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Abstract

Recently, the Weibull-Rayleigh Distribution (WRD) has been derived as a new class of the
Weibull-X family of distributions and expressions for some of its distributional properties
defined and studied. Further to these, this article employs the method of maximum
likelihood to find estimators for parameters of the Weibull-Rayleigh distribution. The
method of maximum likelihood yielded a closed form estimator for the scale parameter but
cannot produce a closed form estimator for the shape parameter of WRD. Some properties
of the estimator of the scale parameter are discussed. Two numerical data sets on
insurance claims and marriage survival time are used to illustrate the applicability of the
method of maximum likelihood of the Weibull-Rayleigh Distribution.

Keywordsi Weibull-Rayleigh distribution, Weibull distribution, Rayleigh distribution, Weibull-X
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1  Introduction

The Weibull distribution is a widely used distribution in survival, reliability, finance and
climatology. Tadikamalla (1978) illustrates the effectiveness and adequacy the Weibull
distribution to approximate the lead time demand in inventory control problems. In
interpreting environmental pollution and biological sciences data, the Weibull distribution
has been found useful (2Mikolaj, 1972; 3/Perry, 1998; [4ICordeiro et al, 2008). Attempts at
generalizing and extending the Weibull distribution can be found in the works of
BIMudholkar and Srivastava (1993), 6lFamoye et al (2005), [1Alzaatreh et al (2013a),
(BlAdeleke et al (2013) and Y Akarawak et al (2014). The Rayleigh distribution and its
extension are also well investigated and used in survival and environmental studies
(0Voda, 2007).

Motivated by the current development in the generalization of the Weibull distribution
provided by [1Alzaatreh et al. (2013b) and the need for its continuous extension and
generalization to more complex situations, !'2JAkarawak et al. (2013) considered certain
results characterizing the generalization of the Weibull and Rayleigh distributions through
their probability density and distribution functions. Consequently, a new member of the
Weibull-X family of distributions as introduced by [11Alzaatreh et al. (2013b) was proposed.
This continuous probability distribution is the two-parameter Weibull-Rayleigh Distribution
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(WRD). Expressions for some distributional properties such as the survival function, hazard
function, moments and moment generating function were derived and studied ('2Akarawak
et al., 2013). Simulation studies results revealed that the newly derived distribution is
unimodal, peaked and right-skewed.

Further extension and generalization of the Weibull distribution need investigation owing to
the central role this distribution plays in modelling and survival studies. An important
aspect of this continuous distribution requiring investigation is parameter estimation. This
article employs the method of maximum likelihood to derive estimators for parameters of the
Weibull-Rayleigh distribution. R project will be used for the implementations.

The remaining sections of the article are organized as follows. In Section 2, a review of the
Weibull-Rayleigh distribution and some of its properties are presented. In Section 3,
parameter estimation for the parameters of the Weibull-Rayleigh Distribution is considered.
Applications of the distribution are done in Section 4; while Section 5 concludes the article.

2  Review of the Weibull-Rayleigh Distribution (WRD)
2.1 The pdf and cdf of the Weibull-Rayleigh Distribution

12Akarawak et al. (2013) defined and studied a new continuous probability distribution as a
class of the Weibull-X family of distributions introduced by [UAlzaatreh et al. (2013b).
According to the authors, the pdf g(x) and cdf F(x) of the two-parameter Weibull-Rayleigh
Distribution (WRD) are, respectively, given by

214 2\
g(x)=2—a X exps— L x>0,ak>0; (2.1)
x | k k

k

F(x)zl—e[ J, (2.2)
Where a is the shape parameter and k is the scale parameter. As shown in [12/Akarawak et
al. (2013), if a random variable X is WR-distributed, then X2 is Rayleigh distributed.
Furthermore, the authors has shown that the Rayleigh distribution is a special case of WRD
for a = 1; while the Weibull distribution is a special case of WRD with parameters m= 2a and

A=k,

From (2.1) if a = 1 and k = 202, then we have

2

X x2 . . . . .
g(x)=—exp {— (2 }; x> 0,,0 >0 is a Rayleigh distribution
O

Also, from (2.1) if a = m/2 and k = A2, then we have

X

m—1 m
g(0) =250 expi—| Z| L x>0,m>0 is a Weibull distribution.
Al A

While the procedure for deriving the pdf and cdf in (2.1) and (2.2) are omitted, we state here
that the two-parameter Weibull-Rayleigh distribution as defined by [2Akarawak et al.
(2013) is quite different from the three-parameter Weibull Rayleigh distribution of
(13Merovci and Elbatal (2015) and this paper is not intended to bring out the difference
between the two.

2.2 Moments of Weibull-Rayleigh Distributions
l2Akarawak et al. (2013) studied WRD analytically and by simulation and obtained the

moments and other properties of the distribution. The moments and moment generating
function are presented in this section.
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Moments
The rth moment of WRD 1is:

E(X")= k(ZJF(L + 1); for all integer r > 0.

2a
Therefore, the first and second moments and variance of the distribution are given by:
1
' 2 1 ' 1
u :E(X):kzr(z—ﬂj, u) =E(X2)=kF(—+1J, (2.3)
a a

Va,,(m_k{r(zﬂj{r(iﬂﬂ } 20
a 2a
k{l“(l + lj — F(L + 1)2 } . (2.5)
a 2a
é{r@_ir(if} 9
a a 4a \2a

The standard deviation of X is given by:

o =S8td(X) = Var(X)

feGT-Of-e@] -

Coefficient of variation of X is given by:

{F[IHJ—F(IHJ T
o Sdx) _| \4 2a

= = . , (2.8)
(X) F(Hj
2a
1
2 12
)|
a da \2a
= ) (2.9)

To access skewness and kurtosis, £ and were obtained as 44 *

(3 1 1 AN
Uy =k? F(— + lj - 31“(— + 1)1“(— + lj + 21“(— + lj : (2.10)
2a 2a a 2a
2 4
u, =k’ F(% + lj - 41“(L + ljl“(i + lj + 61“[l + 1)1‘(L + lj - 31“(L + lj , (@211
a 2a 2a a 2a 2a
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2
2 CHA)
Then, Skewness = ’u—é = a a a (2.12)
o

2 4
G £ 6 e 1 6 B )
M, a 2a 2a) 2a \a 2a 16a 2a

Kurtosis = —- = : (2.13)
i )
o [ B o
a) 4a \2a

Moment Generating Function
The moment generating function of the Weibull-Rayleigh distributed random variable X is
given by:

M (1) = ik(zjr[zi ¥ 1)i (2.14)
r=0 a

rl

3  Parameter Estimation of WRD

3.1 The Method of Maximum Likelihood (ML)
Estimation

For estimating an unknown parameter 0, the likelihood principle can be used to obtain the

maximum likelihood estimator (MLE) é (14Bai and Fu, 1987). The definition of maximum
likelihood estimator is presented below.

Definition 3.1: Likelihood Function (15Mood et al., 1974)
The likelihood function of n random variables X1, Xo, ..., Xu is defined to be the joint density
of the n random variables, say fy y .y (X,%,,":+,,;6), which is considered to be a function

of 6. In particular, if X, X,, --, X, is random sample from the density f(x;€), then the
likelihood function is given by L(6) = f(x,;0) f (x,;0)--- f(x,;0).

Definition 3.2: Maximum Likelihood Estimator (MLE)

Let L(0)=L(O;x,,--,x,)=f(x,,0)f(x,,0)-- f(x,,0) = Hf(xl.;é’) be the likelihood
i1

function of the random variables X, X,,---,X, and é:h(X],---,Xn) a function of the

random variables. If the value of @ given by h(x,,--+,x,) maximizes L(6) , then

é=h(X1,---,Xn) is a maximum likelihood estimator of & . Under certain regularity

conditions, the maximum likelihood estimator of 6 is obtained by solving the likelihood
equation:
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dL(@
L) =0, (3.1)
do
o’L
such that ~ < 0.
00
If the likelihood function contains k parameters, that is, if
L(el""’ek):Hf(xwel""’ek)» (3.2)
i=1
then, the maximum likelihood estimators are the random variables

O =h(X,, Xy, X,),0, =h, (X, X,,, X )0, =h (X,,X,,--,X,), whose values
maximizes L(6,,---,6,) . If the regularity conditions are satisfied, the point where the

likelihood is a maximum is a solution set of the k equations:

oL(6,,0,,--,0,)

0
06,
aL(el’ezs""ek) -0
00,
aL(el’eza"'aek)ZO
00, ’

2
Such that, G_AL <0;i=1---,k.

6491.2
For ease of computation, the logarithm of the likelihood function is often used as it has the
same maximum point as Wackerley et al. (1996) remarked that the method of maximum
likelihood often leads to minimum-variance unbiased estimators (MVUE) and that despite its
computational complications, MLEs are always preferred because they have optimal
asymptotic properties. For works on applications of MLE see [WGolding (1993), '8IComets
and Gidas (1991), 9Gupta and Szekely (1994), 20)Huang and Yu (2008) and 21Dent and
Hildreth (1977).

3.2 Derivation of the ML Estimators for the Parameters
of the Weibull-Rayleigh Distribution

In this section, the estimators for parameters a and k of the Weibull-Rayleigh distribution
are derived using the method of maximum likelihood.

Let a random sample be taken from WRD with probability density function (pdf) given as:

214 2\¢
g(X)=2—a T lexpd—| 2| b x>0,a,k>0
x | k k

The likelihood function is given by:
X

n 2\
L(a,k;x) =(2a)" k’"“fo”’l exp| — (7j (3.3)

i=1

n 2\*
:(2a)”k”{Hx,2“}exp —Z %J (3.4)

i=1
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And the log-likelihood function is given by:

20
X.
logL:n]n2a—nah1k+(2a—1)21nxi—Z‘;ca’ (3.5)
Taking partial derivatives with respect to the parameters:

olnL n n | x2e x?
=——nhk+2) nhx — L In| =~ (3.6)
oa " z % z{k“ (k]:l

a i=1

2a
ag;cL _ _% 4 azka(ji ) (3.7)

Equating (3.6) and (3.7) to zero and replacing the parameters by their estimates gives the
following:

n 2 ) 2
ﬁ—nlnlé+22mxi—z(xf—)m{x—f}o (3.9

a = k° k
A A 2a
a) x;
M +Z—1 =0 (3.9
k kﬂ+
Then solving (3.9) gives
—nk® +in2& =0, (3.10)
LY

— k== (3.11)

n

1
(i

=>k= (3.12)

n
From (3.8), we have
2k +2Y Inx —Z@m i
a = A
Multiplying through by &lg @

2
kn—nak®Ink+2ak> Inx, —ay x;* m(’; J:o (3.13)
= kn—nak® Ink + Z&IQ&ZIH x,—ay xXx}+ay x}* Ink=0 (3.14)
From (3.10), leZa = n/(;&, and substituting into (3.14) gives:
inz& — &inm In & + Z&IQlenx,. — &inm Inx” + deim Ink=0
24
. b .
= > x +2&z—121nxi —ay xInx’ =0
n

=nY x*+2a) x> Inx,—any xInx =0. (3.15)

The likelihood equation in (3.15) cannot be solved to obtain @ in closed form; however, it will

be solved numerically. Once @ is determined, /g can be obtained using (3.12).
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3.3 Expectation and Variance of the Estimator #

The properties of the estimator k of the scale parameter of the Weibull-Rayleigh distribution
could not be obtained easily due to its complex form. However, an attempt is made in this
section to obtain the expectation and variance of the estimators using the following
approximation to expected value and variance obtained by a Taylor series about p.

Approximation to Expected value and Variance: (22Benaroya et al., 2005)
Let f(X) be any function of the random variable X. The expected value and variance of f(X)
can be approximated by:

ELf(X)]~ f(p)+ %f”(u). (3.16)
Varlf(X)]= a2 f' ()] (3.17)

These approximations are expected to be accurate provided f(X) is a decreasing function that
does not have a closed form for its estimate and it is consistent.

Expectation of k

1

2a \4 1 1
A zxi 4 24\, - . .
k=|=—| =n¢ (le. )d , 1s a function of a random variable X.
n

1 1

= (S = o =i

and, ['(u)=2pm": f"(u) = 2n°

E(R) = nlE{(Z X2 )l} :

1
0 =3 X2, (3.18)
By (3.16),
! 1 ol 1
E{(fo”)&}zn&,u+7’([2nﬁ].
1 1 1
E[f(X)]xnip® +cint = ng(,u2 +o} ), (3.19)

2 2
Substituting for / and Oy gives,

E[f(X)]=~ n% {kil"(%+lﬂ +k{r( +1j—r(2{ +1) } : (3.20)
a a
~ n‘{kl"(é+lj + k{r(%+ 1j —r( IA +1j H ,
2a a 2a

Q|

u
=)
S| —
—
7 N\
[\
|
+
—_
N——
8]
+
!
VR
Q| —
+
(U
N—
|
—
7~ N\
Q|_‘
+
J—
%
| I |

i
~ kn F(é + l)} , (3.21)
a
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1 1
Hence, E(k) ~n @.n’ [y2 +0)2(]: [,u2 +0)2(],
— E(k)~ k[r[l + 1}} : (3.22)
a

(3.22) implies that the estimator £ is a biased estimator for k.

Variance of -

1
. 2a 1 N
n
From (3.17), (3.18), (3.19) and (3.20):
Var [f(X )] =~ Var(X)[h' (1)),

~ k{l“(l + 1) —r( 1A + 1} }[2n‘;y]2
a 2a

Since, Var(k) = Var{nd (f(X))} =n Var[ f(X)], (3.23)
s Var(k) ~ 4 yzé{r(é + 1) - r(i + 1) } (3.24)
a 2a

2 2
Var(k) ~ 4/€2r(iA + 1) r(l + 1) - r(i + 1) : (3.25)
2a a 2a

3.4 Unbiased Estimators for the parameter k

Here attempt is made to obtain an unbiased estimator for the scale parameter k using the
concept of sufficient statistics and Rao-Blackwell theorem.

Unbiased Estimator for k:
Theorem 3.1:

A possible unbiased estimator for the parameter k is given by:

k= M (3.26)

E(k)=E & (3.27)

The expectation of a sum is the sum of the expectation. So, (3.27) becomes

py ZEO)

)

(3.28)
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Recall from (2.3) that u), = E(X*) = kr(l + IJ , so that (3.28) becomes
a

- Z/{r(; + 1)} ) nl{r(i + 1}} y .

)

Thus, E(/;) =k.
Theorem 3.2 (Minimum Variance Unbiased Estimator for k):

. _ X?) . . : . :
The estimator f = Z—’ is a minimum variance unbiased estimator (MVUE) of the
1
a
parameter k.

Proof:
Joint Sufficient Statistics for a and &

Let Xl,Xz,“‘,X,, be a random sample from WRD with pdf given by,

) 214 2\“
g(x)= i {%} expy— (%} ,x>0,a,k>0. Then, the likelihood function is given by:
X

2

L(a,k;x,)=(2a)"k "] [x* " exp [—%fo“} :(ifj [1x""exp —Z{%j , (3.30)
i=1 1

i=1 i=1 i=

L(x;a,k) = f(S(x);a,k Vh(x,, %y, 0x, ),

(3.30) satisfy the factorization criterion, where h(xi) = 1 does not depend on a and k and

F(SGra k)= (i—“j (f[(x,- )Z“IJexp {—%i(xf )”}, @30

i=1 i=1
Therefore, X, and xiz are joint sufficient statistics for a and k. Hence, X; and xl.z best
summarize all information about the parameters a and k.

Joint Complete Sufficient Statistics of Weibull-Rayleigh Distribution Parameters

Let X;5X5,...,X,, /1 > M denote a random sample from a Weibull-Rayleigh distribution

2a(x)" Y
that depends on parameters a and k has a pdf &(X)= 7 % CXpy— 7 .
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Exponential Class Form
A distribution is said to belong to exponential class of distributions if its pdf can be expressed

in the form:
Exp[P(6,,0,)K(x) + S(x)+ q(6,,0,)]

R, %y )expl PO, 0,00, )5, +4(60,,6,,.0.)] (3.32)

To show that the pdf of WRD is in form of (3.32), we do the following:

2a x2 a xz a x2 x2a
; =In(—{=— B =ln2a-lnx+al| —|-| —
In g(x;a,k) ln(x{k}exp (k] ) a-Inx+a [kj (kj

X

2 a
=In2a-nx+alx? —a]nk—[ j

k
x2 ¢
In2a—Inx+alnx? —alnk—(kj
e

2 a
In2a+a lnxz—alnk—(x]
—Inx k

=e e (3.33)

elng(x;a,k) —

Comparing equation (3.32) and (3.33)

Inx

R(x;,x,,...x,)) =€
q(6,,0,)=In2a—alnk

2 a
P(6,,0,)x=alnx’ —[%)

Since the pdf can be written as a family of an exponential class, then it is complete. We

proceed to finding the joint complete sufficient statistics as follows:
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In sak
glxiak) _
_ n -
2
n in
nin2a+a> Inx.>—nalnk—| =
1 ; ! k
—zmx,
=e 7 e i
_ n .
2
n in
nin2a-nnk+aln| [x% -] =
e
=e 7 e i
n ixiz
In2a—Ink)+al 2| =t
., n(In2a—Ink)+a nll:i[xl p
floni
e e (3.34)

Comparing equation (3.32) and (3.34), we have

n
7lonl~

R(xlaxz,-..,xm =e i=1
I’ICI(&],QZ,...,HH) = n(lnza —Cllnk)

n a
2
in

ZP(Q,@z)xl_:aloniz—% =alonl.2—kLa[ xizj
i=1 i=1 i=1

i=1

The joint complete sufficient statistics for the parameters of Weibull-Rayleigh distributionn

n n
arez xl_z and Hxiz for k and a.
i=1 i=1

Therefore, by the Rao-Blackwell theorem, since the unbiased estimator of k, & is a function

of the complete sufficient statistics ZX ; »1tis a minimum variance unbiased estimator.
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Variance of % :

_ X
==y
nF[+1J
a

Var(/g) = —Var(z Xiz )

1\
nzl“[+lj
a

B nVar(Xz)

- 2
nzr(1+lj
a

But Var(X?) = E(X4)—[E(X2)]2>
k* F(2+1j—1“(1+lj
a a
nF[1+lj
a

Clearly, the variance of & in (3.35) is smaller than the variance of £ given in (3.25).

= Var(k) = (3.35)

4  Applications and Results

In this section, the Weibull-Rayleigh distribution is applied to two data sets on vehicle
insurance claims and marriage survival. The performance criterion used is the Kolmogorov-
Smirnov (K-S) statistics and smaller value of the K-S statistics is desirable.

4.1 Application to Insurance Claims Data

Data Description and Exploration

The distribution was applied to a real life data on 1721 claims on motor vehicle from an
insurance company. A characteristic feature of the claims data is that many of the insurees
were paid very little claims. Table 1 shows the summary of statistics for the claims data. The
histogram of the vehicle claims data generated in SPSS 18.0 is also presented in Figure 1.

Std Error of Std Error of
Statistics N Mean Variance Std Dev. Skewness Skewness Kurtosis Kurtosis
Values 1721 48663.5 2.355 x 1011 485286.93 25.387 0.059 786.557 0.118

Table 1: Summary of Statistics for claims data
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Figure 1: Histogram of Claims Data

It is seen from both the descriptive statistics and histogram that the distribution of the data
1s highly peaked and skewed to the right.

Data Analysis and Results
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Figure 2: Density Plots for the Claims Data
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Distribution Estimates of the Parameters K-S Statistics
Weibull a=0.1307, B = 4.8836 0.4550
Rayleigh 0= 74380.0788 0.8460
Gamma Shape = 0.0233, Rate = 527.788 0.9995
WRD a=0.0653, k= 23.4452 0.4546

Table 2: Estimates of Parameters and K-S Statistics for Claims Data

Discussion of Result

The results presented in Figure 2 above show the density plots of the data generated in R,
respectively for the best fit, Weibull distribution, Gamma distribution, Rayleigh distribution
and WRD. The estimates and fits of the data from the various distributions are presented in
Table 2. The K-S statistics in the results show that WRD distribution is the best with
smallest K-S statistic, followed by Weibull, Rayleigh and Gamma. However, the difference
between WRD and Weibull is extremely small and insignificant. So, WRD does not perform
differently from Weibull distribution. WRD 1is, therefore competitive in fitting the claims
data. Or, since the difference between Weibull and WRD is little and as already shown
analytically, WRD can be used as an alternative distribution to the Weibull distribution.

4.2 Application to Marriage Survival Data

Data Description and Exploration

The marriage survival data represents time to divorce of marriage from when it was
contracted. The sample size for the study is 300. A questionnaire was used to collect the
primary data for the study. Table 3 gives the summary of statistics for the survival data
while Figure 3 gives the histogram of the data generated in SPSS 18.0.

Statistics N Mean Variance Std Dev. Skewness Skewness Kurtosis

Std Error of Std Error of

Values 300 12.233 57.731 7.598 0.925 0.141 0.724 0.281

Table 3: Summary of Statistics for survival data

Hiztegram

e

|
|
TUE
T H
=
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Fraguency

0=

T

m Ful X Lh]

Marriage Survival

Figure 3: Histogram of Claims Data
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Data Analysis and Results

Distribution Estimates of the Parameters K-S Statistics
Weibull a=1.6859, B =13.7432 0.0623
Rayleigh o= 14.3949 0.1261
Gamma Shape = 2.4508, Rate = 4.9915 0.7955
WRD a=0.8425, k = 188.3980 0.0617

Table 4: Estimates of Parameters and Goodness of fits
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Figure 4: Density Plots for Marriage Survival Data

Discussion of Result
The estimates of the parameters and K-S statistics for the survival data are given in Table 4
for the Weibull, Rayleigh, Gamma distributions as well as WRD. Again, the K-S statistics
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show that WRD fits the survival data best followed by the Weibull, Rayleigh and Gamma
distributions. However, as stated before, the difference between WRD and Weibull is
extremely small and insignificant. WRD, therefore can be an alternative distribution to
Weibull distribution and its performance shows a little improvement on Weibull distribution.
WRD is more of a Weibull distribution than a Rayleigh distribution.

5  Conclusion

In this research work, parameter estimation and applications of the two-parameter Weibull-
Rayleigh Distribution (WRD) have been considered. The method of likelihood estimation has
been used to estimate the shape and scale parameters of WRD. The maximum likelihood
method only yields closed form estimator for the scale parameter. The expected value and
variance of the estimator of the scale parameter has been derived. Furthermore, minimum
variance unbiased estimator has been obtained for the scale parameter.

The distribution is then applied to two data sets on vehicle insurance claims and marriage
survival in Lagos State. The results show that WRD produce good fits and performs
competitively well in fitting both data types compared to Weibull, Rayleigh and Gamma
distributions.

We therefore recommended that the newly derived Weibull-Rayleigh distribution be used as
an alternative to some existing distributions in modelling data on survival, reliability and
financial studies.

Competing financial interests

The author(s) declare no competing financial interests.

References

[1] Tadikamalla, P.R. Applications of the Weibull Distribution in Inventory. The Journal of
the Operational Research Society, 29(1), 77-83 (1978)

[2] Mikolaj, P. G. Environmental Applications of the Weibull Distribution Function: Oil
Pollution. Science: New Series, 176(4038), 1019-1021 (1972)

[3] Perry, R. J. Estimating Strength of the Williamsburg Bridge Suspension Cables. The
American Statistician, 52(3), 211-217 (1998)

[4] Cordeiro, G.M., Simas, A.B. and Stosic, B.D. Explicit expressions for moments of the beta
Weibull distribution. Methodology (stat.ME); Statistics Theory (math.ST)
arXiv:0809.1860v1 [stat.ME]. (2008)

[5] Mudholkar,G.S. and Srivastava, D.K. Exponentiated Weibull family for analyzing
bathtub failure data. IEEE Trans.Rel. 42, 299-302 (1993)

[6] Famoye, F., Lee, C. and Olugbenga, O. The Beta-Weibull distribution. Journal of
Statistical Theory and Applications, 4(2), 121-138 (2005)

[7] Alzaatreh, A.; Famoye, F. and Lee, C. The Weibull-Pareto Distribution and its
Applications. Communication in Statistics: Theory and Methods, 42(9), 1673-1691
(2013a)

[8] Adeleke, I. A, Akarawak, E. E. E. and Okafor, R. O. Investigating the Distribution of the
Ratio of Beta and Weibull Random Variables. Journal of Mathematics and Technology,
4(1), 16-22 (2013)

[9] Akarawak, E. E. E., Adeleke, I. A. and Okafor, R. O. On the Distribution of the Ratio of
Independent Gamma and Rayleigh Random Variables. Journal of Scientific Research and
Developments. (2014).

[10]Voda, V. G. A New Generalization of the Rayleigh Distribution. e-journal: Reliability:
Theory and Applications, 2(2), (2007).

248



hal INTERNATIONAL JOURNAL OF MATHEMATICAL ANALYSIS AND
OPTIMIZATION: THEORY AND APPLICATIONS
IIMAO VOL. 2017, PP. 233 - 249

[11]Alzaatreh, A.; Lee, C. and Famoye, F. A New Method for Generating Families of
Continuous Distributions. Metron: International Journal of Statistics, 71(1), 63-79.
DOI10.1007/s40300-013-0007-y. (2013b)

[12]Akarawak, E. E. E., Adeleke, I. A. and Okafor, R. O. The Weibull-Rayleigh Distribution
and Its Properties. Journal of Engineering Research, 18(1), 61-72 (2013),

[13]Merovci, F. and Elbatal, I. Weibull-Rayleigh Distribution: Theory and Applications. Appl.
Math. Inf. Sci., 9(5), 1-11 (2015)

[14]Bai, Z.D. and Fu, J.C. On the Maximum-Likelihood Estimator for the Location
Parameter of a Cauchy Distribution. The Canadian Journal of Statistics, 15(2), 137-146
(1987).

[15]Mood, A. M., Graybill, F. A. and Boes, D. C. Introduction to the theory of Statistics (3rd
ed). McGraw Hill International Book Company, Tokyo. (1974)

[16]Wackerly, D. D.; Mendenhall, W. and Scheaffer, R. L. Mathematical Statistics with
Applications. New York: Wadsworth Publishing Company, (5t edition). (1996)

[17]Golding, B. Maximum Likelihood Estimates of Selection Coefficients from DNA Sequence
Data. Evolution, 47(5), 1420-1431 (1993).

[18]Comets, F. and Gidas, B. Asymptotics of Maximum Likelihood Estimators for the Curie-
Weiss Model. The Annals of Statistics, 19(2), 557-578 (1991).

[19]Gupta, A. K. and Szekely, G. J. (1994). On Location and Scale Maximum Likelihood
Estimators. Proceedings of the American Mathematical Society, 120(2)

[20]Huang, S. J. and Yu, J. An Efficient Method for Maximum Likelihood Estimation of a
Stochastic Volatility Model. Statistics and Its Interface, 1, 289—-296 (2008).

[21]Dent, W. T. and Hildreth, C. Maximum Likelihood Estimation in Random Coefficient
Models. Journal of the American Statistical Association, 72(357)
http://www.jstor.org/stable/2286907. (1977).

[22]Benaroya, H., Han, S. M. and Nagurka, M. Probability Models in Engineering and
Science. CRC Press (2005).

249



