
International Journal of Mathematical Analysis and

Optimization: Theory and Applications

Vol. 2020, No. 1, pp. 669 - 688

Dissipative Nano�uid Slip-Flow and Heat Transfer in a

Permeable Stretching Vertical Channel with Internal Heat

Generation

H.A. Isede 1*, A. Adeniyan 2

1?, 2, Department of Mathematics, University of Lagos, Nigeria.
*Corresponding Author email: hisede@unilag.edu.ng

Article Info

Received: 05 April 2019 Revised: 25 April 2020
Accepted: 26 April 2020 Available online: 18 May 2020

Abstract

A comparative investigation is carried out in this paper to study the in�uence of Alumina
and Titanium oxide water based nano�uids abound and �ow in a vertical channel whose one of
its parallel walls is both permeable and extensible in the presence of thermal dissipation and
internal heat source/sink. The governing basic partial di�erential equations are formulated and
reduced to ordinary di�erential equations by means of existing transformation, thereafter solved
using Homotopy Perturbation Method (HPM). Excellent validation of the HPM results has
been assessed through comparison with the fourth-�fth-order Runge-Kutta-Fehlberg numerical
quadrature by means of tables. For some selected values of various basic �ow parameters,
tables are contextualized on the skin-friction parameters as well as the surface heat transfer
rate. The in�uence of nano�uid volume fraction, Echert number, viscosity based Reynolds
numbers, internal heat generation/absorption, wall mass �ux and velocity slip are investigated
by means of plotted axial and transverse velocity graphs as well as temperature pro�les, and
they are found to be highly signi�cant on both velocity and temperature �elds. Also, the results
indicate that relative di�erences of the values due to Titanium Oxide from those of the Alumina
none-negative in almost all cases with exception of mass �ux e�ect at the wall. In particular,
the in�uence of the nanoparticle volume fraction is to intensify the wall �uid characteristics in
both Alumina and Titanium Oxide nano�uids.

Keywords and Phrases Nano�uid; Heat generation; Thermal dissipation; Mass �ux; HPM.
MSC2010: 76D99.

1 Introduction

Nanoparticle research is currently an area of intense scienti�c interest due to a wide variety of
potential applications in electronic, biomedical, and optical �eld. Nanotechnology has received
extensive attention in recent years due to enormous applications in food, engineering and transportation,
industrial, electronics, nuclear reactors, biomedicine, drug delivery, automobiles and biological
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sensors. Nano�uids are engineered by suspending nanoparticles with average sizes (1�100 nm).
Nano�uids is a term �rst introduced by Choi [1] and refers to a new class of heat transfer �uids with
superior thermal properties. The �uid referred to as a nano�uid is the mixture of the nanoparticles
and base �uid having unique physical and chemical properties. The presence of the nanoparticles in
the nano�uid is expected to enhance the thermal conductivity and therefore substantially enhance
the heat transfer characteristics of the nano�uid. Nano�uidscan be de�ned as the dilution of
nanometer-sized particles (smaller than 100 nm) in a �uid, Das et al. [2].
The nano�uid is modeled as liquid containing nanoparticles, small enough so that the nanoparticles
are in thermodynamic and momentum equilibrium as if a single �uid. As such, its behavior as
a �owing �uid is modeled after a single component �Navier�Stokes �uid�, but the thermophysical
properties are obtained by separate calculations, empirical relations or via measurements pertaining
to dilute concentration of nano-sized particles embedded in a base liquid.
Tiwari and Das [3] have investigated numerically the behavior of nano�uids inside a two-sided lid-
driven di�erentially heated square cavity to better understand the convective recirculation and �ow
processes induced by the nano�uid. One of their �ndings was that the direction of the moving walls
a�ected the �uid �ow and heat transfer in the cavity.
Convective �ows in vertical channels are signi�cant in the improvement of cooling systems in nuclear
reactors, solar cells, heat exchangers, and many other electrical and industrial appliances.
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There are many studies of nano�uids in di�erent geometries. On the contrary, the number of studies
on nano�uid slip-�ow and heat transfer in a stretching vertical channel is limited. Adeniyan and
Ajiboye (2016) analyzed an ordinary mixed convective Darcy-Forchimer �ow in a channel �lled
partially with porous substrate of �nite thickness attached to one of the channel walls taking into
account the in�uence of permeability, thermal radiation and viscous dissipation.
One recently explored approach for improving the performance of heat transfer in a vertical channel
is the work of Mahmoodi and Kandelousi [4], who investigated the kerosene-alumina nano�uid
�ow and heat transfer in a nozzle of liquid rocket engine. They discovered that using kerosene-
alumina nano�uid as fuel of liquid rocket engine can improve the cooling process of its chamber
and nozzle walls. Das et al [5] investigated a steady MHD boundary layer �ow of an electrically
conducting nano�uid over a vertical permeable stretching surface with variable stream conditions.
They discovered that increasing thermal radiation parameter with chemical reaction on a nano�uid
increases the �ow velocity and causes the temperature to decrease.Ellahi [6] studied the magneto-
hydrodynamic (MHD) �ow of non-Newtonian nano�uid in a pipe. He observed that the MHD
parameter reduces the �uid motion and that the velocity pro�le is larger than the temperature pro�le
even in the presence of variable viscosities. The continuum formulation to developing boundary layer
problem, which approximates the entrance region of nano�uid �ow in micro channels or tubes was
applied by Liu et al [7]. They suggested further molecular dynamics computations of properties
of nano�uids, including transport properties, accompanied by careful laboratory experiments on
velocity and temperature pro�les in order to fully appreciate the potential in the use of nano�uids
in heat transfer enhancement. Free convection heat transfer in an enclosure �lled with nano�uid
was investigated by Sheikholeslami et al. [8]. They discovered that while the Nusselt number is an
increasing function of buoyancy ratio number, it is a decreasing function of Lewis number and the
angle of turn.Malvandi et al [9] presented a pragmatic approach of boundary layer �ow and heat
transfer of nano�uid, to reduce the thermal resistance of the plate. Their �ndings indicated that
increasing plate thermal resistance leads to decreases in both heat and concentration rates. Hatami
et al. [10] investigated the MHD Je�ery-Hamel nano�uid �ow in non-parallel walls. They found
that skin friction coe�cient is an increasing function of Reynolds number and nanoparticle volume
fraction but a decreasing function of Hartmann number. Hayat et al [11] studied the characteristics
of boundary layer �ow of nano�uid induced by a Riga plate with variable thickness. They noted
that velocity distribution shows decreasing behavior for higher values of modi�ed Hartman number,
while a higher estimations of Deborah number resulted in the reduction of velocity and momentum
boundary layer thickness. The simulation of �ow and heat transfer of nano�uid �ow between two
parallel plates was carried out by Hatami et al. [12]. They showed that in order to reach maximum
Nusselt number, copper should be used as nanoparticle. Nano�uid heat transfer enhancement was
studied by a number of authors [4,8,10�15,17].
Most real life occurrences are essentially nonlinear and are described by nonlinear equations.
Nonlinear di�erential equations usually arise from mathematical modeling of many physical systems.
One exact method that does not require small parameter(s) is the Homotopy perturbation method.
Therefore, same as the Homotopy Analysis Method (HAM) and the Di�erential Transform Method
(DTM), the HPM can overcome the restrictions and limitations of perturbation methods. This
method continuously deforms the problem to a simple one which is then easy to solve. The
homotopy perturbation method is a coupling of the traditional perturbation method and homotopy
in topology. It constructs a homotopy p ∈ [0, 1] as a small parameter. The main advantage of
this method is that it can be applied directly to nonlinear di�erential equations without requiring
linearization, discretization and therefore, it is not a�ected by errors associated with discretization.
The concept of HPM was �rst proposed by the Chinese mathematician He [15], who used it to
solved some problems with or without small parameters.
In this paper the in�uence of nano�uid is considered for the boundary layer �ow in a vertical channel,
in the presence of heat generation/absorption and thermal radiation. The Maxwell (popularly
referred to as Tiwari-Das) model is adopted for this study. The basic partial di�erential equations
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are reduced to ordinary di�erential equations and solved using the Homotopy Perturbation Method
(HPM). The velocity and temperature pro�les, the skin friction coe�cient, and the local Grashof
number are plotted for various values of the emergent parameters in the �ow, to determine their
e�ects on the �ow, and heat transfer characteristics.

2 Mathematical Formulation

The steady �ow of a nano�uid between two horizontal parallel plates (Figure 1a,b), is considered in
the present study. By virtue of the small nanoparticle size, it can be considered as a homogeneous
�uid; hence, it can be described within the framework of the single-�uid approximation, that is
one-phase �uid �ow. Moreover, the �uid is assumed to be incompressible, and its dynamics is
described by the Navier-Stokes equations.
The two opposite parallel walls of the channel is such that the left cold plate at uniform temperature
T0 and located at y = 0, is stretching linearly with velocity u = ax and the right hot plate located
at y = h is stationary. Any planar point of the cold plate remains unchanged because it is being
stretched by two equal and opposite forces. Assumption is also made that there is a slippage on the
wall of the cold plate which is proportional to the velocity gradient whilst the hot plate is subjected
to moderate uniform thermal heating with temperature Th. Under fully developed hydrodynamic
and thermal �ow the constitutive continuity, momentum and energy equations as per the model
now follow:

∂u

∂x
+
∂v

∂y
= 0 , (2.1)

ρnf

(
u
∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+ µnf

(
∂2u

∂x2
+
∂2u

∂y2

)
+ g(ρβ)nf (T − T0) , (2.2)

ρnf

(
u
∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+ µnf

(
∂2v

∂x2
+
∂2v

∂y2

)
, (2.3)
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(ρCp)nf

(
u
∂T

∂x
+ v

∂T

∂y

)
= knf

(
∂2T

∂x2
+
∂2T

∂y2

)
+Q0(T − T0)

+ µnf

(
2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]
+

(
∂v

∂x

)2
)
. (2.4)

Where u and v denote the �uid velocity components along the x and y directions respectively, p
is the modi�ed �uid pressure, and T is the �uid temperature. The physical meanings of the other
quantities are mentioned in the nomenclature (Table 1).

The boundary conditions are:

v = v(x), along the y − axis

u = ax+ L
∂u

∂y
, v = vw , T = T0 at y = 0

u = 0 , v = −vw , T = Th at y = h , (2.5)

where T0 > Th , while a > 0 is the stretching rate, L is the Navier-slip factor, and vw is the wall
mass �ux.
Liquid is sucked uniformly over one and injected uniformly over the other, with velocity �ux v at
the walls. Assuming that the x-axis coincides with the cold plate such that −∞ < x < ∞ while
y-axis is taken perpendicular to the channel parallel walls where 0 ≤ y ≤ h . From continuity
equation (1) it follows that everywhere in the channel v = v(x) → u = u(y) only, and along the
y-axis the velocity assumes the form stated.
The properties of the nano�uid are de�ned as (Choi 1995):

µnf =
µf

(1−φ)2.5 ;

knf

kf
=

(ks+2kf )−2φ(kf−ks)
(ks+2kf )+φ(kf−ks) ;

βnf =
(ρβ)nf

ρnf
= (1− φ)βf + φβs ;

(ρCp)nf = (1− φ)(ρCp)f + φ(ρCp)s ;

ρnf = (1− φ)ρf + φρs


(2.6)

It is worthy to mention that the nanoparticles considered here bear spherical shape.The following
non-dimensional variables are introduced:

η =
y

h
, f ′(η) =

v

ah
, θ(η) =

T − T0
Th − T0

(2.7)

It is seen that the continuity equation (1) is ful�lled identically by (7). The non-dimensional forms
of (2) to (4) are as follows:

ρnf
(
a2xf ′2 − a2xff ′′

)
= −∂p

∂x
+ µnf

(ax
h2
f ′′′
)
+ g(ρβ)nf [(Th − T0)θ] (2.8)

ρnf
(
a2hff ′

)
= −∂p

∂y
+ µnf

(
−a
h
f ′′
)

(2.9)
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(ρCp)nf (−a(Th − T0)fθ′) = knf

(
(Th − T0)

1

h2
θ′
)
+Q0(T − T0) + 4µnfa

2f ′2 (2.10)

Cross di�erentiating (8) and (9) with respect to y and x respectively, and simplifying, give

ρnfa
h2

µnf
(f ′f ′′ − ff ′′′) = f iv +

h2

axµnf
g(ρβ)nf [(Th − T0)θ′] (2.11)

Using the nano�uid properties in (6) for (10) and (11), the following were obtained respectively,

f iv −ReC1C2 (f
′f ′′ − ff ′′′) + C1C2C3Grxθ

′ = 0 (2.12)

θ′ + Pr
C5

C6

(
Refθ

′ + 4Ecf
′2)+ S

C6

C5
θ = 0 (2.13)

where

C1 = (1− φ)2.5 , C2 =
[
1 +

(
ρs
ρf
− 1
)
φ
]
,

C3 =
[
1 +

(
βs

βf
− 1
)
φ
]
, C4 =

[
(1− φ) + φ

(ρCp)s
(ρCp)f

]
,

C5 =
[(

ks
kf

+ 2
)
+ φ

(
1− ks

kf

)]
, C6 =

[(
ks
kf

+ 2
)
− 2φ

(
1− ks

kf

)]
.


(2.14)

and

Re =
h2a
νf

, Grx =
g(ρβ)f (Th−T0)h

2

uwµf
, uw = ax ,

Pr =
νf (ρCp)f

kf
, S = Q0h

2

kf
, Ec =

µfh
2a2

kf (Th−T0)
.

 (2.15)

Where Re is the Renolds number (viscosity parameter), Grx is the local Grashof number, ν is
the kinematic viscosity, Pr is the Prandtl number, S is the volumetric heat generation/absorption
parameter, and Ec is the Eckert number, β is the volumetric coe�cient of thermal expansion,k is
the thermal conductivity.
The boundary conditions become

f = −fw , f ′ = 1 + δf ′′ , θ = 1 : η = 0

f = fw , f ′ = 0 , θ = 0 : η = 1 .

 (2.16)

Here, fw is the mass �ux parameter and δ is the slip parameter.
The local skin friction coe�cient Cfx along the stretching wall, which is the physical property of
interest in this problem, is de�ned as

Cfx =
τw
ρfu2w

(2.17)

where τw = µnf
∂u
∂y

∣∣∣
y=0

is the wall shear stress, and

Cfr = CfxRex =
1

C1
f ′′(0) (2.18)
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is the reduced local skin friction coe�cient at the stretching wall, with Rex = Uwh
νf

is the local
Reynolds number (stretching wall velocity based Reynolds number).
Another physical quantity of importance is the heat transfer rate or Nusselt number at the cold
plate. It is de�ned as

Nux =
xqw

kf (T0 − Th)
(2.19)

where qw = −knf ∂T
∂y

∣∣∣
y=0

, and

Nur = NuxReRe
−1
x = −knf

kf
θ′(0) = −C6

C5
θ′(0) (2.20)

is the reduced Nusselt number.
Table 2 below indicates the thermophysical properties of water, Aluminium Oxide and Titanium
Oxide, at the reference temperature [17].

3 Homotopy Perturbation Method

The operations of the Homotopy Perturbation method as it relates to the present problem to solve
(12),(13) and (16) are given here.
The two variables of interest are de�ned in (21) and (22) as:

f(η) =

∞∑
i=0

pifi , (3.1)

θ(η) =

∞∑
i=0

piθi . (3.2)

In the series (21) and (22), the highest value for i is chosen depending on the desired accuracy. The
present study stopped at i = 2.
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The homotopy perturbation method [16] is given as

(1− p)(highest order derivative in the equation) + p(whole equation) = 0 (3.3)

where the �whole equation� in (23) refers to the problem to be solved, i.e. (12) and (13), these
become

(1− p)f iv + p
[
f iv −ReC1C2 (f

′f ′′ − ff ′′′) +GrxC1C2C3θ
′] = 0 , (3.4)

(1− p)θ′′ + p

[
θ′′ + Pr

C5

C6

(
Refθ

′ + 4Ecf
′2)+ S

C4

C5
θ

]
= 0 . (3.5)

Expansions of (24) and (25) yield

f iv − pReC1C2 (f
′f ′′ − ff ′′′) + pGrxC1C2C3θ

′ = 0 , (3.6)

θ′′ + pPr
C5

C6

(
Refθ

′ + 4Ecf
′2)+ pS

C4

C5
θ = 0 . (3.7)

Substituting for f and θ and their derivatives in (26) and (27), using (21) and (22), give

f iv0 + pf iv1 + p2f iv2 − pReC1C2

[
(f ′0 + pf ′1 + p2f ′2)

−((f0 + pf1 + p2f2)(f
′′′
0 + pf ′′′1 + p2f ′′′2 )

]
+ pGrxC1C2C3(θ

′
0 + pθ′1 + p2θ′2) = 0 , (3.8)

θ′′0 + pθ′′1 + p2θ′′2 + pPr
C5

C6

[
Re(f0 + pf1 + p2f2)(θ

′
0 + pθ′1 + p2θ′2)

+4Ec(f
′
0 + pf ′1 + p2f ′2)

2
]
+ pS

C4

C5
(θ0 + pθ1 + p2θ2) = 0 . (3.9)

The associated boundary conditions are similarly obtained using (21) and (22) in (16), and equating
coe�cients. They therefore become,
for η = 0 :

f0(0) = −fw , f1(0) = 0 , f2(0) = 0

f ′0(0) = 1 + δf ′′0 (0) , f ′1(0) = 0 , f ′2(0) = 0

θ0(0) = 1 , θ1(0) = 0 , θ2(0) = 0 .

 , (3.10)

for η = 1 :

f0(1) = fw , f1(1) = 0 , f2(1) = 0

f ′0(1) = 0 , f ′1(1) = 0 , f ′2(1) = 0

θ0(1) = 0 , θ1(1) = 0 , θ2(1) = 0 .

 . (3.11)

The solution for (28) and (29) are obtained by solving the various coe�cients of p (that is p0, p, p2)
one after the other, �rst in (28), and then in (29).

p0 : f iv0 = 0 .
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Integrate successively with respect to η to obtain the following∫
f iv0 =

∫
0 → f ′′′0 = a ;

∫
f ′′′0 =

∫
a → f ′′0 (η) = aη + b

∫
f ′′0 =

∫
aη + b → f ′0(η) =

a

2
η2 + bη + c ;∫

f ′0 =

∫
a

2
η2 + bη + c → f0(η) =

a

6
η3 +

b

2
η2 + cη + d .

Now the boundary conditions of (30) and (31) are used to obtain the values of a, b, c, and d as

a = 3.28888 , b = −2.59259 , c = 0.94815 , d = −fw = −0.1 .

Therefore

f0(η) =
3.28888

6
η3 +

−2.59259
2

η2 + 0.94815η − 0.1 ,

that is
f0(η) = 0.54815η3 − 1.2963η2 + 0.94815η − 0.1 . (3.12)

The coe�cients of p0 are also solved in (29) as follows

p0 : θ′′0 = 0 .

Integrate successively with respect to η to obtain the following∫
θ′′0 =

∫
0 → θ′0 = a1 ;

∫
θ′0 =

∫
a1 → θ0(η) = a1η + b1

and the boundary condition of (30) and (31) are used to obtain the values of a1 and b1 as

a1 = −1 , b1 = 1 ,

therefore

θ0(η) = −η + 1 . (3.13)

The coe�cients of p, p2 are similarly solved for f1(η), f2(η), θ1(η), and θ2(η) using (28) and (29) until
equations such as (32) and (33) are obtained for the velocity (f) and tempearture (θ) respectively.
The values for f and θ are �nally obtained by adding the the respective subscripted values obtained.

f = f0 + f1 + f2 ; θ = θ0 + θ1 + θ2 (3.14)

4 Results and Discussion

The thermophysical parameters of real life applications considered in this study for both Alumina
and Titanium Oxide include: nanoparticle volume fraction, Reynolds number (Re), Eckert number
(Ec), max �ux suction/injection (fw), Prandtl number (Pr), volumetric heat generation/absorption
(S), and local Grashof number (Grx). The in�uence of these parameters on the velocity pro�le,
the temperature pro�le, the skin friction (Cf ), and the Nusselt number (Nu) were investigated
graphically and tabularly.
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4.1 HPM/Numerical Results

Here, attention is focused on envisioning and analyses in terms of the e�ects of basic �ow parameters
on the skin friction alongside the heat transfer rates at the wall surface of the channel with the aids
of tables. The HPM results presented are of order p2.
Table 3a unveils the in�uence of various basic �ow parameters on the skin friction coe�cient and
the Nusselt number for Alumina nano�uid, using both the HPM and numerical results. As can
be seen, increment in the Rayleigh viscous parameter, Re signi�es ampli�cation in not only the
reduced skin friction coe�cient, but also the reduced Nusselt number. Similar result is observed
due to increment in Eckert number, Ec. However, increment in max �ux suction/injection leads to
increment in both wall parameters for the two nanoparticles under investigation, with the exception
of the result of the Nusselt number (this is unexpected but it is script value). The in�uence of the
Prandtl number, Pr is to dampen skin friction and magnify the Nusselt number. The reduced
skin friction increases with increments in the internal heat generation but a contrast is the case
for the Nusselt number. In�uence of the nanoparticle volume fraction is to intensify the wall �uid
characteristics (reduced skin friction coe�cient and reduced wall rate of heat transfer).
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Table 3b addresses the in�uence of various �ow �uid parameters on reduced skin friction coe�cient
and reduced Nusselt number as per Titanium Oxide.
Both the skin friction coe�cient and the Nusselt number intensify in magnitude as the Reynolds
viscous parameter increases. Both reduced skin friction and reduced Nusselt number intensify in
values as the suction/injection parameter increases. The result of increasing the Prandtl number for
the Titanium Oxide is similar to that of Alumina, already discussed. Increment in the suction/injection
is to magnify both reduced skin friction coe�cient and the reduced Nusselt number. Increment in
the Eckert number diminishes the reduced skin friction coe�cient as well as the reduced Nusselt
number of the Titanium Oxide nano�uid.

The results in Table 4 indicate that relative di�erences of the values due to Titanium Oxide
from those of the Alumina are non-negative in almost all cases with the exception of mass �ux
e�ect at the wall.
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4.2 4.2 Graphical Results

4.2.1 E�ect of parameter variation on velocity and temperature pro�les

The following �gures show the impact of some of the parameter variations on the temperature and
velocity pro�les.
Figure 2 shows the e�ect of Local Grashof number (Grx) on transverse velocity. Re = 1, δ = 0.02,
fw = 0.1, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.

680



International Journal of Mathematical Analysis and

Optimization: Theory and Applications

Vol. 2020, No. 1, pp. 669 - 688

Figure 3 shows the e�ect of Local Grashof number (Grx) on temperature pro�le. Re = 1, δ = 0.02,
fw = 0.1, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.

Figure 4 shows the e�ect of Viscosity Parameter (Re) on temperature pro�le. S = 0.1, δ = 0.02,
fw = 0.1, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.
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Figure 5 shows thee�ect of Viscosity Parameter (Re) on transverse velocity pro�le. Pr = 5, Grx=2,
δ = 0.02, fw = 0.1, S = 0.1, Ec = 0.01, φ = 0.02.

Figure 6 shows the e�ect of Viscosity Parameter (Re) on axial velocity pro�le. Pr = 5, Grx=2,
δ = 0.02, fw = 0.1, S = 0.1, Ec = 0.01, φ = 0.02.
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Figure 7 shows the e�ect of Local Grashof Number (Grx) on axial velocity pro�le. Re = 1, δ = 0.02,
fw = 0.1, S = 0.1, Ec = 0.01, Pr = 5, φ = 0.02.

Figure 8 shows the e�ect of Prandtl Number (Pr) on temperature pro�le. Re = 1, Grx=2, δ = 0.02,
fw = 0.1, S = 0.1, Ec = 0.01, φ = 0.02.

683



International Journal of Mathematical Analysis and

Optimization: Theory and Applications

Vol. 2020, No. 1, pp. 669 - 688

Figure 9 shows the e�ect of Max Flux parameter (fw) on transverse velocity pro�le. Re = 1,
Grx=2, δ = 0.02, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.

Figure 10 shows the e�ect of Max Flux parameter (fw) on axial velocity pro�le. Re = 1, Grx=2,
δ = 0.02, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.
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Figure 11 shows the e�ect of Max Flux parameter (fw) on temperature pro�le. Re = 1, Grx=2,
δ = 0.02, Pr = 5, S = 0.1, Ec = 0.01, φ = 0.02.

From Figures 2a-11b, the in�uence of variations of the values of the thermophysical parameters on
the pro�les is exposed. It is noted that increasing the values of the local Grashof number increases
the velocity pro�les (Figure 2), but reduces the temperature pro�les (Figure 3), of both the Alumina
nano�uid (a), and Titanium Oxide nano�uid (b). An increase Grx increases the transverse velocity
but decreases the temperature of both nano�uids. This increment of Grx also enhances the axial
velocity (Figure 7), for both nano�uids.
It is also seen that increasing the values of the Reynold number decreases the temperature pro�les
(Figures 4), and the velocity pro�les (Figures 5), of both the Alumina nano�uid (a), and Titanium
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Oxide nano�uid (b). An increase Re reduces the temperature and the transverse velocity of both
nano�uids. This increment of Re also reduces the axial velocity (Figure 6), for both nano�uids.
From Figure 8, an increase in the values of the Prandtl number decreases the temperature pro�les
of both the Alumina nano�uid (a), and Titanium Oxide nano�uid (b). An increase Pr reduces the
temperature of both nano�uids.
It is noted in Figure 9 that the smaller the negative values of the max �ux parameter (fw) the
higher the velocity pro�le, while the bigger the positive values the lower the velocity pro�le at the
lower half of the wall. The reverse is the case at the upper half of the wall. This is observed for
both the Alumina and Titanium Oxide nano�uids.
In Figure 10, an increase in the positive values of the max �ux parameter (fw) increases the axial
velocity pro�les while a decrease in the negative values of the max �ux parameter (fw) reduces the
axial velocity pro�les of both the Alumina nano�uid (a), and Titanium Oxide nano�uid (b).

5 Conclusion

A comparative investigation has been carried out to study the in�uence of Alumina and Titanium
oxide water based nano�uids �ows in a vertical channel with two parallel walls both permeable and
extensible, in the presence of thermal dissipation and internal heat source/sink.
The results reveal the following.
1. An increase in the Reynolds viscous parameter, Re signi�es increases in both the reduced skin
friction coe�cient and the reduced Nusselt number of the Alumina nano�uid. This outcome is also
the case for the Titanium Oxide nano�uid.
2. An increase in the Eckert number, Ec brings about increases in both the reduced skin friction
coe�cient and the reduced Nusselt number of the Alumina nano�uid. But the converse is the case
with the Titanium Oxide nano�uid, where the reduced skin friction coe�cient and the reduced
Nusselt number are both diminished.
3. As for the max �ux suction/injection, its increase leads to increments in both wall parameters for
the two nanoparticles under investigation, with the exception of the result of the Nusselt number
for Alumina (this is unexpected, but it is script value).
4. The in�uence of the Prandtl number, Pr is to dampen the skin friction and magnify the Nusselt
number for the Alumina nano�uid. The same is observed for the Titanium Oxide nano�uid, where
an increment in the Prandtl number also results in a reduction in the skin friction but an increase
in the Nusselt number.
5. In�uence of the nanoparticle volume fraction is to intensify the wall �uid characteristics (reduced
skin friction coe�cient and reduced wall rate of heat transfer), when it is increase. This is the result
for both the Alumina and Titanium Oxide nano�uids.
6. The reduced skin friction increases with increment in internal heat generation but contrast is
the case for the Nusselt number.
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