta and Caristi [9], we inaugurate
the idea of Dass-Gupta-type bilateral multi-valued contraction and analyze the existence of fixed for
such contraction under suitable hypotheses. A few consequences which dwell upon the generality
of our main results are noted and discussed. A nontrivial example is provided to authenticate the
assertions of our main theorem. From application point of view, one of our results is employed
to investigate sufficient conditions for the existence of solutions of nonlinear functional equations
arising in dynamic programming and optimization theory.
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2 Main Results

We start this section by introducing the concept of Jaggi-type bilateral multivalued contraction.

Definition 2.1 Let (2, 1) be a metric space and T,V : Q@ — K(Q) be any two multivalued map-
pings. Then, the pair (T, ¥) is said to form a Jaggi-type bilateral multivalued contraction, if there
exists a continuous function A : Q — RY such that

(s, Ys) >0 and p(y, ¥y) >0
imply
N(TC, \I,J) < (A(C) - A(])) M(T,\I/) (9])7 (21)
for all ¢, € Q, ¢ # 3, where

(s, Y<)u(g, W) } .

My,)(s,7) = max {u(w), )

Theorem 2.2 Let (2, 1) be a complete metric space and T,V : Q@ — K(Q) be any two multivalued
mappings. If the pair (T, W) forms a Jaggi-type bilateral multivalued contraction, then there exists
u € Q such that u € Tun Pu.

Proof 2.1 Let g9 € Q be arbitrary. Then, by hypothesis, Tsy € K(Q). Therefore, there exists
61 € Yo such that (s, s1) = p(so, Y<so). For this ¢1 € Q, we have Ug € K(Q). Since Yoo, ¥¢1 €
K(Q) and 1 € Yqy, there is a point ¢o € Ve such that pu(s1,s2) = p(s, ¥sr). Take ¢o € , then
YT € K(Q). So we can find 3 € Yo such that pu(se,s3) = p(sa, Ys2). Similarly, VUes is a nonempty
compact subset of Q. Thus, there exists ¢4 € Uy with u(ss,sq) = u(ss, Us3). By continuing in this
fashion, we build a sequence {s,nen of elements of Q, with

Gok+1 € YTsor, and Gopqo € ¥eopt1, K€ N.

Notice that if there exists some k™ € N such that i«y1 = = € T« N Wy« then we are done with
the proof. So, presume that ¢ # k1 for all k € N. It follows that

1(s2k, S2k+1) = p(sar, Tsor) >0

and
1(S2k+41, S2k+2) = H(Sok+1, Yxok41) > 0.

Hence, by Lemma 1.11, and the contractive condition (2.1), we have

1(sor, S2rt1) < R(Tsor—1, Ysar)

< (Asar—1) — Als2r)) My o) (S2r—1,S2k)
M(§2k—1, T§2k—1)u(§2k, \I/Qk)
< (A(sor—1) — Als max S2k—1552k ),
( (2k 1) (2k)) {H( 2k—1 2k:) 1+ﬂ(§2k71»§2k)
( )i ) 22
M S2k—15 S2k ) S2k » S2k+1
< (A(sor—1) — Als max S2k—1552k ),
( (2k 1) (2k)) {M( 2k—1 2k) 1+H(§2k_1’§2k) }

IN

(A(s2k—1) — As2r)) maX{u(Qkh Sok)s 14(S2ks <2k+1)}-

Now, we consider the following cases:
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Case 1: Assume that max {u(sar—1, k), (S2k, S2k-+2) } = (S2k—1,%2k). Then, on account of (2.2), we

have
w(sak, Sort1) < (A(sar—1) — Alsor)) p(S2k—1,S2k)-

In other words,

1(S2ks S2k+1)
0 < o o) < (Makmn) = Alaw)) (2.3)

In this case, by repeating the above steps, for all n € N, we have

/14(§n7 §n+1)

0<
1(Sn—1,%n)

IN

A(sn—1) — Alsn). (2.4)

(2.4) implies that A(s,) < A(sp—1), for alln € N. Hence, the sequence {A(s,)}nen is decreas-
ing and positive, and thus converges to some p > 0. Further, notice that

0<% M <3 (Alsior) — Alsy)
i=1 P\ bS 95
= (A(s0) — A1) + (Als1) — As2)) + -+ + (A(Sn—1) — Alsn)) 25
=A(s0) — A(sn) — A(sp) —p < 00 as n — 0.

It follows that
(S s Snt1)

0<
1(Sn—1,%n

< oo, for all m € N.

Consequently,
lim /J,(Cn, §n+1)
n—->o0 :u(gn—la gn)

By (2.6), for n € (0,1), there exists m € N such that for all n > m,

=0. (2.6)

(S Sn+1)

<.
N(gnfla (n)

Equivalently,
1(Sns Snt1) < npa(Sn—1,n)- (2.7)

Case 2: Assume that max{p(sor—1,S2k); (1(S2k, S2k+1)} = 1(S2k, S2k41). Then, using (2.2), we get

1(S2ks S2k1) < (ASar—1) — AlSor)) plSaks S2k+1)- (2.8)

Taking 2k =n € N in (2.8), yields

N(§n7§n+1) < (A(gn—l - A(qn))) N(gnagn—&-l)- (2~9)

Asn — oo in (2.9),

1< (A(gn—l) - A(gn)) — 0,

gives a contradiction. Combining the results from Case 1 and Case 2, and using (2.7), we conclude
that the sequence {(Sn,Snt1) tnen is decreasing and bounded below, and hence converges to its
infimum, say p > 0. Since n < 1, then clearly, n = 0. Now, from (2.7), for each i,j € N with i > j,
we get

Jj—1 i

p(siys) < Y plse segn) < lriinu(c(),q).

t=1
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Hence, lim; o sup {p(si,<5) : 4 > j} = 0. This proves that the sequence {,}nen is Cauchy. By
completeness of Q, there exists u € € such that ¢, — u as n — co. To show that u € Tu, we
apply Lemma 1.11 as follows:

w(u, Tu) (w, S2n) + Sz, Yu)

<u
§ /L(u7§2n) + N(\PCZn—la Tu)

< wl(u, son) + (Alu) — Alsan—1)) max{u(u, Son—1); AC liﬁl:f(qft?;:qiizn_l) } (2.10)

e )

Letting n — oo in (2.10), and using the continuity of A, we have

p(w, Yu)p(u, w)
. T) < pa(u ) + () — Afu) max{“(”’“)’ 1+u<uu>}

<0.
This implies that w € Yu. On similar steps, by using
pulu, W) < pu(u, son) + p(s2n, Yu),
we can show that u € Yu. Consequently, u € Tu N Yu.

Corollary 2.3 Let (Q, 1) be a complete metric space and Y : Q — K(Q) be a multivalued mapping.
If there exists a continuous function A : Q@ —s RT such that

11(s, Ys) > 0 and p(y,Yg) >0

imply
N(Ys, Tg) < (Als) = AU) My vy,

for all ¢,5 € Q, ¢ # 3, where

S, TS )u(y, Y
My = maX{M(QJ), M()M}

L+ pls, )
then, there exists u € Q such that u € Yu.
Proof 2.2 Put Y =V in Theorem 2.2.

Corollary 2.4 Let (2, 1) be a complete metric space and T, ¥ : Q — K(Q) be any two multivalued
mappings. Assume that there exists a continuous function A : Q@ — RT such that

pu(s, Ys) > 0 and p(y, ) >0
imply

R(Ts, W) < (A(s) — A7) Tlu(W)”QW ’

for all s,y € Q, ¢ # 3, where Z?Zl r; = 1, then, there exists u € Q such that u € Tu N Vu.
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Corollary 2.5 Let (2, 1) be a complete metric space and T, ¥ : Q — K(Q) be any two multivalued
mappings. If there exists a continuous function A : Q@ — RT such that

pu(s, Ys) > 0 and p(y, ) >0
imply

R(Ys, g) < (A(s) — A(y)) (WTC)M>

L+ p(s,)
for all ¢,5 € Q, ¢ # 3, then, there exists u € Q such that u € Tu N Vu.

Remark 2.6 By setting Y = ¥ in corollaries 2.4 and 2.5, we can derive independent corollaries
analogous to Corollary 2.3.

Motivated by the results of Dass-Gupta [9], we launch the notion of Dass-Gupta type bilateral
multivalued contraction as follows:

Definition 2.7 Let (Q, 1) be a metric space and YT,V : Q@ — K(Q) be any two multivalued map-
pings. Then, the pair (T, V) is said to form a Dass-Gupta- type bilateral multivalued contraction,
if there ewists a continuous function A : Q@ —s Rt such that

(s, Ys) >0 and (g, ) > 0

imply
R(Ts, ¥y) < (A(s) = AW)) Wir,w), (2.11)
forall ¢,y € Q ¢ # 3, where

Wiy w) = max{,u(g’]), (1 + p(s, T9) (g, ¥g) }

14 p(s,9)

Theorem 2.8 Let (2, 1) be a complete metric space and YT,V : Q@ — K(Q) be any two multivalued
mappings. Assume that the pair (T, V) forms a Dass-Gupta -type bilateral multi-valued contraction,
then there exists u € Q) such that u € Tu N Yu.

Proof 2.3 Following the proof of Theorem 2.2, we construct a sequence {Sptnen of points of
such that
Sok+1 € Yoo and Gopyo € Weopy1, k€N
Taking
1(S2k, S2kt1) = plsan, Tsar) > 0
and
1(S2k+1, S2k42) = p(S2k+1, eopt1) > 0,

Lemma 1.11 and the contractive condition 2.11 guarantee that

p(s2k, S2rt1) < R(Tsor—1, Ysar)
< (Asor—1) — Alsor)) Wir o) (S2r—1, S2k)

(1 + p(S2r—1, Ysor—1)) p(S2k, Tsor)
< A — _A -1 9
< (As2k—1) (CQk))maX{u(Qk 1,S2k) T —

(1 + p(S2r—1,%2k))

(Alsar—1) — A(sor)) max{p(son—1,S2k), 1(S2ks S2k41) }-

< (A(Sor1) — Ason)) max{u(cgkl, o), (1 + p(Sor—1, Sok) ) 1(S2k, S2k+1) }

IN

(2.12)
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From (2.12), we can follow all the steps in Case 1 and Case 2 of Theorem 2.2. After then, we
deduce that {¢, }nen s a Cauchy sequence. Using the completeness of §2, there exists u € § such
that ¢, — u as n —> 0o. To prove that u € Yu, we appeal to Lemma 1.11 as follows:

p(w, Wu) < plu, Son) + p(Son, Yu)
< p(u, S2n) + R(Yson—1, Yu)
< s, Gon) + (A(s2n—1) — A(u))

(1 + M(<2n71a T§2n71)),u/(u7 \IJU) }

(1+ plszn—1,u)) (2.13)

< p(u, Son) + (A(s2n—1) — Auw))

(1 + p’(§2n—1a §2n)),u(u7 \IJU)
1 +ﬂ(§2n717u) '

T fr—

X max{u(u, Son—1),

Taking limit in (2.13) as n — oo, and using the continuity of A, we have
p(w, Q) < 0 (p(u, Yu)) = 0.
Hence, u € Yu. On similar steps, we can show that uw € Yu. Therefore, u € Tu N Yu.

Corollary 2.9 Let (2, 1) be a complete metric space and T : Q@ — K(Q) be a multi-valued map-
ping. Assume that there ewists a continuous function A : Q — R such that

(s, Ys) >0 and p(y,y) >0

imply
N(Ts,Ty) < (Als) = A)Wir 1),

forall¢,5 € Q, ¢ # 3, where

My vy = max{u(g,])’ (1 + p(s, Ys)) (g, Tg) },

1+ pu(s, )
then there exists u € € such that u € YTu.
Proof 2.4 Take Y = W in Theorem 2.8.

Corollary 2.10 Let (2, 1) be a complete metric space and T,V : Q — K(Q) be any two multi-
valued mappings. Assume that there exists a continuous function A : Q — RT such that

p(s, Ts) >0 and p(y, ¥g) >0

imply
(1 + p(s, X)pu(s, V)

R(T, 07) < (M) = AQ)) rapls,g) +ra ==~

b

for all s,y € Q, ¢ # 3, where Z?:l r; =1, then there exists u € Q such that u € Tu N Vu.

Corollary 2.11 Let (2, 1) be a complete metric space and T,V : Q — K(Q) be any two multi-
valued mappings. Assume that there exists a continuous function A : Q — RT such that

p(s, Ys) >0 and p(y, ¥y) >0
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imply

R(Te, ) < (A() — A()) <(1 + p1(s, 1<), \Ifj)>7

L+ p(s,7)
for all ¢,y € Q, ¢ # 3, then, there exists u € Q such that uw € TuN Vu.

Remark 2.12 By setting T = ¥ in corollaries 2.10 and 2.11, we can derive independent corollaries
similar to Corollary 2.9.

In what follows, we provide an example to support the hypotheses of Theorem 2.2.

Example 2.13 Let Q = {(0,0),(3,3),(3,4), (5,5)} be endowed with the taxicab metric y : Q> — R
defined by
1((s1:2), (71,92)) = ls1 = g1l + ls2 — g2

for all <1,62,91,72 € Q. Obuiously, (2, 1) is a complete metric space. Consider two multivalued
mappings L, ¥ :— K(Q) defined by

Ys={(3,4),(5,5)} for all c €

and
U = {(0,0),(3,4)} for all ¢ € Q.

Also, defined the mapping A : @ — RT as follows:
12, if<=(0,0)
A(¢) =410, ifc=(3,3)
7, if<€{(3,4),(5,5)}.

Now, for all ¢ € Q, we have

1((0,0),Ts) = inf{u((0,0),a):a€ Ys}
— inf{7,10} = 7.

Similarly, 1((3,3), Ys) =1, pu((3,4), Ys) = 0 and p((5,5), T<) = 0.
For the mapping ¥, we have

w((0,0), ¥s) = inf{u((0,0),b) : b € ¥s} = 0.

On same steps, (1((3,3),¥s) =1, u((3,4),¥s) =0 and p((5,5), ¥s) = 3.
Now, considering the points for which pu(s, Ys) > 0 and u(3, ¥y) > 0, that is, for alls € {(0,0),(3,3)}
and 3 € {(3,3),(5,5)}, we have

N(Y<,¥y) =N(Y(0,0),¥(3,3)) = max{ sup u(s,¥(3,3)), sup u(Y(0,0),7)}
s€Y(0,0) 1€V (3,3)
= max{3,7} =7,

p(s,7) = p((0,0), (3,3)) = 6.
(s, Ts) = p((0,0),Y(0,0)) = 7.
,U(j7 \Ij]) = :u((3’ 3)7 \11(3’ 3)) =3.
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Therefore,
M(T,\Il)(gaj) = M(T,\II)((O’O)) (373))
(s, Yo)u(, ¥y) }
= max S,]), ——— 2
e MR
= max{6,3} =6,
and

A(s) = A(y) = A((0,0)) = A((3,3)) = 2.
Consequently, u(s, <) >0 and u(y, ¥y) > 0 imply

R(T¢,Ty) = 7<2(6)
= (AQ) =AMy w)(s, 7).

Similarly, for ¢ = (3,3) and 3 = (5,5), we have

R(Ts, ¥y) =N(Y(3,3),¥(5,5)) =7
,u'(ga]) = /l((-?), 3)7 (57 5)) =4
[L(§, Tg) - ﬂ((373)7 T(Sa 3)) =1
/1'(.77 \IIJ) = ,LL((5, 5)a \11(57 5)) =3.
Hence,
Merwy(s,7) = Mryu((3,3),(5,5))
- (s, YS) (g, )
- {M(g’j)’ 1+ (s, ) }
3
= max{4,5} =4,
and

AG) = AG) = A((3,3)) = A((5,5) = 3.
It follows that u(s, Ts) > 0 and p(y, ¥y) > 0 imply

R(T¢,Uy) = 7<3(4)
= (A() =AM w)(s, )

Thus, all the conditions of Theorem 2.2 are satisfied. Consequently, we can see that there exists
(3,4) € Q such that (3,4) € Y(3,4)N¥(3,4).

3 Consequences in Single-valued Mappings

In this section, we deduce a few single-valued counterparts of the results from Section 2.

Theorem 3.1 Let (2, 1) be a complete metric space and 9,4 : Q& — Q be any two single-valued
mappings. If there exists a continuous function A : Q@ — RT such that

1(s,9s) > 0 and p(y,%7) >0

imply
(s, 97) < (A(s) — A(2) 20,4 (S,7)
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forall¢,5 € Q, ¢ # 3, where

L+ (s, )

Then, ¥ and 1 have a common fized point in ), that is, there exists u € Q such that u = ¥(u) =

P(u).
Proof 3.1 Consider two multivalued mappings T, ¥ : Q — () defined as
T¢ = {¥¢} and ¥g = {¢c}

for all ¢ € Q. Clearly, {Us},{w<} € K(Q) for each ¢ € Q. Notice that in this case, X(Ts, ¥y)
w(s,g) for all ¢, 3 € Q. Consequently, Theorem 2.2 can be applied to find u € Q such that u € Tu =
{VPu} and u € u = {Yu}, which further implies that u = H(u) = P (u).

Qg4 (S, 7) = max { ), u(cﬁou(wy)} |

Corollary 3.2 Let (Q, ) be a complete metric space and ¥ : Q@ — Q be a single-valued mapping.
If there exists a continuous function A : Q — RT such that

(s, 9s) >0

implies
(s, 97) < (A(s) = A7) Q9,9 (<, )
for all ¢,5 € Q, ¢ # 3, where

(s, V<) (9, 99) } .

Qo) (s, ) = max {u(w), T )

Then, there exists u € 2 such that 9(u) = u.
Remark 3.3

(i) Note that Corollary 3.2 and the result of Chen et al. [38, Theorem 1] are independent. In the
latter, the mapping W is required to be continuous and the function A is taken arbitrarily. In
our case, (Corollary 3.2), the conditions are reversed. Similar observation concerns Theorem
2.8 and the result of Chen et al. [8, Theorem 2].

(ii) Following the ideas of Theorem 3.1 and Corollary 3.2, we can establish similar results using
Theorem 2.8 and its associated consequences.

4 Applications in Dynamic Programming

Mathematical optimization is one of the areas in which the techniques of fixed point theory are
generously used. It is a known fact that dynamic programming provides important tools for math-
ematical optimization and computer programming. There are more than a handful of literature
dealing with the study of functional equations arising in dynamic programming. The interested
reader may consult [6,12-14,19] and references therein for detail analysis on this topic.

Hereafter, let M and ) be Banach spaces and FF C M, G C @, where F' and G are the state and
decision spaces, respectively. Recall that a state space is the set of all feasible state and a decision
space is the resultant network formed by the nodes of feasible states and all the feasible decisions.
Let B(F') be the set of all bounded real-valued functions defined on F. It is well-known that B(F)
equipped with the metric u, given as

w(p;q) = sup [p(s) — q(s)|,
SEF
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for all p,q € B(F) is a complete metric space. The classical form of functional equation arising in
dynamic programming is given as

h(s) = opt,N(s, 3, h(k(s, 7))

where ¢ € F and j € G are the state and decision vectors, respectively, the opt denotes either
sup, inf, max or min, k : F' x G — F is the transformation of the process and h(s) represents the
optimal return function with initial state <.

Our aim in this section is to apply Theorem 3.1 to study the optimal decision in the given
state space using dynamic programming in connection with the problem of solving the functional
equations, given as

g9(s) = Sup {m(s,9) + A(s, 3, 9(k(s,9))) : g € G} (4.1)
and
h(s) = Sup {m(s,2) + ©(s, 9, h(K(s, 7)) : g € G} (4.2)

where 7: F X G — Rand A,0: F x G x R — R are bounded functions.
Consider two mappings L, ® : B(F) — B(F') defined by

L(p(s)) = Sup {m(s,9) + A(s, 3, p(k(s,2))) : 7 € G} (4.3)
(p(s)) = sup {m(c,2) + O(s,2,p(k(s, 7)) : 7 € G} (4.4)

Notice that fixed points of the mappings L(p(s)) and ®(p(s)) are solutions of problems (4.1) and
(4.2), respectively. Now, we investigate the existence of a common solution of Equations (4.1) and
(4.2) under the following hypotheses.

Theorem 4.1 Consider Equations (4.3) and (4.4). Assume that the following conditions are sat-
isfied:

(i) the functions A, © and 7 are bounded and continuous;

(ii) for all (s,3) € F x G, p,q € B(F) and t € F, there exits a continuous function ¢ : B(F) —
R such that
lp— L(p)| > 0 and [¢ — M(q)| >0

imply
|A(S,2,p(t)) — ©(s,2,9(t))| < (e(p) — 0(9)lp — ql, (4.5)

where (o(p) — 0(q)) = sup.cp(o(p(s)) — 0(q(<)))-

Then, the functional equations (4.1) and (4.2) have a common bounded solution in B(F).

Proof 4.1 Let w be an arbitrary positive real number and p1,ps € B(F) with p; # ps. For¢ € F,
choose 31,32 € G such that

L(p1(<)) < m(s, 1) + A g1, pa(k(S, 1)) + w, (4.6)
D(p2(<)) < 7(<,72) + O(, g2, p2((s, 12))) + w. (4.7)

And, from Equations (4.3), (4.4), we have
L(p1(s)) = 7(s, 22) + Als; 22, p1(5(S, 2))), (4.8)
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O(p2(<)) = 7(s, 1) + O(S, 71, P2(K(s, 72)))- (4.9)
Then, Equations (4.6) and (4.9) together with (4.5) give

L(p1(<)) — 2(p2(s))

A(S, 71, p1(k(S, 1)) — O(S, 71, p2(k(s, 1)) +w
IA(S, 71, p1(K(S, 1)) — O(S, 315 p2(k(S, 1)) + w
(o(p1) — o(p2))Ip1(s) — p2()| + w.

Similarly, from Equations (4.7), (4.8) and (4.5), we have
D(p2(s)) = Lp1(s))

(4.10)

IA A IA

< O(6, 92, p2((S, 92))) — A(S, g2, pa(k(S, 12))) +w

< 1O(s, g2, p2(K(S, 22))) — A(S, g2, p1(K(S, 72))) | + w (4.11)
= |A(S, g2, p1(K(s, 92))) — O(S, 72, P2 (K(S, 22)))| +w

< (o(p1) — o(p2))Ip1(s) — p2(9)] + w.

Combining (4.10) and (4.11), we get

|L(p1(s)) — @(p2(s))| < (o(p1) — o(p2))Ip1(s) — p2(s)| + w. (4.12)

Taking supremum over all ¢ € F in (4.12), and noting that w > 0 is arbitrary, we obtain
1(L(p1), @(p2)) < (o(p1) — o(p2))n(p1, p2)

< (o(p1) — olpa)) max {u<p1,p2>,

1(p1, L(p1))p(p2, M (p2)) }
L+ p(p1,p2) .

Consequently, all the assertions of Theorem 3.1 are satisfied. It follows that the mappings L and ®
have a common fized point in B(F'), which corresponds to the common bounded solution of problems
(4.1) and (4.2).

5 Conclusion

In this work, we have established two concepts, namely, Jaggi-type bilateral multi-valued contraction
and Dass-Gupta -type bilateral multi-valued contraction. The ideas are multi-valued generalizations
of a recently introduced concept of bilateral contractions for single-valued mappings due to Chen
et al. [8]. Moreover, our results also extended the well-known metric fixed point theorems of
Caristi [7], Dass-Gupta and Caristi [9] and Jaggi [10], and related articles in the framework of
multi-valued mappings. The presented results herein were motivated by the fact that the hypotheses
of [8, Theorems 1 and 2] do not guarantee the uniqueness of fixed points of the concerned single-
valued mappings, thereby making the notions therein more suitable for fixed point theorems of
multi-valued mappings. It is noteworthy that the results of this paper can be improved upon when
discussed in the setting of some generalized metric spaces such as b-metric space, F-metric space,
G-metric space, modular metric space, and some other quasi or pseudo metric spaces. Also, from
application perspective, the multi-valued contractions constructed in this work can be applied to
establish some existence theorems of differential inclusions of various types.
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