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Abstract

In this paper, we provide certain conditions that guarantee the stability of the zero solution
when P(¢,X,Y) = 0 and boundedness of all solutions when P(¢,X,Y") # 0 of a certain system
of second order differential equation using a suitable Lyapunov function. The results in this
paper are quite new and complement those in the literature. Examples are given to demonstrate
the correctness of the established results.
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1  Introduction

Consider the following second order nonlinear vector differential equation given by:
X+ AX + H(X)=P(t, X, X) (1.1)

or its equivalent system:

X=Y, Y=-AY —H(X)+ P(t,X,Y) (1.2)
in which X,Y : R® - R", H(X) : R* - R", P(t,X,Y) : RT x R" x R" - R", Aisann xn
constant matrix and the dots as usual indicate differentiation with respect to ¢, t € RT = [0,00), R
denote the real line (—oo, 00) and R™ denote the real n—dimensional Euclidean space equipped with
the usual Euclidean norm || ||. It is assumed that the functions H(X) and P(¢, X,Y") are continuous

for the arguments displayed explicitly and H(X) is not necessarily differentiable. Furthermore, the
existence and uniqueness of solutions of Eq. (1.1) will be assumed [see [1]].

The study of qualitative behaviour of solutions of second order differential equation has received no-
table attention from many researchers. For instance, Tejumola [2] in 1976 used the second method
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of Lyapunov to examine the stability, ultimate boundedness of all solutions and the existence of
periodic solution of a certain matrix differential equation of the form

X+ AX + H(X) = P(t, X, X), (1.3)

where A is an n X n constant matrix and H(X) is a differentiable vector function. Kroopnick
( [3], [4]) used the approach of the integral test to prove the stability and boundedness of solutions
of a second order scalar linear differential equation

2" +a(t)x =0, (1.4)

where a(t) > 0 and a’(t) > 0. Tung and Tung [5] used integral test to investigate the boundedness
and stability properties of a second order vector linear differential equation given by

X +a(t)X = P(t). (1.5)

And recently, in 2017, Tung and Tung [6] used Lyapunov’s direct method to study the stability and
boundedness of a second order nonlinear vector differential equation of the form

X +a(t)X = P(t, X), (1.6)

where both a(t) and P(t, X) are continuous in their respective arguments and in addition, P(t, X)
satisfies Lipschitz condition in X. Many other interesting results have also been obtained concerning
solutions of second order and even higher order differential equations. We refer interested readers
to the following few papers and the references cited in them: Ademola et al. [7], Adeyanju [3],
Afuwape [9], Alaba and Ogundare [10], Cartwright and Littlewood [11], Ezeilo [12], Grigoryan [13],
Kroopnick [14], Meng [15], Ogundare and Afuwape [16], Ogundare et al. [17] , Ogundare et al. [18],
Omeike [19], Omeike et al. [20], Tejumola [21], Tung [22], Tung and Tung ( [23], [24], [5], [6]), Wang
and Zhu [25].

2 Notation

Henceforth, §’s, A’s and K’s with or without suffixes will denote positive constants whose magni-
tudes depend on an n x n constant matrix A and vector functions H(X), P(t, X, X). The &’s, A’s
and K’s with numerical or alphabetical suffixes shall retain fixed magnitudes, while those without
suffixes are not necessarily the same at each occurrence.

We also denote the scalar product (X,Y) of any vectors X,Y in R™, with respective components
(1, %2, -, 2n) and (Y1, 92, -, yn) by Doi; iy In particular, (X, X) = [ X||.

3  Preliminary results

In this section, we state without proofs some standard results needed in the proofs of our main
results.

Lemma 3.1. Let A be a real symmetric positive definite n X n matriz. Then, for X € R"
8ol X|* < (AX, X) < Ag|I X2, (3.1)
where 6, and A, are respectively the least and greatest eigenvalues of the matriz A.

Proof. See ( [26], [27]) O

Remark 3.2. It should be note that a similar case where H(X) is not necessarily differentiable for
a certain third order differential equations was considered by [Afuwape [I], Meng [15]].
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4  Stability
In this section, we consider the following equation.
X+AX + H(X) =0, (4.1)

or its equivalent system: ) )
X=Y, Y=-AY - HX). (4.2)

Theorem 4.1. Suppose that H(0) =0 and that,

(i) there exists an n X n real continuous operator B(X,Y') for any vectors X,Y € R™ such that,
H(X)=H(Y)+B(X,Y)(X - Y), (4.3)
whose eigenvalues \;(B(X,Y)), (i=1,2,...,n) satisfy

0 <8 S N(B(X,Y)) < Ay (4.4)

(i) the constant symmetric matriz A has positive eigenvalues for any vectors X, Y € R"™ and
0<da <N(A) <A, (4.5)
Then, the trivial solution of Eq. (4.1) or system (4.2) is asymptotically stable.
Proof. The main tool in proving our result is the differentiable function V' =V (¢, X,Y") defined by
2V(t, X,Y) = (B(1 - B)0; X, X) + (ad, YY) + (1 = B)*|Y + 8. X]?, (4.6)
where o > 0, 0 < 8 < 1 are some constants.
Clearly, V(t,0,0) = 0 and
2V(X,Y) > (B(1—p)62X, X) + (ad,Y,Y).
Thus, there exist a positive constant K = min{3(1 — 3)§2; ad,}, such that,
2V(t, X,Y) > K{|| X |+ Y |} (4.7)

forallt >0, X, Y. From (4.7), V(t; X,Y) = 0 if and only if | X||*+ [|Y]|? =0 and V(t; X,Y) >0
if and only if ||X||%2 + ||Y||? # 0. It then follows that,

V(t; X,Y) = +ooas | X2+ ||[Y]]> = 4.

Next, we derive the derivative of V' along the trajectories of the system (4.2) and show that it is
negative definite for X # 0 and Y # 0. By differentiating V', we obtain
Vie) = (B(1 = B)02X,Y) + (a6Y, =AY — H(X)) + (1 = B)*(Y +6.X, —AY — H(X) +4,Y)
< —adi (YY) = (1= £)?0.(X, H(X)) + (1 = B)55(X,Y) — (1 = B)*0a (X, AY)
—ado (Y, H(X)) — (1 - B)X(Y, H(X))
< —ady(Y,Y) — (1 - §)%0.(X, H(X)) — {ad, + (1 = B)*HY, H(X))
- <5a(1 - B){A(l - B) - 5aI}X7 Y>

We can write V as .
Viaoy < -U1 — Uz —Us (4.8)
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where
Ui = 3aB2(Y,Y) + 5(1 = B8, (X, H(X)),
Uy = JaB3(YV,¥) + 11— B)%6u(X, H(X) + (61— A){A(L— ) ~ 8.1} X,Y)
and

Us = ~ad2(V.Y) + S(1— 5)%6,(X, H(X)) + {ad, + (1 — B)2}Y, H(X).
4 4

In what follows, we will show that U > 0 and U3 > 0. Let K; and K3 be any two strictly positive
constants which are carefully chosen, we have

(3u(1— B)(A(1 — ) ~ 8.1) X, Y)
= K5 8a(1— B)(AQ — §) — 8u1)X + SV = K620 = 5)2(A(L = B) — 8.1) "X 1> — KV
> K00 B2 (AQ - B) — 8.0) X~ TRV P
and
(b + (1~ B H(X),Y)
= 155 (b0 + (1= ) H(X) + Y|P — K3 (ad, + (1= AP [HOI? ~ {3V |?
> Ky (ad, + (1 - BPPIHX) P - K3V,
Thus,
Uy > — LKV IP — K283~ B2 (AL B) ~ 8.1) I X + Fad3(Y,Y) + 1 (1 - B)%,(X, H(X))

1 2 2 1 2 -2 2 n2
> (02 = K)(V,Y) + (1= B)%0 (8 — 4K 26,0267 (X, X),

where we have applied Eq. (4.3) with Y = 0, H(Y) = 0 and Lemma 3.1. Therefore, for all
X,Y €R"

if K? < ad? with

Also,

Us 2 0d2(Y,Y) + (1= B)%6a(X, H(X)) - K3 *(ad, + (1= || - K31V

On applying Eq. (4.3) with Y =0, H(0) = 0 and Lemma 3.1, we have

4(ad, + (1 — B)?)°A2
K3

1 1
Us 2 7(a02 = K}V, V) + 7 (8u0(1 = B) = ) (X, X).
Thus, for all X, Y € R™ |
U3 Z Oa

if K2 < ad? with
K26,6,(1 — B)? < ad36,(1 — B)?

AZ < 5 <
4(adut(1-82)  4(ade+ (1-92)

3
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Lastly, we are left with the estimate for U;. From (4.8) and (4.3), we have

Uy = Jad(V,Y) + 51— B)%6u(X, H(X))

= %aéi(Y, Y) + %(1 — B)*64(X, BX)
> Lad2{YY) + (- B)%6.5,(X, X)
> o {1X |17 + [|Y]1%},

where 85 = 1 min{ad2; (1 — 8)20,0,}.

Therefore, .
Viegy < =6{|IX | + [[Y]*} < 0. (4.9)

So far, we have been able to show that the trivial solution is stable. Now, consider the set defined
by

wW={(X,Y): V(X,Y) =0}
By applying LaSalle’s invariance principle (see [5]), we observe that (X,Y) € W implies that
X=Y=0o. (4.10)

This, i.e (4.10), shows that the largest invariant set contained in W is (0,0) € W. Therefore, we
conclude that the trivial solution of system (4.2) or Eq. (4.1) is asymptotically stable and this
completes the proof of Theorem 4.1. O

Example 4.2. As a special case of equation (1.1) with n = 2, we provide the following example.

In (1.1), let
G (401 _ (b b2 T\ _
x= (o )oa= () )wman= () (0 ) -mx

where by, by are constants satisfying 0 < by < by. Then, by some simple calculations, 0 < §, = 3 <
)\Z(A) SAa:5, and 0 < 6p = by — by S)\Z(B) < Ap = by + bo.
Thus, all the conditions of the theorem are satisfied.

Remark 4.3. Meng [15], considered the Ultimate boundedness results of a certain third order
nonlinear linear differential equation in which the nonlinear term is not necessary differentiable
and gave a similar example to our Example 4.2 above.

5 Boundedness

We now state and prove the result on the boundedness of solutions for the case P(t, X,Y) # 0.

Theorem 5.1. Suppose in addition to the conditions (i) and (i) of Theorem 4.1, the following
holds:

(iii) for allt, X andY, there exist a finite constant 61 > 0 and a continuous function 6 = 6(t) such
that the vector P(t,X,Y) satisfies

1P(t, X, V)| < 0(t), (5.1)
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where f 0(s)ds < 61 < oo for allt > 0. Then there exists a constant D > 0 such that every solution
(X(t),Y(t) of (1.2) determined by

X(0) = Xo, Y(0) =Y

satisfies
IX®I <D, Y <D (5.2)
forallt >0, X, Y € R".

Proof. To establish this result, we make use of the Lyapunov function defined in (4.6). We note
that under the assumptions of Theorem 5.1, the estimate (4.7) for V (¢, X,Y) is still the same. But
now that P(t, X,Y) # 0, we obtain the following as the derivative of V:

Vizy < —6{IXI° + Y2+ ({ade + (1= B2} + (1 - §)*6.X, P)
(fada + (1= BHIY I + (1 = B)8lI X)) I P(t, X, V)]

o {IIX ] + Y IHIP(E X, V)]

B0 IX 1+ Y1)

IN

<

<
where d3 = max{{ad, + (1 — 5)?}; (1 — B)2%6,}. On applying the inequalities || X|| <1+ || X||? and
V|| <1+]Y]|? we have

Vivg) < 0:0(0{2 + [1X]12 + Y]]}
= 2030(t) + 330 (t) {[| X[|* + [ Y]|*}-

By using the inequality (4.7), we have
V(t)(1.2) < 2030(t) + 2530() K1V (t, X, Y).

Integrating the last inequality from 0 to ¢, (t > 0) , we obtain
t t
V(t) — V(0) < 26, / 0(s)ds + 265K / 0(s)V (s)ds
0 0
t
< 20163 + 63K 1 / 0(s)V(s)ds.
0

If we let 26193 + V(0) = §4 and 253K ! = &5, we obtain

V(t) < 64 + s /t 0(s)V (s)ds.

0

Applying Grownwall Bellman’s inequality (see Rao [1]) in the above inequality, we get

t
V(D) < diexp (55 [ 6(s)ds) < drexpl) (5.3)
0
where dg = 0175.

Thus, (5.3) implies that all the solutions of the Eq. (1.1) or it’s equivalent system (1.2) are bounded.
U

Example 5.2. Suppose, in addition to Ezample 1, we have

1
P(t;X,Y):< e )

1+et+a3+ys3
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It is very clear that
2
|P(t; X, Y)| < o= 0(t) and max6(t) =2 < oco.

/ 0(5)ds=2/ isds:Q.
0 o €

Also, all the conditions of the theorem are satisfied.

Remark 5.3. We have thus far, established stability of the trivial solution and boundedness of all
solutions of the systems (4.2) and (1.2) respectively without imposing differentiability condition on
the vector function H(X) as in papers ( [27], [2]).
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