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Abstract

The notion of Ap-metric spaces, which generalizes A-metric spaces, S-metric spaces and Sp-

metric spaces is introduced in this paper. Analogues of some well known �xed point theorems

are established and proved in this space with an application to the solution of a nonlinear

integral equation. Our results generalize many known results in �xed point theory.
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1 Introduction

Metric space is an important tool in functional analysis, topology and nonlinear analysis. Its
topological structure has attracted the attention of many mathematicians partly because of its
usefulness in the �xed point theory. In recent years, diverse applications of �xed point theorems
have challenged researchers to introduce di�erent generalizations of metric spaces. These generalized
spaces include 2-metric spaces, D-metric spaces, D∗-metric spaces, G-metric spaces, b-metric spaces,
quasimetric spaces, Gb-metric spaces, complex valued Gb-metric spaces, S-metric spaces, Sb-metric
spaces, complex valued Sb-metric spaces, A-metric spaces, γ-generalized quasi metric spaces and ,
most recently, Sp-metric spaces (see [1] to [16]).

Motivated by these generalizations, we present the notion of Ap-metric space which generalizes
A-metric spaces, S-metric spaces and Sp-metric spaces. Some �xed point theorems are established
and proved in this new space.

The following is the de�nition of Sp-metric spaces, a generalization of both S-metric spaces and
Sb-metric spaces.
De�nition 1.1 [1]. Let X be a non-empty set and S : X3 → R+, a function with a strictly
increasing continuous function, Ω : [0,∞) → [0,∞) such that Ω(t) ≥ t for all t > 0 and Ω(0) = 0,
satisfying the following properties:
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(i) S(x, y, z) = 0 if and only if x = y = z;

(ii) S(x, y, z) ≤ Ω(S(x, x, a) + S(y, y, a) + S(z, z, a)) ∀a, x, y, z ∈ X (rectangle inequality).

Then (X,S) is called an Sp-metric space.

Remark 1.2

(i) If Ω(z) = z, Sp-metric space reduces to S-metric space.

(ii) If Ω(z) = bz, Sp-metric space reduces to Sb-metric space.

In [2], Abass et al. introduced the notion of an A-metric space as follows:

De�nition 1.3 [2]. A non-empty set X with a function A : Xn → [0,∞) satisfying the following
properties:

(i) A(φ1, φ2, φ3, ..., φn) ≥ 0;

(ii) A(φ1, φ2, φ3, ..., φn) = 0 if and only if φ1 = φ2 = φ3 = ... = φn;

(iii) For φi, % ∈ X, i = 1, 2, 3, ..., n,

A(φ1, φ2, φ3, ..., φn) ≤ A(φ1, φ1, φ1, ..., (φ1)n−1, %)

+ A(φ2, φ2, φ2, ..., (φ2)n−1, %)

+ A(φ3, φ3, φ3, ..., (φ3)n−1, %)

+ A(φ4, φ4, φ4, ..., (φ4)n−1, %)

.

.

.

+ A(φn, φn, φn, ..., (φn)n−1, %)

is called an A-metric space.

Remark 1.4.

(i) A-metric space is an n-dimensional S-metric space in [2].

(ii) If n = 2, A-metric space reduces to ordinary metric space in [3].

(iii) If n = 3, A-metric space reduces to S-metric space in [4].

2 Main results

We introduce the following:
De�nition 2.1. For a non-empty set X, let ω : [0,∞)→ [0,∞) be a strictly increasing continuous
function such that ω−1(z) ≤ z ≤ ω(z) and ω(0) = 0 for all z. A mapping Ap : Xn → [0,∞)
satisfying the following properties:

(i) Ap(φ1, φ2, φ3, ..., φn) ≥ 0;

(ii) Ap(φ1, φ2, φ3, ..., φn) = 0 if and only if φ1 = φ2 = φ3 = ... = φn,
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(iii) For φi, % ∈ X, i = 1, 2, 3, ..., n,

Ap(φ1, φ2, φ3, ..., φn) ≤ ω(Ap(φ1, φ1, φ1, ..., (φ1)n−1, %)

+ Ap(φ2, φ2, φ2, ..., (φ2)n−1, %)

+ Ap(φ3, φ3, φ3, ..., (φ3)n−1, %)

+ Ap(φ4, φ4, φ4, ..., (φ4)n−1, %)

.

.

.

+ Ap(φn, φn, φn, ..., (φn)n−1, %))

is called an Ap-metric and (X,Ap) is a Ap-metric space.

Remark 2.2.

(i) Ap-metric space is an n-dimensional Sp-metric space. Every A-metric space is an Ap-metric
space when ω(z) = z but the converse is not true.

(ii) If n = 2 and ω(z) = z, Ap-metric space reduces to an ordinary metric space in [3].

(iii) If n = 2 and ω(z) = bz, Ap-metric space reduces to b-metric space in [5].

(iv) If n = 3 and ω(z) = z, Ap-metric space reduces to S-metric space in [4].

(v) If n = 3, Ap-metric space reduces to Sp-metric space in [2].

Example 2.3. Let X = N
⋃
{0} and

Ap(x1, x2, ..., xn) = e
∑n−1
i=1 |x1−xi+1| − 1 (2.1)

for all xi ∈ X, i = 1, 2, ..., n with ω(z) = ez − 1. Then (X,Ap) is an Ap-metric space.

Veri�cation

(i)

Ap(x1, x2, ..., xn) = e
∑n−1
i=1 |x1−xi+1| − 1 ≥ 0

since exponential function is an increasing function.

(ii) If x1 = x2 = x3 = ... = xn,

Ap(x1, x2, ..., xn) = e
∑n−1
i=1 |x1−xi+1| − 1

= e|x1−x2|+|x1−x3|+|x1−x4|+...+|x1−xn| − 1

= e|0|+|0|+|0|+...|0| − 1

= e0 − 1 = 1− 1 = 0

Conversely, if

Ap(x1, x2, ..., xn) = e
∑n−1
i=1 |x1−xi+1| − 1 = 0,

then
lne

∑n−1
i=1 |x1−xi+1| = ln1
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which implies
n−1∑
i=1

|x1 − xi+1| = 0.

Hence, x1 = xi+1∀i.

(iii) Clearly with ω(z) = ez − 1,

Ap(x1, x2, x3, ..., xn) ≤ ω(Ap(x1, x1, x1, ..., (x1)n−1, %)

+ Ap(x2, x2, x2, ..., (x2)n−1, %)

+ Ap(x3, x3, x3, ..., (x3)n−1, %)

+ Ap(x4, x4, x4, ..., (x4)n−1, %)

.

.

.

+ Ap(xn, xn, xn, ..., (xn)n−1, %))

for xi, % ∈ X, i = 1, 2, 3, ..., n.

Remark 2.4.

1. Example 2.3 is an Ap metric space but not a metric space because if n = 2 and Ap = d, where
d is a metric on X, then

d(x1, x2) = e|x1−x2| − 1

> e|x1−x3| − 1 + e|x3−x2| − 1

for some x1, x2, x3 ∈ X. For instance, if x1 = 6, x2 = 16 and x3 = 10, we obtain:

d(6, 16) = e10 − 1 = 22026.5− 1 = 22025.5

> e4 − 1 + e6 − 1

= 54.6− 1 + 403.4− 1

= 456

2. Example 2.3 is not necessarily an S-metric space because if n = 3 and Ap = S, then

S(x1, x2, x3) = e|x1−x2|+|x1−x3| − 1

> e|x1−x4| − 1

+ e|x2−x4| − 1

+ e|x3−x4| − 1

for some x1, x2, x3, x4 ∈ X. For instance, if x1 = 6, x2 = 9, x3 = 16 and x4 = 10, we obtain:

S(6, 9, 16) = e3+10 − 1 = e13 − 1 = 442412.4

> e4 − 1 + e1 − 1 + e6 − 1

= 54.6− 1 + 2.7− 1 + 403.4− 1

= 457.7
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3. Example 2.3 is not necessarily an A-metric space because if Ap = A, as in A-metric space,
then

A(x1, x2, ..., xn) = e|x1−x2|+|x1−x3|+...+|x1−xn−1| − 1

> e|x1−y| − 1

+ e|x2−y| − 1

+ e|x3−y| − 1

.

.

.

+ e|xn−y| − 1

for some xi, y ∈ X, i = 1, 2, ..., n.

Lemma 2.5. Let (X,Ap) be an Ap-metric space. Then for u, v, w ∈ X and n ∈ N,

1. Ap(u, u, u, ..., v) = ω(Ap(v, v, v, ..., u)).

2. Ap(u, u, u, ..., v) ≤ ω((n− 1)Ap(u, u, u, ..., t) +Ap(v, v, v, ..., t)).

Proof

1.

Ap(u, u, u, ..., v) ≤ ω(Ap(u, u, u, ..., u)

+ Ap(u, u, u, ..., u)

+ Ap(u, u, u, ..., u)

+ Ap(u, u, u, ..., u)

.

.

.

+ Ap(v, v, v, ..., v, u))

= ω(Ap(v, v, v, ..., v, u)).

Also,

Ap(v, v, v, ..., u) ≤ ω(Ap(v, v, v, ..., v)

+ Ap(v, v, v, ..., v)

+ Ap(v, v, v, ..., v)

+ Ap(v, v, v, ..., v)

.

.

.

+ Ap(u, u, u, ..., u, v))

= ω(Ap(u, u, u, ..., u, v)).

Therefore, Ap(u, u, u, ..., v) = ω(Ap(v, v, v, ..., u)).
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2.

Ap(u, u, u, ..., v) ≤ ω(Ap(u, u, u, ..., t)

+ Ap(u, u, u, ..., t)

+ Ap(u, u, u, ..., t)

.

.

.

+ Ap(v, v, v, ..., t))

= ω((n− 1)Ap(u, u, u, ..., t) +Ap(v, v, v, ..., t)).

De�nition 2.6. Let (X,Ap) be an Ap-metric space. A sequence βn in X is said to be;

1. Ap-convergent to a point µ ∈ X if for any ε > 0, there exists a positive integer N◦ such that,
for all n ≥ N◦, Ap(βn, βn, βn, ..., µ) < ε.

2. Ap-Cauchy if for any ε > 0, there exists a positive integer N◦ such that, for all n,m ≥ N◦,
Ap(βm, βn, βn, ..., βn) < ε.

De�nition 2.7. An Ap-metric space is said to be Ap-complete if every Ap-Cauchy sequence in it
is Ap-convergent in it.
Theorem 2.8.
Let (X,Ap) be a complete Ap-metric space. Suppose that the mapping T : X → X satis�es the
contraction condition

Ap(Tξ1, T ξ2, T ξ3, ..., T ξn) ≤ aAp(ξ1, ξ2, ξ3, ..., ξn)∀ξi ∈ X, i = 1, 2, 3, ..., n (2.2)

where 0 < a < 1. Then T has a unique �xed point in X.

Proof:
Choose ξ◦ ∈ X and set ξn = Tnξ◦, n ≥ 1. We have

Ap(ξn, ξn+1, ξn+1, ξn+1, ..., ξn+1) = Ap(Tξn−1, T ξn, T ξn, T ξn, ..., T ξn)

≤ aAp(ξn−1, ξn, ξn, ξn, ..., ξn)

≤ a2Ap(ξn−2, ξn−1, ξn−1, ξn−1, ..., ξn−1)

.

.

.

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1).
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Thus, for m < n,

Ap(ξn, ξm, ξm, ξm, ..., ξm) ≤ ω(Ap(ξn, ξn, ξn, ..., ξn, ξn+1)

+ (n− 1)Ap(ξm, ξm, ξm, ξm, ..., ξm, ξn+1))

= Ap(ξn, ξn+1, ξn+1, ξn+1, ..., ξn+1)

+ (n− 1)Ap(ξm, ξn+1, ξn+1, ξn+1, ..., ξn+1)

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ ω((n− 1)2Ap(ξn+1, ξn+1, ξn+1, ..., ξn+1, ξn+2)

+ (n− 1)Ap(ξm, ξm, ξm, ξm, ..., ξm, ξn+2))

= anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξn+2, ξn+2, ξn+2, ..., ξn+2)

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+2(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξn+3, ξn+3, ξn+3, ..., ξn+3)

.

.

.

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+2(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

.

.

.

+ am(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξm+1, ξm+1, ..., ξm+1)

≤
[
anη

1− a
+ am(n− 1)

]
Ap(ξ0, ξ1, ξ1, ..., ξ1)

where η = (1 + an2 − 2an).
As n,m→∞, Ap(ξn, ξm, ξm, ξm, ..., ξm)→ 0.
Therefore, {ξn} is an Ap-Cauchy sequence. By completeness, there exists λ ∈ X such that ξn is
Ap-convergent to λ.
Suppose Tλ 6= λ,

Ap(ξn, Tλ, Tλ, ..., Tλ) ≤ aAp(ξn−1, λ, λ, ..., λ). (2.3)

Taking the limit, we obtain
Ap(λ, Tλ, Tλ, ..., Tλ) ≤ 0 (2.4)

a contradiction. So, Tλ = λ.
Suppose λ1 6= λ2 is such that Tλ1 = λ1 and Tλ2 = λ2. Then

Ap(Tλ1, Tλ2, Tλ2, ..., Tλ2) ≤ aAp(λ1, λ2, λ2, ..., λ2). (2.5)

Implying
Ap(λ1, λ2, λ2, ..., λ2) ≤ 0. (2.6)
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A contradiction. So, λ1 = λ2.
This shows the uniqueness of the �xed point. �
Remark 2.9. If Ap(Tξ1, T ξ2, T ξ3, ..., T ξn) is set as d(Tξ1, T ξ2), Theorem 2.8 reduces to well known
Banach Contraction Principle in metric spaces.

Theorem 2.10.
Let (X,Ap) be a complete Ap-metric space. Suppose that the mapping T : X → X satis�es the
condition

Ap(Tξ1, T ξ2, ..., T ξn) ≤ amax{Ap(ξ1, T ξ1, T ξ1, ..., T ξ1),

Ap(ξ2, T ξ2, T ξ2, ..., T ξ2),

.

.

.,

Ap(ξn, T ξn, T ξn, ..., T ξn)},

∀ξi ∈ X, i = 1, 2, 3, ..., n, where 0 < a < 1. Then T has a unique �xed point in X.

Proof:
Choose ξ◦ ∈ X and set ξn = Tnξ◦, n ≥ 1. We have

Ap(ξn, ξn+1, ξn+1, ξn+1, ..., ξn+1) = Ap(Tξn−1, T ξn, T ξn, T ξn, ..., T ξn)

≤ amax{Ap(ξn−1, ξn, ξn, ξn, ..., ξn),

Ap(ξn, ξn+1 + ξn+1 + ...+ ξn+1)}

If the maximum is Ap(ξn, ξn+1 + ξn+1 + ...+ ξn+1), then from (2.12) we obtain Ap(ξn, ξn+1 + ξn+1 +
...+ ξn+1) ≤ aAp(ξn, ξn+1 + ξn+1 + ...+ ξn+1) which is a contradiction.
Therefore, the maximum is Ap(ξn−1, ξn, ξn, ξn, ..., ξn). Hence, we have

Ap(ξn, ξn+1, ξn+1, ξn+1, ..., ξn+1) = Ap(Tξn−1, T ξn, T ξn, T ξn, ..., T ξn)

≤ aAp(ξn−1, ξn, ξn, ξn, ..., ξn)

≤ a2Ap(ξn−2, ξn−1, ξn−1, ξn−1, ..., ξn−1)

.

.

.

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1).
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Thus, for m < n,

Ap(ξn, ξm, ξm, ξm, ..., ξm) ≤ ω(Ap(ξn, ξn, ξn, ..., ξn, ξn+1)

+ (n− 1)Ap(ξm, ξm, ξm, ξm, ..., ξm, ξn+1))

= Ap(ξn, ξn+1, ξn+1, ξn+1, ..., ξn+1)

+ (n− 1)Ap(ξm, ξn+1, ξn+1, ξn+1, ..., ξn+1)

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ ω((n− 1)2Ap(ξn+1, ξn+1, ξn+1, ..., ξn+1, ξn+2)

+ (n− 1)Ap(ξm, ξm, ξm, ξm, ..., ξm, ξn+2))

= anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξn+2, ξn+2, ξn+2, ..., ξn+2)

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+2(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξn+3, ξn+3, ξn+3, ..., ξn+3)

.

.

.

≤ anAp(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+1(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ an+2(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

.

.

.

+ am(n− 1)2Ap(ξ0, ξ1, ξ1, ξ1, ..., ξ1)

+ (n− 1)Ap(ξm, ξm+1, ξm+1, ..., ξm+1)

≤
[
anη

1− a
+ am(n− 1)

]
Ap(ξ0, ξ1, ξ1, ..., ξ1)

where η = (1 + an2 − 2an).
As n,m→∞, Ap(ξn, ξm, ξm, ξm, ..., ξm)→ 0.
Therefore, {ξn} is an Ap-Cauchy sequence. By completeness, there exists λ ∈ X such that ξn is
Ap-convergent to λ.
Suppose Tλ 6= λ,

Ap(ξn, Tλ, Tλ, ..., Tλ) ≤ amax{Ap(ξn−1, ξn, ξn, ..., ξn),

Ap(λ, Tλ, Tλ, ..., Tλ)}.

Taking the limit, we obtain
Ap(λ, Tλ, Tλ, ..., Tλ) ≤ 0 (2.7)

A contradiction. So, Tλ = λ.
Suppose λ1 6= λ2 is such that Tλ1 = λ1 and Tλ2 = λ2. Then

Ap(Tλ1, Tλ2, Tλ2, ..., Tλ2) ≤ amax{Ap(λ1, Tλ1, Tλ1, ..., Tλ1),

Ap(λ2, Tλ2, Tλ2, ..., Tλ2)}.
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Implying
Ap(λ1, λ2, λ2, ..., λ2) ≤ 0. (2.8)

A contradiction. So, λ1 = λ2.
This shows the uniqueness of the �xed point. �

Remark 2.11. IfAp(Tξ1, T ξ2, T ξ3, ..., T ξn) is set as d(Tξ1, T ξ2) and d(ξ1, ξ2) denotes the maximum,
Theorem 2.10 reduces to well known Banach Contraction Principle in metric spaces.

3 An Application to the Solution of A Nonlinear Integral

Equation

Consider the following nonlinear integral equation

γ(x) =
1

λ

b∫
a

g(x, s)H(x, s, s, ..., γ(s))ds, (3.1)

where g : [a, b] × [a, b] → R, H : [a, b]n × R → R are continuous functions and λ ∈ R, λ 6= 0 is a
given number.
Let X be the set of all real continuous functions γ : [a, b] → R for which γ is continuous and
γ(x) ⊂ R for each x ∈ [a, b]. endowed with the Ap metric

Ap(γ1, γ2, ..., γn) = e

n−1∑
i=1
|γ1−γi+1|

− 1

for all γi ∈ X, i = 1, 2, ..., n. Then (X,Ap) is a complete Ap-metric space. Consider the following
conditions:

(i) There exists σ > 0 such that |H(x, s, s, ..., ρ1)−H(x, s, s, ..., ρ2)| ≤ σ|ρ1 − ρ2| for each x, s ∈
[a, b] and each ρ1, ρ2 ∈ R.

(ii) max
a≤t≤b

b∫
a

g(x, s)ds ≤ 1, for all x, s ∈ [a, b].

Theorem 3.1. Suppose that Theorem 2.8 and the conditions (i) − (ii) above holds. Then (3.1)
has a unique solution.

Proof. De�ne a mapping T : C[a, b]→ C[a, b] by

(Tγ)(x) =
1

λ

b∫
a

g(x, s)H(x, s, s, ..., γ(s))ds, ∀x ∈ [a, b]. (3.2)

Then the integral equation (3.1) is equivalent to the �xed point problem γ = Tγ where T is de�ned
by (3.2).
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Now,

Ap (Tγ1(s), Tγ2(s), Tγ3(s), ..., Tγn(s)) = ε

n−1∑
i=1
|Tγ1(s)−Tγi+1(s)|

− 1

= ε

n−1∑
i=1

∣∣∣∣∣ 1λ b∫
a

g(x,s)H(x,s,s,...,γ1(s))ds− 1
λ

b∫
a

g(x,s)H(x,s,s,...,γi+1(s))ds

∣∣∣∣∣ − 1

= ε
1
|λ|

b∫
a

g(x,s)ds
n−1∑
i=1
|H(x,s,s,...,γ1(s))−H(x,s,s,...,γi+1(s))|

− 1

≤ ε
σ
|λ|

n−1∑
i=1
|γ1(s)−γi+1(s)|

− 1

= kAp (γ1(s), γ2(s), γ3(s), ..., γn(s)) ,

where k = ε
σ
|λ| ∈ [0, 1), |λ| > σ.

Therefore,

Ap (Tγ1(s), Tγ2(s), Tγ3(s), ..., Tγn(s)) ≤ kAp (γ1(s), γ2(s), γ2(s), ..., γ2(s))

and T has a unique �xed point which is the unique solution of the integral equation (3.1).
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