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Abstract

Third-order singularly perturbed problems are common models that are prevalent in applied
mathematics and engineering. They model physical phenomenon in fluid dynamics, optimal
control, reaction-diffusion processes and many other fields. A one-step fourth derivative block
integrator is derived in this work to numerically solve general singularly perturbed third-order
problems in ordinary differential equations with prescribed initial or boundary conditions. The
derivation of this block of integrators was achieved via the collocation technique where a shifted
Chebyshev polynomial of the first kind is used as the trial solution. The characteristics of the
method are shown and the numerical examples shows an excellent performance in terms of
accuracy of this block method as compared to existing methods already in literature.

Keywords: Block method, Boundary value problem, Hybrid method, Linear Multistep method,
Initial Value Problem.
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1 Introduction
In this work, the numerical solution of the singularly perturbed third-order problem of the form

e"y"(x) + alx)y(z) + f(z), = € a,b]

y(a) =ay, yb)=p1, v'(a)=m (1.1)

is considered. Here «, 3,7 are real constants, f(z) is a smooth function and ¢ < z < b and
the parameter € is the perturbation parameter, n is a positive integer. We note here that, other
boundary conditions like y(a) = as, y(b) = B2, y"’(a) = 72 may be considered.

Singular perturbation problems (SPPs) models several physical occurrences in different branches
of applied sciences. Such file of application include fluid mechanics or dynamics, chemical reactor
theory, optimal control theory and host of many others. The perturbation parameter is usually
a small constant which is the coefficient of the highest derivative in a given differential equation,
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see [1]. Due to the presence of perturbation parameter, the solution varies swiftly. With this, the
main concern with such problems is the swift growth or deterioration of their solutions in one or
more narrow boundary layer region(s). As a result, not only determining analytical solutions to such
problems is difficult but also the convergence analysis, see [2]. The prevalence of this small constant
coeflicient, numerical approaches to the solution of this kind of differential equation remains the
only viable means of obtaining a solution, especially for higher order differential equation. Many
researchers on SPPs have mostly restricted their search for numerical solution to second-order
problems, see [3—0]. Hence, the search for an efficient numerical scheme is the motivation and goal
in this paper.

Some methods for solving singular perturbation problems include Local discontinuous Galerkin
(LDG) method used in [7, 8], initial-value techngiue proposed in [9], exponentially fitted mesh
method in [10], C%-continuous interior penalty method [11], cubic splines in [12] and quartic splines
in [13]. Akram in [14] used quartic splines while Saini and Mishra in [15] used quartic B-splines
to solve third-order self-adjoint SPBVPs. Other methods can be found in [16—-18], just to mention
few. The major drawback in obtaining the solution of problems of this nature is that the solution
depends on the perturbation parameter, see [2,19]. Hence, a more efficient and robust method
would be required for the solution of this problem, see [20,21].

In this work, linear multistep method is derived to form a block method which is rich in handling

pieces of solution in a given domain. The advantage of this technique helps in dealing with the
perturbation parameter, even as it decreases [22-24]. Other advantages includes producing smaller
global errors (at the end of the range of integration).
The technique employed is the collocation method where the trial solution y(z) of (1.1) is given
as q(t) = >0, pT*(t);. Here, T*(t) is the shifted Chebyshev polynomial of the first kind. The
collocation/interpolation technique affords us the derivation of the main and additional methods,
which are unified to form a block integrator. These integrators are single step hybrid method
called one-step fourth derivative block integrator (OSFDBI). This technique has several interesting
advantages among which are; they overcome the intersections of pieces of solutions, they are self
starting which implies that they do not require any starting values from eternal methods and
solutions can be obtained at intra-points other than the usual grid-points, among others. Thus, the
drawback mentioned earlier can be circumvented with the use of this method, see [24].

2 Derivation of the method

In this section, the derivation of a continuous implicit three intra-step hybrid block method is de-
scribed, for the solution of (1.1) over the integration interval [a, b],
WNE{a:t0<t1<'-~<tN,1<tN:b}

with h the constant step-size, h =1t; —t;_1,i1=1,2,..., N.

Three off-step points u, v, w considered are such that 0 < u < v < w < 1 on the interval
[ty tnt1], so that €, < tniu < tngo < tpiw < tpy1, wWhere tnipy = t, + uh, thyy, = t, + vh,
tntw = tn + wh. Thus, we consider the approximation ¢(t) of the solution y(¢) given by the
polynomial

y(t) = q(t) = ijTf : (2.1)

with the d** derivatives given as

9
y D) ~ gDty =3 p 170, d=1(1)4 (2.2)
j=0
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where p; are coeflicients to be determined and T is the shifted Chebyshev polynomial of degree j,
t € [a,b]. The shifted Chebychev polynomial on the interval [a, b], is given as

Ti(t) = To(a), #= — (t“;b) (2.3)

b—a
then evaluating the third derivative in (2.2) (d = 3) at the points t,,4; for j = 0, u, v, w, 1, and finally,
evaluating the fourth derivative in (2.2) (d = 4) at the points ¢,4; j = 0,1 so that the following
system of equations are obtained Q(tn) = Yn, q/(tn) = y;ﬁ q”(tn) = y;;> q”l(tn) = fn» q/H(thru) =
frtus @' (tnto) = frros @7 (tntw) = frtw, @7 (tng1) = foi, q(4) (tn) = gns q(4) (tnt1) = gn+1. Put
in matrix form with ten real unknown constants p; j = 0(1)9 to be determined.

with leading coefficient 27! (i) . Evaluating (2.1), (2.2) for d = 1,2 each at the point t = t,,

5 (tn) Ty (to) T3 (t) T3 (to) Tj (to) s Tg (to)
*/ */ *l */ */ */
Ty (tn) T (tn) Ty (tn) T3 (tn) Ty (tn) c Tg (tn)
1" 1" 1 1 1 1
TG (tn) T (tn) T3 (tn) T3 (tn) T (tn) B Ty (tn)
1"’ mnr " " "’ 2 Yn
TS (tn) T (tn) T (tn) T (tn) T (tn) e TS (tn) ﬁg’ y;],
*/// */// */// */// */// */// P2 yn
TS (tngw)  T1 CGpgo) T3 (pgo) T3 (ppo)  Tf (o) 0 T8 (bngw) p3 fn
*//I *I// *III */// *I// *III P4 pu— §n+11
Ty  (tpyw) T (tpigo) Ty (tpto) Ty (tpyo) Ty  (tpigo) s Ty  (tnto) ﬁz fﬂ+v
n+w
" " 1t "’ 1" 1" P
5" Gprw) T g T3 Cnge) T g T gy 18 ) o Fni
11 1" 1" 1" 1 1" P9 g 1
T (tpp1) T (1) T3 (1) TF (pg1) T (pg1) o TS (bpg1) nt
4 4 4 4 4
15 () 7 (2n) 3@ () 75 () AN BTN A
4 4 4 4 4 4
T TP TP P00 TP o e

where y;’L = y/(l‘n)’ fn = f(xnvynay;wyx)’ and In = g(xnayay/ay/lvym)' T(Sk(t) =0, Tl*(t) =2t—1,

e (t) =22t =1)T(t) =Ty _1(t); n > 1. Solving for the unknown p in the above matrix using
the computer algebraic system in Mathematica, the coefficients p;, 7 = 0,1,...,9 are obtained but
not included here as they are cumbersome. Substituting the values of p; into (2.1) and after some

simplifications, the following approximate form is obtained
q(t+jh) = aoyo + arhyy + axh®yg
4
+h3 Zi:O Bifn—&-si + h4 Z;:O Yidn+i

{s0=0,81=u,s2=v,s3=w,s4=1}

(2.4)

Evaluating the formula in (2.4) and its derivative up to the 2nd at the point ¢ = ¢,,11, the following
one step formulae are obtained

h2y! A 3v(8w—3)—9w+4
Ynt1 = Yo+ hy, + 5=+ B (5040u20v2w2 fn+ 504(5(17£11§2u2)(u7u:/)(u)7w) frtu

+ (u(9—24w)+9w—4) f + (u(9—24v)49v—4) f
5040(v—1)202 (u—v)(v—w) J NV 5040(w71)2w2(u7w)+5040(u71)22}171)2(w71)2 Frtt (w—) n+w

4 ( Bu(4v(Tw—2)—8w+3)+v(9—24w)+9w—4) (Bu(v(6—14w)+6w—3)+9v(2w—1)—9w+5)
+h ( 5040uvw gn + 5040(u—1)(v—1)(w—1) 9"+1)

Ay = (3u® (8v* (28w? — 2w — 1) + v(3 — 2w(8w + 1)) + (3 — 8w)w) — u(2vw + v + w)(3v(8w — 3) — Jw + 4)
+ow(v(9 — 24w) + 9w — 4)

(2.6)

62


 https://doi.org/10.5281/zenodo.10627387

Cv! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

UMSO 10(1), 2024, PAGEs 60 - 71
HTTPS://D0I.0RG/10.5281/ZENODO. 10627387

A = 30® (803 (w(Tw — 12) + 4) + v(6(27 — 16w)w — 55) + w(32w — 55) + 20) + u (—3v*(6w(16w — 27) + 55)
+v (486w* — 814w + 282) + 3(94 — 55w)w — 104) + 3v* (w (32w — 55) + 20) + v(3(94 — 55w)w — 104)
+4w(15w — 26) + 40 (2.7)

P = Yo+ B2+ 1 (st o+ sro et ft

(u(6—14w)+6w—3)
+840(1’f)71)21115(u—:})(y w)fn+v)
(u(6—14v)+6v—3) A
+840(w 1)2w? (u— w)(w v)fn+w+ 840(u—1)2(v1_1)2(w_1)2fn+1

4 ( Qu(Tv(Bw—1)—Tw+3)+v(6—14w)+6w—23) u(v(7T—14w)+7w—4)+2v(Tw—4) —8w+5)
+h < 820uvw gn + 840(u—1)(v—1)(w—1) 9"+1)

Ay = 207 (To*(w(2lw — 2) — 1) — v (14w? + w — 3) + (3 — Tw)w) — u(2vw + v + w)(2v(Tw — 3) — 6w + 3)
+ow(v(6 — 14w) 4+ 6w — 3)

A = 207 (To*(w(9w — 16) + 6) + v((197 — 112w)w — 75) + 42w* — 75w + 30) + u (—20*(w(112w — 197) + 75)
v (394w? — 690w + 267) — 3(w(50w — 89) + 36)) + 3 (v*(28w? — 50w + 20)
+v((89 — 50w)w — 36) + 4w (5w — 9) + 15) (2.8)

P2yign = W+ 1 (ki O + it
4—Tw+Tu(—14+2w) (—44u(7—14v)+7v)
_420(7171))(1)71)21/2(1)771))f”+” + 420(u—w)(w—1)?w?(w—v) f"JF“’
A 4 { (—44+v(7T—14w)+Tw+7u(l—2w+v(—24+5w)))
+420(u—1)2(vl—1)2(w—1)2f"+1 +h 420uvw
+(10—14w+7v(—2+3w)—7u(2—3w+v(—3+5w))))
420(u—1)(v—1)(w—1)

Ay = (vw(—4+ (7 — Ldw) + Tw) + u (v(—4 + 6w) + t(—4 + Tw) + v* (7 — 28w?))
+7u? (U +w — 2w? — dow? + 2 (—2 — 4w + 30w2)))

Ay = 1204 4v(—66 + 35v) — 264w + 5(118 — 63v)vw + 7(20 + 3v(—15 + 8v))w?
+7u? (20 4 20% (=2 + 3w)(—6 + 5w) +3w(—15 + 8w) + v(—45 + 8(13 — Tw)w))
u (—264 + 5(118 — 63w)w — 7v*(45 + 8w(—13 4 Tw)) +2v(295 + w(—675 + 364w{})9)

formulas in (2)-(2) depends on u, v and w. Their values can be determined by considering
the Local Truncation Errors (LTEs) of (2)-(2) respectively, so that one more order for each of the
formulas can be gained by setting their principal truncation term to zero. consequently, the values
of u, v and w are then optimized. The Obtaining the LTEs for each of u, v and w, we have the
following

— s(— r(—44s(9— (10)
L(y(tnyr), h) = Gtttsato+ (2?)101(20024t)+9t))y O (ta)h® | o)1 (2.10)
L(hy (), h) = CHERCLROO RTINS 4 oy (210)
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— S(— —ar — S(— (1 ) 1
L(h2Y " (ts1), h) = OB 2 B LU ()b ()1 (2.12)

Equating the principal terms in (2.10)-(2.12) to zero, then the following system of algebraic equa-
tions are obtained

24uvw — Yuv — Quw +4u — Qvw +4dv+4w —2=0
L2uvw — 18uv — 18uw + Ju — 18vw + v+ 9w —5=10 (2.13)
28uvw — l4uv — 1duw + 8u — 14dvw + 8v + 8w — 5 =0

which gives the solution where 0 < u < v <w < 1 as u = % (37\/3), v = %, w = %(3+\/§).
Plugging these values into (2)-(2), the main formulae for the approximation of solution of (1.1) are

obtained

n 4fntv h* n
Ynt1 = Yn + hy;, + 3h7y; + 0P (3f + (31% + %) P + 5t — (%0g - 7%) fn+ﬂ)) + o

(2.14)
n 16fnto n 4 0n
hyni1 = hy,, + h?y; + b (3472fO + (B\f + ) fotu + {0; - <% %) Frvw + f4£E)1) + h429
(2.15)
191, Ifntu 32fntw Ifntw 19fn n gn
h2yy 1 = Ry, + h? ( 21f0 + f 5ot 1f05+ + f3; + 2f1o+1> +ht (%5 — %500) (2.16)

Thus, completing the block scheme, additional formulae are required to approximate the solution
of (1.1). These formulae are determined by evaluating the formula in (2.4) and its derivative up to
the 2nd at the point ¢ = t,4;, j = u,v,w, and substituting the optimal values u = % (3 — V/3) ~
0.211325, v = % =0.5, w= % (3 + \/3) ~ (.788675 to obtain the following one step formulae

Yntu = Yn— s (VB=3)hyl, — & (V3 —2) B2y + 5555 ((45036 — 23564v/3) f,,
+630v/3 frtu + 32 (648 379V3) frto +18 (3888 2239v/3) fotw
+4 (81 — 59v/3) fri1 + (1269 — 668v/3) hgy, + (20V/3 — 27) hgyy1)

Ynto = Yo+ e Lp2yr (9208, + 18 (64 4 35v/3) furu
Yntw = Un+ 35 (B3+V3)hy, + 15 (2+V3) B2y + s5mea50 (4 (11259 + 5891V/3) £,

+18 (3888 + 2239v/3) foru + 32 (648 +379V/3 ) frto — 630V3 friw
+4 (81 +59v/3) fri1 + (1269 + 668v/3) hgy — (27 + 20v/3) hgy1)

hyhiw = hy, — & (V3—3) h2yl + 5ot ((3850 — 1366/3) fr + 630 frntu
+16 (241 — 144v/3) frpy + 18 (379 — 216V/3) frpw — 2 (19 +V/3) fura
+ (106 — 35v/3) hgn + (2 +v/3) hgny1)

h3
Mypsw = hy, — 5 P2y + =5 (2342 + 18 (105 4 64v/3) fripu + 560 fri10 (2.17)
+18 (105 — 64v/3) frtw + 38 fnﬂ + 67hgn — 3hgn+1)

how = hyl + L (V3+3) B2yl + sl (2(1925 + 683V/3) f,
+18 (379 +216V/3) frgu + 16 (241 + 144/3) foto + 630 frtu
2 (\/g - 19) fn+1 + (106 + 35\/>) hgn - (\/g - ) hgn+1)

Ryl .= B2yl + 1 (2(797 + 44V/3) fr + 24 (81 — 8V/3) frtu
+64 (36 — 23V/3) frro + 24 (81 — 43V/3) frpw + (83V/3 — 226) fria
+ (53 + ()‘\f) hgn + (17 = 6V/3) hgn1)

W2y, = W2+ s (257 fn + 9 (48 4 35v/3) faru + 512 ns + 9 (48 — 35v/3) fotuw
+47fn+1 —+ 4hgn — 4hgn+1)

W2yl = B2yl + s ((1594 — 88v/3) f, + 24 (81 +43V/3 ) Frtu
+64 (36 + 23[) fato +24 (81 +8V3) fryw — 2 (113 4 44V/3) fria
+ (53 — 6v/3) hgn + (17 + 6V/3) hgnt1)
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3 Characteristics of the OSFDBI

In this section the fundamental characteristics of the proposed method is discussed. This is based
on the Dalhquist theory on linear-multistep approaches. Mainly discussed are the accuracy, consis-
tency, zero-stability and linear stability analysis of the derived method.

Assume that z(t) is a sufficiently differentiable function, we define the operator

2 5

Lz(t);h] = 2(t) = Y osh™2P (6) = 12> (Bi2" (Ona, + 0z ()n + hy12* (E)ns1) (3.1)

i=0 i=0

where 2z (t) = % o012
Expanding (3.1) in Taylor series about z,, and collecting all the terms in h, then (3.1) takes the

form

dy =0,dy = u,dy =v,ds = w, «, B, v are real coeflicients.

L[z(x); h] = RjhIT32PH3) () + O(RPTH), (3.2)

Here (3.2) is the local truncation error (LTE) with R; being the principal error constant and ¢ is
the order of the corresponding formula (3.1).
In particular, if the formulas in (2.14)-(2.16) are considered, the following is obtained

Lly(n)ih) = ylen +h) —y(en) +hy'(2,) = 357y (20)
+h3 <7Oy///( )+ (31% + 70) y///(mn + hu) zsloy///(m + h’U)
+ (31}5 + 70) y" (xy + hw)) — By @) ()
Ly (zn);h] = hy'(zn + h) — hy'(x,) — B2y (x2)
_h3 (4203/"( n) + (3\f + %) y" (x, + uh) + wsy’”(xn + vh) (3.3)
(37 = ) "+ wh) + G ) ) )
Ll ()i bl = B2y (wy + h) — B2y (z,)
0 (o) 2y ) 4000+ B+
(@, ) (z,+h
+2—10y’”(;z:n+h)) h4< 42(0 ) zizo ))

Expanding each operator in (3.3) in Taylor’s series about z,,, the following are obtained

£ly(wa)ih] = gempiospy " (@) + O(h)
Ly (xn); h] = my( U (z,) + O(h'?) (3.4)
LIy" () B = tygroozza00 ¥ (@n) + O(h12)

For the formulas in (2.17), the LTEs may be obtained in the same way. The order ¢ of the
method is uniform, hence the block method has the same order ¢ = 8, see [25].

3.1 Zero-stability and Convergence of the OSFDBI
The OSFDBI may be compactly written in the matric form as

A Y1 = AgYn 1 + W3 (B1F,y1 + hBoGy) (3.5)
where ~
Yn+1 = (yn+u7 Yn+vs Yntws Yn+1y - - - 7y;{+1)T7

Yn—l = (ynayn—vayn—wayn—la v 7y;{—1)Ta

n T
Fn+1 :(fmfn-&-vafn—i-wafn-&-la-”a 7/1/—1) s
C;Yn == (GnaGn+vaGn+waGn+l7--~7 /Ti_l)Ty

65


 https://doi.org/10.5281/zenodo.10627387

¢ v! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

UMSO 10(1), 2024, PAGEs 60 - 71
HTTPS://D0I.0RG/10.5281/ZENODO. 10627387

and Ay, Ay, By, By, are matrices of coefficients
Noting that zero-stability of the derived OSFDBI implies the behaviour of (3.1) as h — 0. Thus
as h — 0, the scheme in (3.5) becomes

A1Yn+1 = AOYn—l (36)
where
100 0 1 000
0100 1 000
A1*0010’A0*1000
00 0 1 1 000

, Hence, we compute the characteristic equation given by |£4; — Ag| = 0. The OSFDBI in (3.5) is
said to be zero-stable if the roots ¢; of the characteristic polynomial p(¢) given as p(§) = [€A1 — Ao|
satisfy |¢;| < 1 and for those whose |¢;| = 1 have multiplicities which are not greater than 3, (see
Modebei et al. 2019). So that [€A; — Ag| = £3(€£ — 1) = 0. In this case, we have & = 1 for j = 1
and §; = 0 for j = 2,3,4. This shows that OSFDBI is zero stable. Condition for convergence for
linear multistep method, by Henrici states that, the method must be consistent with order ¢ > 1
and at the same time zero stable. From the forgoing analysis, the OSFDBI is of order ¢ = 8 and as
well, zero stable. Hence the OSFDBI is convergent.

3.2 Computational procedure

The OSFDBI is implemented in block form (3.5) by using MAPLE 18 to find at the beginning of
the process the function f and its derivative f’ = g. this helps not to evaluate the higher derivatives
appearing in the method on each step. A simple but efficient algorithm codded in Maple software
for the implementation is show below: We begin by noting that the solution of the problem in
equation (1.1) is sought in the subintervals 7y = a =z < 1 < ... < zy = b, where h = b*T“ is a
constant step-size.

Step 1: Use the block method setting n = 0, to obtain V; in the interval [yo,y1], similarly, for,
n =1 so that V4 is obtained in the interval [y1, y2], and so on, so that we obtain V3, V4, ..., Vy.
Step 2: Solve the unified block given by the system Vi (J V2, -+, Vv obtained in step 1. Step 3:
The solution of equation (1.1) is approximated by the solutions in step 2 as y,, = [y(z1); y(z2) ... y(zn)]
forn=1,2,...N.

T

Algorithm 1 Block Algorithm for OSFDBI
1 begin procedureENTER Partitions (a,b, N, h,variables) 2 For z,, = z,—1 + h, n =
1,...,N,h= b*T“ 3 Generate block system 4 Solve [Sysytem, variables] 5 Obtain
Yy, 6 end procedure

4 Numerical Examples

In this part, we implement the OSFDBI using two popular problems in literature so as to substan-
tiate the high level of accuracy of this method. Here, two main numerical examples are presented
to show the accuracy of the developed OSFDBI. In the examples considered the absolute errors
were obtained as Err = |y; — y(z;), where y; is the approximate solution obtained using OSFDBI or
any other numerical approach used for comparisons, and y(z;) is the exact solution of the problem
considered at the grid points z; ¢ = 1(1)N. The approximate solutions with the BHI are compared
with the approximate solutions obtained with different methods in the literature. For comparison
we have considered the Exponential spline method (ESN) in [2] which is of order 6, the Quintic
non-polynomial spline method (QNPSM) in [16] which is of order 4, Exponential quintic spline
(EQS) method in [7] with no explicitly stated order, Quartic spline (QS) method in [14] of order 4
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and Quartic B-spline QB-S method in [15] of order 5. We have not found any other higher order
methods as derived in this work in the literature for directly solving this singularly perturbed third
order BVP. It is also important to note that the comparison has been done based on accuracy and
ease of derivation of the method. Therefore, the results in the tables gives an idea of the good
performance of the proposed method.

Problem 1. Consider the following singularly perturbed problem

ey (z) +y(x) = f(z); 0<z<1,

(0) =0,
where f(z) = 6e2®(1 — 2)® — 6e%(6(1 — x)° — 90z(1 — x)* + 1802%(1 — x)3 — 6023(1 — x)?). The
exact solution of the problem is y(z) = 623¢(1 — z)°.

Table 1: Comparison of maximum absolute errors obtained for Problem 1.

£ N=10 N=20 N=40
OSFDBI

1/16 1.1623 x 1078 1.2542 x 10711 2.5754 x 10713
1/32 1.0232 x 1079 2.8357 x 10712 1.0777 x 10713
1/64  3.0114 x 1072 8.4523 x 10712 2.4143 x 10~
ESM

1/16  1.0028 x 1076 7.7262 x 1079 5.9445 x 107!
1/32 42762 x 1077 3.2959 x 1079 2.5316 x 107!
1/64  1.7929 x 107 1.3211 x 1079  1.0236 x 10~1!
EQS

1/16 4.87 x 1071 1.86 x 1075 1.95 x 1075
1/32 1.95 x 1074 8.76 x 1076 8.63 x 1076
1/64 7.97 x 107° 4.00 x 1076 3.61 x 1076
EQ

1/16 2.90 x 1073 1.20 x 1074 6.40 x 1076
1/32 9.20 x 1074 3.80 x 107° 2.10 x 107
1/64 1.40 x 1074 6.80 x 1076 4.60 x 1077
EB-S

1/16 4.70 x 10~* 1.10 x 1074 2.60 x 107°
1/32 1.90 x 1074 4.70 x 107° 1.20 x 107
1/64 8.00 x 107° 1.90 x 107° 4.80 x 1076
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Table 2: Comparison of maximum absolute errors obtained for Problem 1.

€ N=10 N=20 N=40 N=80 N=160
OSFDBI
101 254 x 10710 548 x 10713 6.65x 10714 218 x 10713 271 x 10714
10—2 1.24 x 10710 214 x 10713 7.12x 107 147x1071* 258 x10°1°
1073 551 x 10711 121 x 1071 1.54x 10716 1.26x 10716 4.16 x 10716
10~4 418 x 10712 131 x107% 1.12x1071 5.14x 10716 232x 1018
10-5 111 x 107" 1.78 x 10~ 321 x 1077 371 x107'® 3.41x10~20
106 1.20 x 1071 625 x 10716 444 x 10719 9.12x1072° 5.50 x 1022
10-7 1.47x 1071 425 x 10717 215 x 107 1.24x 10721 2.01 x 10~22
QNPSM
101 120 x 107> 2.02x 1077 3.20x 1079 4.76 x 10~  5.56 x 10713
10~2 6.68x 1077 1.13x1078 1.78 x1071° 271 x 10712 3.66 x 10714
10-3 3.30x 1078 524 x 10710 855x 10712 1.32x10713 1.96x 10715
10~4 1.20 x 1072 270 x 1071 389 x1071% 6.31x107'% 9.68 x 10717
10~° 1.69 x 10711 8.96 x 10713 2.10x 10714 2.85x 10716 4.48 x 10718
106 1.76 x 1078 1.19x 107* 6.26 x 10716  1.56 x 10717 2.20 x 10~1°
10~7 1.76 x 1071 1.23x 1071 7093 x1071® 421 x 10719 1.34 x 10~20

The Table 1-2 shows the results obtained using OSFDBI and compared to the methods in [2]
and [10] respectively. The OSFDBI compared favourably with both methods.

Problem 2. Consider the following singularly perturbed problem

—ey”(z) +y(z) = f(z); 0<z <1,
y(o) = Oa y(l) = 3Esin(3), y/(o) = 957 .
where f(z) = 81¢2 cos(3z) + 3esin(3x). The exact solution of the problem is y(z) = 3¢ sin(3z).

Table 3: Comparison of maximum absolute errors obtained for Problem 2.

£ N=10 N=20 N=40
OSFDBI
1/16 3.2543 x 10710 4.4587 x 10~ 1.4781 x 10~
1/32 2.1245 x 10710 2.1451 x 10713 2.1457 x 10~1°
1/64  1.2450 x 10719 2.1124 x 10713 1.2145 x 101
ESM
1/16 4.4336 x 1078 2.0866 x 10710 1.0750 x 10712
1/32 1.8916 x 1078  8.8814 x 10711 4.5211 x 1013
1/64 7.9396 x 1072 3.5668 x 10711 1.8448 x 10713
EQS
1/16 2.32 x 1074 6.12 x 107° 1.52 x 1075
1/32 9.77 x 107° 2.59 x 1075 6.45 x 1076
1/36 3.78 x 107° 1.00 x 1076 2.50 x 107¢
EB-S
1/16 2.40 x 1074 6.10 x 107° 1.50 x 1075
1/32 1.00 x 1074 2.60 x 107° 6.40 x 107°
1/36 4.00 x 1075 1.00 x 1076 2.50 x 1076
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Table 4: Comparison of maximum absolute errors obtained for Problem 2.

€ N=10 N=20 N=40 N=80 N=160
OSFDBI
101 1.78 x 1072 325 x 10719 248 x107!® 2.01x107* 198 x10°1°
1072 325 x 1079 2.22x10712 1.11x107'5 1.28x107'* 3.61x 10715
1073 2.77x 10719 1.79x 10712 257x 10715 9.11x 1071 5.17x 10717
10~4 814 x 10712 948 x 10~ 345 x 107 2.74x 10716 1.23x 1019
10-5 254 x 10713 912 x 1071 4.12x 1077 227x 1071 3.24 x 1020
106 284 x 10715 827 x 107" 555 x 1071 6.67 x 10720 3.57 x 10~22
1077 1.10x 107 123x 10719 279x 10720 1.22x10721 254 x 10723
Method in [16]
101 545 x 1077 851 x 1079 1.27x10710 383 x 1072 2.56 x 10~12
10~2 3.12x 1075 4.82x 10710 7.18x 107" 1.00x 107 4.76 x 10714
10—3 1.66 x 1072  2.32x 1071 353x 10713 521 x10715 4.02 x 10716
1074 6.05 x 10711 1.30 x 10712 167 x 107 256 x 10716 728 x 10718
107° 9.57 x 10713 424 x107'* 958 x 10710 1.19x107'7 1.34 x 10~
106 1.28 x 107 6.89x 10716 284 x 1077 6.93x 107 8.60 x 1072!
10~7 1.15x 10716 778 x 10718 459 x 1071° 1.87x 10720 4.99 x 10~22

As observed in the exponential spline method (ESM) in [2] and the Quintic non-polynomial spline
method (QNPSM) in [16], the absolute errors shows a decrease as the perturbation parameter e
decreases and as well the values of N increases. The results obtained in Tables 1-4 by the proposed
method have been compared with the numerical results obtained in [2] and [16]. Tt can be seen that
the proposed method performed better and shows more accuracy. .

5 Conclusion

In this paper, the One-step fourth derivative block integrator (OSFDBI) have been derived and
implemented on two most common problems in literature to obtain the numerical solution of sin-
gularly perturbed third-order boundary value problems. The one-step idea in this paper was to
economize the number of function evaluation so as to reduce the cost of implementation in terms of
CPU time. In the course of implementation, the perturbation parameter as well as the number of
subinterval have been varied in other to know the extents with which the proposed method can be
more accurate with the compared methods. The tables of absolute errors shows clearly established
the fact that the proposed method out performed the other two methods compared in literature.
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