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Abstract

This paper presents explicit closed-form formulae for the determinants of the Laplacians on
n-dimensional quaternionic projective spaces P™(H) (n > 1). The explicit calculation of this
spectral invariant associated with P™(H) is novel in the context of spectral theory of the Lapla-
cian on Riemannian manifolds. Other spectral properties of the Laplacian on P™(H) — the
Minakshisundaram-Pleijel coefficients and Minakshisundaram-Pleijel zeta functions are also
explicitly discussed.
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1 Introduction

Let M = G/K be a N-dimensional (N > 1) compact rank one symmetric space, Ky and Ay the
associated heat kernel and Laplace-Beltrami operator (or simply Laplacian) respectively. Here the
Lie group G is compact and K is the isotropy group of a point in M. Using the addition formula for
the matrix coefficients (see, e.g., [I][Ch. IV]), it is not difficult to see that the heat kernel Ky (¢, x, y)
takes the form (see [2|[Appendix A.1])

I & N
N(t9) = e S OAY Y (9)e (1.0.1)
k=0

The numbers Al (with k& > 0) are the numerically distinct eigenvalues of Ay, AY is the dimension of
the eigenspace associated with AY (i.e., the multiplicity of the eigenvalue AY ), ¥ () is the spherical
function on M associated with the eigenvalue )\ff\' , ¥ is the geodesic distance between the points
z,y € M and wy = Vol(M) is the volume of M. It is remarkable to know that the spherical functions

\Ilév (9) on M can be explicitly given in terms of the normalised Jacobi polynomials P,(f’ﬁ ) (cos?) :=
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P}iaﬂ) (cos ﬂ)/P,ga’B)(l) (with & > 0;a,8 > —1). For thorough discussions on heat kernels in
Riemannian manifolds, see [3—11].

Examples of rank one compact symmetric spaces include the sphere S = SO(n+1)/SO(n), the
real projective space P"(R) = SO(n + 1)/0(n), the complex projective space P*(C) = SU(n +
1)/S(U(n) x U(1)) (of real dimension 2n), the quaternionic projective space P™(H) = Sp(n +
1)/Sp(n) x Sp(1) (of real dimension 4n) and the Cayley projective plane P?(Cay) = F,/Spin(9)
(of real dimension 16). See the monographs [9,12,13,15,16] for related material on Lie groups and
symmetric spaces.

This paper specialises M to the real 4n-dimensional (n > 1) quaternionic projective space P™(H).
Recall that the symplectic group Sp(n) is the set of n x n matrices with entries in the quaternions
H, where H consists of element x + iy + jz + kw with z,y, z,w € R; ie., H = R* Projective
spaces are useful in: coding theory, number theory, design theory, physics, combinatorics, computer
vision modelling, computer graphics, and extremal combinatorial problems ( [17]). The quaternionic
projective space is a space in which the coordinates lie in the ring of quaternions H. The quaternionic
projective line P'(H) is homeomorphic to the sphere S*. In a group theoretic description, P™(H)
is the orbit space of H"*1\ {(0,...,0)} by the action of H*, where H* is the multiplicative group
of nonzero quaternions. If we first project onto the unit sphere inside H”*!, then one may also
consider P"(H) as the orbit space of S¥**2 by the action of Sp(1), the group of unit quaternions;
under this consideration, the sphere S*"*3 then becomes a principal Sp(1)-bundle over P (H) (called
a generalised Hopf fibration):

Sp(1) — S8 — P (H).

For further discussion on the geometry of quaternionic manifolds, see [18].
In this special case of M = P"(H), the Laplacian Ay on P™(H) has eigenvalues given explicitly
by ' A\ = (k(k +2n+1) : k > 0) each of which with multiplicity

2k+2n+1DI'(E+2n)T'(k+2n+1)
r@2n+2)r2n)'(k+ 1k +2)

Ay = k>0. (1.0.2)
Corresponding to the eigenvalue A} are the (normalised) eigenfunctions (called spherical functions)
W} given explicitly by the normalised Jacobi polynomials

_ P(Q"_l’l)(cos )

2n—1, .

() = PP (cos ) = kP<2"*—1’1>(1) (1.0.3)
k

where P,ga’ﬁ) = Plgo"ﬁ)(t) (with integer k& > 0 and real a, 3 > —1) is the Jacobi polynomial with

MNa+k+1)

(@.8) 1y —
Pt (1)_r(a+1)r(k+1)'

(1.0.4)

For further treatment of Jacobi polynomials, the interested reader is referred to [19-23].
It is now straight forward to see that the heat kernel on P™(H) admits the spectral series
representation

R n
Kn(t,0) = — D ARTRe MY
" k=0

(oo}

w, D(2n)T(2n +2)T(k+ )Tk +2) F

(cos))e Fk+2n+1)t (1.0.5)
k=0

I Note that P™(H) as a real manifold has dimension 4n. For the sake of convenience of notation here and in future we
slightly abuse notation and denote its associated spectral and geometric data by Ap, A%}, A7 wn,all, ¥, Zn, Kp, Cn,

instead of A4n, )\%", Ai", Win, ai”, \I/%”, Z4n, Kan, Can, respectively.
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where w,, = Vol(P"(H)) = (4m)?"/T'(2n + 2).
The heat trace Z,(t) associated with P™(H) takes the form ( [24])

Z.(t) = i (2k+2n+ DUk +20)T(k +20 4 1) _yrronsaye

1.0.6
= TEn)IQ2n+2)0(k+1)0(k+2) ( )
It is well-known ( [3], [24]) that the heat trace Z,,(¢) satisfies the asymptotic expansion
w <2n+1>2
Z,(t) ~ 225 1 N0
) ~ =g |1 Zu ] , N\
—— > apt” t\0 1.0.7
(47rt)2n kzzoak , 0, ( )
where A
[(2n + 1)2/4]*
- u”, 1.0.8
Z —7)! ’ (1.08)
for some coefficients u} (k> 0).
As a result the Minakshisundaram-Pleijel zeta function (,(s) has the formulation ( [3])
AP = (2k +2n + D)T(k + 2n)(k +2n+ 1)
(s) = _ . Res>2n. (109
Gnls) = kzl BVAE D T@n + 9T @A+ DTk + 2k £ 2n 7 O s > 2 (109)

It follows immediately that (,, can be analytically continued to a meromorphic function on C with
simple poles located at the points s = 2n,2n —1,...,2. The residues of (,, at these poles and their
relation to the heat coefficients a}} will be discussed in Section 3.

The Minakshisundaram-Pleijel zeta functions are useful tools in the computation of the de-
terminants of the Laplacians on Riemannian manifolds. For the applications of the spectral zeta
functions in this regard, see, e.g., [25—44]. Other important applications of spectral zeta functions
are in analytic number theory, harmonic analysis on symmetric spaces and quantum field theory
( [15-50)).

The set of all surfaces, with associated varying metrics, and with determinants of associated
Laplacians are useful tools in the study of modern quantum geometry of strings. The determinant
can therefore be considered as a function of the metric on surfaces and its extreme values can as
well be estimated. For the unification of this problem by the determinant of the Laplacian, see [39)].
For the determinants of Laplacians on spheres, see [30,31,36,38,43,51]. See [52] for a recent survey
on the explicit description of spectral invariants of Laplacians on spheres. The spectral invariants of
the Laplacians on the complex projective spaces and Cayley projective plane are considered in [53]
and [54] respectively. In [2] and [24], we introduced and studied a new class of heat coeflicients,
namely, the Maclaurin heat coefficients (i.e., the coefficients appearing in the Maclaurin expansion
of the heat kernel) in terms of the classical and generalised Minakshisundaram-Pleijel coeflicients,
when M = P™*(C) and M = P"(H) (n > 1) respectively. Remarkable asymptotic expansions for
the Maclaurin spectral functions were established. We also introduced and constructed new zeta
functions associated with these Maclaurin heat coefficients (generalised Minakshisundaram-Pleijel
zeta functions), and it was interesting that these generalised zeta functions could be explicitly
understood in terms of the classical (Minakshisundaram-Pleijel) zeta functions. To the best of our
knowledge, the determinant of the Laplacian on the quaternionic projective space P™(H) has not
appeared in the literature. It is the purpose of this paper to determine explicitly the determinants
of the Laplacians on the quaternionic projective spaces P™(H) (n > 1):

d n — Sn
—logdet A, = £gn(s) = lim M

lim - (1.0.10)
s=0 )
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2 The Heat Coeflicients a} Associated with P"(H)

In this section, we present results on the heat coefficients a} associated with P"(H) as calculated
explicitly in [24] following Cahn and Wolf ( [55]). The idea is to first express the heat trace Z,,(t)
associated with P™(H) purely in terms of a Jacobi theta function and its higher order derivatives,
and then employ the asymptotics of the Jacobi theta function (as ¢ N\, 0) in the spirit of [56]. Here,
for completeness, we present the proof as given in [ ]

Theorem 2.1 ( [24]) The heat trace Z,(t) associated with P™(H) (given by (1.0.6)) admits the
Minakshisundaram-Pleijel asymptotic expansion

1 = ,
Zn(t)Nsz:%ak'tk (as t \,0), (2.0.1)

where the heat coefficients ajl are given by

. (2n +1)2F=27y2 . " (2n —k—1)!
ag :wn;m, Up :%n_l_k_w, 0§k§2n—1,
B 2.0.2
. k (2n—|—1)2k72ju}1 2n— 1 Qz{ Bk+€ 2n E>9 ( )
a’“_w”; 4=k — ) ZZ; k—2n) (2n— D" "=
with uy = 1 and af = w,,. Here the coefficient o7 is defined by
om-1\?] 7 , A
= ()] I b= 3 20
j=1/2 m=0
and 1) ( ) 1)
—1)m (1 — 272
B, — CES) Bomao, (2.0.4)
where B,, s the well-known mth Bernoulli number.
Proof 2.1 Writing the multiplicity A} in a polynomial form we have
An_ k20 DP(k+ 20)T(k + 20 +1) _ (k+20)(2k + 20+ 1) 2ﬁ1 k;+;
k ['(2n 4 2)T'(2n)T (k-+1) (k+2) n(2n+1)(k+1) 4
n— 2 2n—3 2
ey
= —J
(2n + 1).(2n — 1). =172 2
2n—1 2m—+1
2 2n+1
= dn |k . 2.0.5
(2n+1)!(2n—1)!mz::0 m( T ) (205)
Using the multiplicity (2.0.5) in the trace formula (1.0.6) we have
(2n+1) oo 2n—1 2m—+1
2e ¢ 2n + 1 2n+1)2
Z,(t A"k —(kt+22 )%t
0= Gy 2 o (k) e
6<2n+1>2 2n—1 oo
= A2 2mA1 5%t 2.0.
2n+1 )(2n—1‘z Z 8 ¢ (206)

s=(2n+1)/2
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It is interesting to see that (forn > 1),

2n—1 9] 2n—1 oo
%722 82m+le—32t — %777;2 82m+16_82t
771220 s_(ZTLZ+1)/2 TTLZ:O 5_21/2
2n—1
=) (=)o (), (2.0.7)
m=0

where the Jacobi theta function 0 is given by

s 2
ZQj—l—l )t:
7=0

with B; = B;/j!. We see, for example (n =1), that

~+ | =

—|—ZBjtj, (see, e.g., [56]), (2.0.8)
3=0

edt i  [— 2, > 3 2t_
— —S —S8
Zl(t)_T —12286 +2Zse
L s=3/2 s=3/2
edt i  [— 2 > 2_
=5 —12 Z se St 42 Z s3em5t
s=1/2 s=1/2
9 r
et 1
= — —9/ t - 70 t . 2'09
& |0 - 00 (20.)
(The higher cases n > 2 follow similarly.) Thus
<2n+1>2 2n—1
Z,(t )™/ (¢ 2.0.10
()= (2n+1)(2n—1'Z ®)- (2.0.10)
In general, we have
(=1PP! o ppie
6P (1) = ot ZB‘;tﬂ Poop>1, (2.0.11)
=

where B! = B;/(j — p)!. Substituting the generalised Jacobi theta function (2.0.11) in the trace
formula (2.0.10), we have

(2n+1)?
-4

e (27’1 — 1)l 2n—2 % 2n—1 , )
Zn(f) = . Bt/ 2.0.12
() 2n+ 1)!(2n —1)! £2n + ; P "’ Z *‘Zfe Z t (2.0.12)

(where AP = (=1)*e/*), which after further simplification gives

@nin)?, 2n—2 2n—1

Z,(t) ﬁwn(iT“ 14 Z Apg2n—t=t g Z AnZBet2n+g —¢

1 nk
k=0

where A} = /01/(2n — 1)!, A? = DQZ?L/(Qn — 1)!. Consequently, we obtain the heat coefficients a}
given in (2.0.2) as required.
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The first few coefficients (&7 : 0 < m < n — 1) are illustrated in Table 1.

Table 1: The coefficients (#7 : 0 < m < 2n — 1).

m

T T 2 2 2 2 3 3 3 3 3 3
Ay | | Ay | | Ay | o o Ay oy | AP |
1 U [ 10 | 1L | | | _2025 [ 4581 | _1665 | 313 1

— 64 16 4 1024 256 32 ] 1

Example 2.2 We give explicit computations of the heat coefficients aj} for the special cases n =
1,2,3.

o (n=1) Clearly, P1(H) is the sphere S*. It is easily seen in this case that

eit , 1
Zy(t) = 5 —0'(t) — Ze(t) . (2.0.14)
Upon substituting the theta function (2.0.11) we have
wiet! -

Z,(t) = = 1— - L4 2.0.15
0= G |13 | (20.15)

where ) )
up =1, ui = -7 up = — (B}H + 41322) ,k>2. (2.0.16)

Thus the Minakshisundaram-Pleijel heat coefficients a}g given by

k 9\k—J
al—wZ(Z) u k>0 (2.0.17)
k — 1 (k . j)' R el ) U.
§=0
follow immediately.
e (n=2) It is clear that
el AL, 19 9 5 0.18
Zy(t) = R 60" (t) — 29 (t) - TGG (t) - ae(t) ; (2.0.18)
and consequently, we have
25 2 3 >
woe 1 11t 19t 3t 9,
Z5(t) = l—-—4— - — 7 2.0.19
2(t) = Ty 2t 9 1287 ;“J ’ (20.19)
where
11 19 3
uy =1, u%— Tk u%—%, u%z 128’
, 1., 11, 19, 9, (2.0.20)
up =~ (Be1r+ Bhot Brst B ) K24
Hence, we obtain the heat coefficients ai given by
k k—j,2
(25/4)° Iz
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e (n =3) Indeed we have

45 313 1665 4581 2025

Do) - 2200 - 5200 - Do) - Teo)].
(2.0.22)

49
e4

00 (¢
715! o) -

Z3(t) =

from which we obtain the asymptotic formula

494 2 3 4 5 o0
wged 9t 313t 111¢ 4581t 135t 3,4
Z5(t) = 1—— — — 't 2.0.23
) = Campyo 1760 T 28 T 30720 8192 z:: ’ (2.023)
where
) . 9 . 313 . 111 4581 . 135
3_1 B3=_2 3222 B _ 1t B3 3 _
o= 5 M= T g0 U8 T T108 T 307200 0T 8102
1 45 313 1665 4581 2025
S=—— (B} B} B} B} B} B k> 6.
U 120(’“—1+4 R I R T ’“—+1024’“6 =
(2.0.24)
As a result, we obtain the Minakshisundaram-Pleijel heat coefficients a% given by
(49/4) ke— Ju
w3 Z / . k>0 (2.0.25)

3 Description of Heat Coefficients a} By Residues of Zeta
Functions (,

In this section, we relate the heat coeflicients a}} to the residues of the zeta functions (,. That is,
we show that the Minakshisundaram-Pleijel formula [24][(1.8)] also holds for the special case of the
quaternionic projective space P (H). This is done by first expressing the Minakshisundaram-Pleijel
zeta function ¢, in terms of the Hurwitz zeta function ((z,-) (z € C) of number theory.

By definition, the Hurwitz zeta function {(z, a) is defined, for a > 0, by (see [51][Sec. 2.2], [57])

oo

((z,a) = ,;, Rez > 1. (3.0.1)

= +a)2

The Hurwitz zeta function ((z,-) can be analytically continued to a meromorphic function on all
of C with its only (simple) pole located at z = 1 and the residue at this pole is one.
The following theorem is given in [24] without a proof. Here we present a proof of the result.

Theorem 3.1 ( [24]) The Minakshisundaram-Pleijel zeta function {, can be written in terms of
the Hurwitz zeta function as

2m 2n—1
0 P— e ()Y e (2 - ey -1, 22,
£=0

(2n+ 1)!(2n — 1)! &= “miD(s) 2 2
(3.0.2)

Moreover, (,(s) (Res > 2n) has a meromorphic continuation on the whole complex plane with at
most simple poles at s =2n — k (0 < k < 2n — 1) with residues given by

Res(u(s)

4
1 T (2n —k+0) <2n+1>2 (3.03)

o 2o DI2n—1)! ; SCE 0T (2n — k) 2
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Proof 3.1 We have
Ay
[k(k+2n+1)]°
45A7
1 {(Qk; +on+1)% - (2n+ 1)2]

M

£l
Il

1

M

k=
e~ 45 A7 m+1 \°|
= Z —k% 1— <n—|—> (3.0.4)
= (2k+2n41) 2k+2n+1
Upon applying the generalised binomial expansion and interchanging the summation, we get
> 45A} (5 +m — 1) om
(s) = 2n+1 . 3.0.5
nls K; 2k+2n+1)28+2m> m ( ) (3.0.5)
Substituting the multiplicity (2.0.5) into (3.0.5) and using the identity ( [51][eq. 2.2(26)])
((s,a+1) =((s,a) —a™?, (3.0.6)
we have
C(s)i 9 [eS) s+m—1 M QmQTLZ—lJZ{nC 2(87£+m)712n+3
T+ D)l2n - 1)) £ m 2 — o2 )
(3.0.7)

Noting that the residue of the Hurwitz zeta function in (3.0.7) is 1/2, and that (,(s) has simple
poles at s = 2n — k, we obtain the residue formula (3.0.3) as required.

A different method of finding the residues of (,(s) is considered in [58].

Corollary 3.2 The following relation holds:

k n 20
n Wn, (+2n—1—k 2n + 1
= F - . . .
% = 5o ;:0: . 2n—k+0) ( 5 ) (3.0.8)

4 Determinants of Laplacians on P" (H)

This section presents the main results of this paper, namely, explicit closed-form formulae for the
determinants of the Laplacians on P™(H) (n > 1). The approach involves the explicit evaluation of
the zeta functions ¢, (s) using a generalised binomial expansion.

We proceed by first considering the spectral zeta function En(s) associated with the shifted
Laplacian A,, = A, 4 (2n+ 1)2/4 having eigenvalues X}; =k(k+2n+1)+(2n+1)?/4 = (k+ (2n+
1)/2)? and the usual multiplicity A?. In this regard, we have the following theorem.

Theorem 4.1 The following formula holds for the determinant of the Laplacian An :

2n—1

log det (Zn) = (2% 0g2) B — (277 —1) (-2 - 1)]
j=0

4977

where B = Bajy2/(2) +2) and JZ{ = @i en—D)-
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Proof 4.1 The spectral zeta function Zn is defined, in a similar way, by the Dirichlet-type series

&0 49An
Z — ="k~ Res>2n. (4.0.1)
— (2k+2n+1)

Upon inserting the multiplicity (2.0.5) in (4.0.1) we obtain

n- 2.7 on+1

" J 25 —2j — 1,

Gl z:: 2n+1)(2n—1)C(S 2 )
3 2677 25— 2j — 1,
Z:: on+1)! n—1)!C )

Rl 2.0/

- ;o i & T D) (s -2 ), (4.0.2)

where (r(z) is the well-known Riemann zeta function defined by (see [51][Sec. 2.3])
— 1
=> —,  Rez>1. (4.0.3)
j=1

In arriving at the last equation in (4.0.2) we have used the functional relation
1 z
¢ (Za 2) = (2° = 1) Cgr(2). (4.0.4)

In particular, ¢(z,1) = Cr(z). Differentiating (,(s) (given in (4.0.2)) at s = 0 and using the
relation

1 .
. R ]:()7
—5) = 4.0.5
Cr(=J) {_‘%)jzl’ =12, (4.0.5)

we have

_ 2n—1 4(52{77, ) ‘
G0 = X G (27 DGR 1) (27 os2) ).

A generalisation of (4.0.5) is ( [57])

. o ) . Bj 1(1’)

where the Bernoulli polynomial B;(x) is given by

o0

Z ’ . |2l < 2m.

Hence we obtain the formula

~ = 4977 . ,
det (An) = exp z:: 2 T Di2n — 1) [(2—21—1 — 1) (=25 —-1) — (2—23—1 log 2) %’j]
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We are now set to compute the more complicated det A,,, and this is given in the following
theorem.

Theorem 4.2 The determinant of the Laplacian A, admits the following formula:

2n—1 2.0/

logdet (A,) = Z ot 1)!(;n = |:(2—2m 10g2) B — (272 = 2) {'(=2m — 1)
m=0 (1) on i3 ot 1 (4.0.7)
— FP (;25< (2@—2m—1,2>>} —210g( 5 >

where FP(f) denotes the finite part of the meromorphic function f.

Proof 4.2 Upon inserting the multiplicity (2.0.5) and applying the generalised binomial expansion
to the eigenvalue A}, one gets

m+1\? /2n+1)\?
AP _
(e 2 - ()

2 ad —s
T@2n+ D120 —1)! ;(—UZ ( ¢ )

£

2n—1 2m—20—2s+1 20
2n+1 2n+1
E gan |k .

3

(4.0.8)
As a result we have
2 e} F(S—FE) 2n—1 2n+3 2n+1 o
(2n+1)!2n -1 = (T(s) mZ:OJmeC< s—2m+2(—1, 5 ) ( - ) 7
(4.0.9)
where we have used the identity ( [51][2.2(26)])
oatl)=(loa)—a (4.0.10)
and the fact that
-5\ _ JT(s+0)
< ¢ ) =V 9re =0 (4.0.11)
1t follows that
C()_il“(s—kﬁ)?il 2.4 (25— 2 +2€_12n+3 o+ 1\ % o2
" _ZZO é'r(s) m=0 (2n+ 1)'(2TL — 1)' s m ) 2 2 0.
or
2n—1 9.7 ont 3
nls) = mgo Gnri2n—11° (25 —2m -1, 2)
oo F(S + Z) 2n—1 2%777,” I +3 o+ 1 20
=1 0T (s) m§::0 (2n+1)!(2n—1)!< 2s +20—2m — 1, 5 5 7
(4.0.13)
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which upon using the relation (4.0.10) gives

2n—1

24 2n+1
Gals) =D EnrDi2n—11° (28 —2m=l

2n—1 n (2 1 2m—2s+1
Ly 2 (*352)
(2n+ 1)1(2n —1)!

m=0 m=0
[e's) n— 24
T(s+0) = 207 (2 20 + 3
27T (5) %(2%1)!(271_1)!4 2s 2 =2m =1 —
= ( ) an_:l 2%7721 (2n2+1)2m—2$+1
=Gn(s T4 T @n+1)i2n - 1)
o) n— 240
F(S—l—ﬁ)Q 1 20/n (2L on 43
25+ 20— 2m — 1 . 4.0.14
0T 2= s Difan — D¢ (28 20— 2m =1 = (4.0.14)

m=0

Upon differentiating (4.0.14) with respect to s and setting s = 0 in the resulting equation yields

2n—1 A (2n+1)2m+1
m

’ P 2n+1
¢.(0) :QH(O)J’QlOg( 2 ) 2 (2n+1)!2(2n—1)!

m=0

2n—1

20 = (5)" 3
- mz::() (2n+1)!(2n — 1)!]:73 (Z QTC (25 —2m —1, B ) . (4.0.15)

{=1

It is interesting to see that

2n—1 2£{£ (2n2+1)2m+1
> =1, n>1,
= (2n+1)1(2n —1)!

(4.0.16)

and consequently we obtain

2n—1
~ 2 1 2.9/™
¢(0) =C,(0) + 210g 22 )+Z G

2 — 2n+1)!(2n—1)
oo (2n+1)24 o+ 3
2 _ _
fo<Z ; g(% 2m —1, = ) .
r=1
Therefore, we obtain the following closed-form formula for the determinant of the Laplacian A, :
~ 2n+1 2H,
det (A,) = —¢(0) — 21 — e 4.0.17
et (8,) =exp (G0~ 210 (P50 ) - oS ) . @oan
where
oo (zn;1)2f 2n—1 o + 3
H, = e ANC |20 —2m — 1, . 4.0.1
]—'P;::l ; g_:omc< m 2) (4.0.18)

Remark 4.3 A way of regularising the Hurwitz zeta function ((z,-) where it has a pole is to use
the limit formula ( [51][eq. 2.2(15)])

. 1 -
FP (1) = lim (<<m, Q) - m_l) — —(a), (40.19)
where v is the digamma function ( [20]) defined explicitly in terms of the gamma function by
_d ~ T'(2)
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Example 4.4 For the special case n =1, we have

61
1240 08 2

Ty Loy Lo
G0) = T5Ch(-1) — 15Ch(=3) +
Hence, we obtain the explicit formula
A — 7124110 _i I l I
det (Al) —2 exp( = Ch(=1) + 75Ch( 3)).

It therefore follows that
- H
det (A1) = exp (—C{ (0) — logg - 1) , (4.0.20)

. (z L(oend) (g)“) 7P (f; Lo(oes2) (g)z‘) |

By using the limit formula (4.0.19) and the identity (4.0.6) with Ba(z) = 2% — 2 + 1/6 we obtain

le—%—ﬁg () ii::;( 15> ()2+Z g(% 3, )( )%. (4.0.21)

To evaluate the first series on the right-hand side of (4.0.21) we use the identity (see [59][eq. (4.11)])

where

e 22742
ZCQj—i-la : =[(a) — 1] 2> + (a — 1)[logT(a + 2) + log D'(a — z)]

—logG(a+ z) — logG(a — 2) (4.0.22)
+2(1 —a)logT(a) +2logG(a), |z| <]al,

where G is the Barnes G-function ( [00]) defined in terms of the gamma function by

G(z+1)=T(2)G(z), z€C, G(1) = 1. (4.0.23)
Thus we obtain
> 1 5\ /3\* 9 /5\ 55 3
E* 2w-1,2)(2) =2 2 og2 — 21 log A —2
7 (e >(2> 4¢<2)+12 082~ 5log3 —3log
9 (5 55 3 , 9

where we have used the identity ( [51][eq. 1.4(8)])

. (;) ghohiab (4.0.25)
and the relation ( [50])
1
log 4= ~Ch(1) + - (4.0.26)

Here A is the Glaisher-Kinkelin constant given by A = 1.282427130.
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For the explicit evaluation of the second series on the right-hand side of (4.0.21) we employ the

equality ( [51][eq. (3.2.67)], [57])

Z C(2j+1,a) 252042
= j+i+1
2041
. 2l+2 / . i . 20—j+1
Z |1—\ 21_]+2> [C (7]7a72)7(71)j< (7]7a+2)]2 /

21+2

ch—Qma 2-2m+2 _ ?

- — ({20 +2) — 9(a) + C]

—2{ (—2[—17a), 1>0,|z] < lal,

withl =1, a="5/2 and z = 3/2 to see that
=1 5\ (3\* 27 5\ 1 27
“cf2e-32) (2 = 200(=3) —2¢' [ =3,2 ) + = log2+ =1
;3%(5 3,2)<2> T (1) + 20h(-3) <(3,2>+8og + 7 g

15 8L (5
64 = 32 2/
51 49 441

_ ! _ ! _ _ ! _ § s - _ -
H1—4CR( 1) +2¢xr(—3) 2(( 372 4810g2+ 1 g 3 o

Hence we have

It therefore follows that

3300 13 13 1 2 b) 147
det (80) 28832 exp (=2 a-1) - 156rl=3)+ 3¢/ (3.5 ) + 51 )

We can evaluate the higher cases n > 2 similarly. See [51,57,59,61] for the evaluation of series
involving zeta functions.
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