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Abstract

This paper gives the classification of two-dimensional Leibniz algebras into isotopism classes.

The matrix structure constants of the algebras were used to determine the isotopism between
them. An algorithm was developed for n-dimensional Leibniz to achieve this objective. The
algorithm was tested on the Leibniz algebras of dimension two over Z,. From the result
obtained, it was observed that there is no isotopism between the algebras. Consequently, we
conclude that isotopism and isomorphism are equivalent in this case.
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1 Introduction

Leibniz algebras are non-commutative analog of Lie algebras and were first introduced by Bloh
[1] and were called D-algebras. Loday in 1990 re-introduced the algebras and called it Leibniz
algebra [2], which was actively studied by several researchers. The theory of these algebras and
many results on Lie algebras were also extended to Leibniz algebras. [3-5,22].

Generally, in the classification of algebras, isomorphism criterion is basically used to give it
classification into isomorphism classes without considering other properties that might be shared by
the non-isomorphic algebras [10]. The study of isotopism helps us describe some common properties
of non-isomorphic algebras not captured by the isomorphism criterion.

The problem of classifications of Leibniz algebras into isotopism classes can be reduced to
that of gathering together isomorphism classes with isotopic equivalence class representatives [6].

The classification of Leibniz algebras into isotopism classes is very interesting because it allows
the combination of isomorphic and non-isomorphic algebras that share some properties. Isotopisms
of Leibniz algebras constitute the generalization of isomorphisms of such algebras.

Isotopism of algebras was first introduced in 1942 by Albert in [6] as a generalization of
isomorphism classes of algebras.

Isotopism has been used in the classification of some varieties of algebras; among them are
Jordan algebras [10, 11], division algebras [9], alternative algebras [12, 15], absolute value algebras
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[7,8], and more recently, classes of some family F? of Lie algebras over finite fields were considered
by Falcon [14]. The descriptions into isotopism classes filiform Lie algebras up to dimension seven
[13].This paper addresses the classification up to isotopism of 2-dimensional Leibniz algebras over
Zo.

2 Preliminaries

One of the algebras of great importance in study of Loday algebras is the Lie algebra L, which
is defined as follows:

Definition 2.1.
A Lie algebra L is a vector space over a field K equipped with bilinear map, [,-] : L x L — L
satisfying the following conditions:
[$, .’E] =0,
[z, y], 2] + [[y, 2], 2] + [[2, 2], y] = 0,
for all z,y,z € L.

There is a notion of non-commutative Lie algebra called the Leibniz algebra. These algebras
are defined by the following property:

Definition 2.2.
An algebra L over a field K is called a Leibniz algebra if its bilinear operation [-, -] satisfies the
following Leibniz identity:

[z, v], 2] = [[x, 2], y] + [z, ]y, 2]] for all z,y,z€ L.

In fact, this is a right Leibniz algebra. For left Leibniz algebras, the identity has the following
form:

[z, [y, 2]] = [[=,v], 2] + [y, [z, 2]] forall z,y,z€ L.

However, in this paper we consider the right Leibniz algebras calling them just Leibniz alge-
bras.
Let n be the dimension of Leibniz algebra L and {e1, ea, ...e, } be its basis. Let define:

n n
T = g Qitq, Y= E Bje;-
i=1 j=1

The multiplication [z, y] of two elements x and y in L, is completely determined by the multiplication
[ei, ;] by the pairs of basis elements, that is

n

[2,9) = Y aibjlei e).

1,j=1

To know [z, y] it is enough to find the product [e;, e;]. Since [e;, e;] € L, we write [e;, e;] as a
linear combination of {ey,eg, ..., }. That is

n
[eivej} :Zcfjek Vij=12,..n.
k=1

in which (cfj) € K*'. The numbers cfj € K are called the structure constants with respect to
the basis {e1,es,...en}, see [16,17] for more details on structure constants and multiplication of
algebras.
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Let L be two dimensional Leibniz algebras over F with multiplication given by its bilinear
map. Once a basis is fixed, we can identify the law [, ] with the structure constants. Then one can
represent the bilinear map by matrix structure constant as follows:

ct c ct c
L=cl = "3 732 "21 "22 ) e Mat(2x4F), Vi j=12.
©,] 2 2 2 2 ) ) ) )
€11 Cl2 €1 €2

See [23] for more details on matrix structure constants.

Definition 2.3.
The annihilator of a Leibniz algebra L is the set

ann (L) ={z € L:[z,y]=[y,x] =0, forall ye L}
Definition 2.4.

Two algebras (L, [-,-]) and (L, [-,-]) are said to be isotopic if there exist three non-singular linear
transformations «, 8 and « from L to L’ such that
[a(m),ﬂ(y)] :’7([377y]) Va,yel. (2'1>

It is denoted by L ~ L’ and the triple («a, 3,~) is said to be an isotopism between the algebras
L and L' [18,19].

Remark 2.5.

1. If v is the identity transformation, then isotopism is called principal isotopism.

2. If o = B, then the isotopism («, @, ) is a strong isotopism between L ~ L’.

3. If @« = B8 =+, then the isotopism («, @, @) is an isomorphism, and is denoted by L = L'.
The list of 2-dimensional leibniz algebras upto isomorphism were presented Theorem 2.1 [21]:

Theorem 2.1.
Let L be a two-dimensional Leibniz algebras over Zs. Then it is isomorphic to one of the following
pairwise non-isomorphic Leibniz algebras.

Lo 1 : Abelian;

Lao :[e1,ea] = e1, [ez,e1] = eq;
L3 [e2,ea] = ey;

Loy : [e1,e2] = e1, [e2,e2] = e;.

Theorem 2.2 below represents the matrix structure constants of the algebras in Theorem 2.1.
For further details, see [20,23] on matrix representation of algebras.

Theorem 2.2.
Any non-trivial 2-dimensional Leibniz algebra over Z, is isomorphic to any one of the following
listed, by their matrices of structure constants, such algebras:

m=(3958)
na=(3558)
na=(3954)
na=(3558)

11
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3 Leibniz Algebra’s Isotopism

In this section, we will introduce some important theorems offering insight into the nature
of isotopism in Leibniz algebras. The aim is to foster a profound understanding of these algebraic
structures, ultimately paving the way for broader applications and insight into its fundamentals.

Theorem 3.1.
Let (a, o, ) be an isotopism between two algebras L and L', then the image by « of the annihilator,
Ann(L) is equal to the annihilator, Ann(L’), i.e.,

a(Ann(L)) = Ann(L")

Proof. Since « is a non-singular linear transformation, it follows that o(L) = L.
Considering x € Ann(L), then

[a(z),y] = ([, 0 (»]) =0 Vyel

Similarly,
[y, a(@)] =y([a" (y),2) =0  Vyel.
Hence,
a(Ann(L)) C Ann(L’). (3.1)

1

Taking the inverse isotopism (a1, a~!,y71), between L’ and L it can be inferred that

a(Ann(L')) C Ann(L'). (3.2)
From equations (3.1) and (3.2) equality holds. O
Theorem 3.2.
Isotopism of Leibniz algebras is an equivalent relation.
Proof. 1. . Let (L,[-,:]) be a Leibniz algebra and «, S and + be nonsingular linear transfor-
mations from L to L such that L ~ L. Let « = 8 = v = Idy. Then for all z,y € L we
have

[dr(x),1dr(y)] = Idi[x,y] = [x,y] = Idi[z,y] = [z, y].

Therefore, the relation ~~ is reflexive.

2. Let (L,[,-]) and (L/,[-,-]) be two Leibniz algebras. Suppose that L ~ L’, then there exist a
non-singular linear transformation «, 8 and « from L to L’ such that («, 8,7) is an isotopism,
ie,

la(z1), By1)] = v[z1,91] 1,91 € L. (3.3)
We want to prove that there exist an isotopism (a/, 8’,7) from L’ to L, such that

[0/@2)75/@2)] = 7/[172#2] T2,Y2 € L.

Let
o =at: L'~ L,
g=p"":LwL,
v =4"1:L'— L.
Put,

alr) =y B(x2) =y Vai,20 €L, y1,y2 € L.

12


 https://doi.org/10.5281/zenodo.10936534

Cv! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

IJMSO 10(2), 2024, PAGEs 9 - 21
HTTPS://D0I.0RG/10.5281/ZENODO. 10936534

in equation 3.3, we have

[ (1), B (y2)] = [ (aw1), B'((Byr))] = [ (alzr), 57 ((Byr))]
= [z1,20) = Y ((@1, 22))] = [V (Y(21, 22))]
= '[(a(21), B(x2))] = 7' [y1, 2]

Therefore, L' ~ L. Hence the relation ~ is symmetric.

3. Suppose that (L, [-,+]), (L',[-,+]) and (L”,[-,-]) be Leibniz algebras. Suppose that L ~ L’ and
L' ~ L" then there exist an isotopism a1, 31 and 1 from L to L’ and as, S2 and 5 from L’
to L"”. That is

[a1(21), B1(22)] = nl21, 22] Vi, x9 €L
[a2(y1), B2(y2)] = 12[y1,¥2] Vy,y e L
To prove that L ~ L”, we need need to prove that

[as(21), B3(22)] = 3[21,22] V21,22 € In (3.4)
for some nonsingular linear transformations (a3, 3,73) from Ly to Lz. Let
a3 =agoa;: L— L,

Bs=asoaq: L+~ L",
vs=agoay: L L.

Taking the RH S of equation (3.4) we obtained

V3 [21, 22] =(120 71)[21, 22}
=v2(nle1, 22]) = 121 (21), B1(22)]
=laz(a1(21)), B2(B1(22)]
=[az 0 a1(21)), (B2 0 B1(22)]
=[az(21), B3(22)]-

Thus, L ~ L which implies that it is transitive. Consequently, the relation ~ is an equivalent
relation.
O

Theorem 3.3.
Let L and L' be two n-dimensional Leibniz algebras on a vector space V = Span{ey, ...,e,}. Then

L and L’ are isotopic if and only if there exists nonsingular linear transformations «, 8 and « from
L to L’ such that

[ales), Blej)] = v([eis e5])- (3.5)

Proof. Suppose that L and L’ be two isotopic Leibniz algebras, we need to show that (3.5) is an
isotopism. Defining:

n n
T = Zciei and y = Zdjej where ¢;, d; € K.

i=1 j=1

13


 https://doi.org/10.5281/zenodo.10936534

=

IJMSO

INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

10(2), 2024, PAGEs 9 - 21
HTTPS://D0OI.0RG/10.5281/zENODO. 10936534

We get that

(o). B =[a Y e, ﬂidje;} - [im(ez), > difes)]

=3 [oated. Bte)] = 3 edsfaten. 8ey)
i,j=1 ij=1

-3 s (e o]) = 3o )

:fy(ig_:l {Ciei,dj, ejD

:7({2@6“ jildjej})

=([z, y]).

Conversely,
el = ([(3 e (idje»}) = 3 o ([eens dies])

— z": ctd]fy([e“ eJD = z”: cid; [a(el), ﬁ(ej)}

Il
—
o

N
Q
—~
D

<
~—
&
=)
—~
)
<
~—
[E—

=1 ]:1
n n

= [oz E cieiy B g dje]]
i=1 j=1

4 Main Result

In realm of algebraic structures, the concept of isotopism plays a crucial role in revealing
hidden connections between seemingly disparate algebras. Let’s delve into the main results that
formalizes this concepts, shedding light on the nature of isotopism and its impact on algebraic

structures.

4.1 Classification algorithm

In this section we present an algorithm for the classification of n-dimensional Leibniz algebras
into isotopism classes. The algorithm is presented in the following

Proposition 4.1.

Let L and L' be two isotopic Leibniz algebras on a vector space V' with matrices structure constant
{d.,} and {cfj} respectively. Suppose that («, 3,7) is an isotopism between both algebras related,
respectively, to the matrices o = a4, 8 = B¢; and v = y,. Then,

n

n
Z ariﬁsjdis = Z ij’ytk v 27,7 = 17 .

r,s,t=1 t,k=1

14
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Proof. From definition (2.4) above, we have
[aed), B(el)] = v([ei, €5)) (4.1)

Suppose that
n n n
a(e;) = Zariera ﬁ(ff;') = Zﬁsjew v(er) = Z'Ytkek-
r=1 s=1 t=1

and considering the RHS of equation (4.1), it follows that:

n

vl ef)) =Y eijer)

k=1
7(0%6'1 + c?je’2 +- 1t C:'Lje/n)
c}j’y(ell) + C?j’Y(e/z) +ot C?jV(e;L)
= cj;(711€1 + Y2162+ + Yn1€n)
+ c?j (712€1 + Y2262 + Yn26€s)
+ e (ymer + Y22 + 0+ Yanen)

= (chm1 + ¢z + -+ + e

+ (C%ﬂm + C?ﬂ22 + o+ Cijyen)€2

o (e + o+ CijYan)en

=Aje; + Azes + - + Anen. (4.2)

From the LHS of the equation (4.1), we get that:

[O‘(efi% /B(e;)] = [Z O‘rieralesjes} = Z O‘m’ﬂsj [67“763]
r=1 s=1

rs=1
= anpuller,el]) + -+ anBuler, en)
+ agiBiiles, e1] + -+ + a2 Bnifes, en)
+ - anmBiilen, el] + -+ annBan([en, en))
= aq1B11(dier + d3es + -+ dMey)
+ o B (di,er +d3, - dYen)
+ a1 Br1(dyrer + diy + -+ d3yen)
+ 4 ag1Bni(diner + d3, + -+ dBen)
+ -t a1 Ban(dyper + doea + -+ dpen)
= (a1 frdi, + - + a11Budi, + o1 fr1ds,
4+t a1 Bnidy, + o+ aniBridpy + o+ a1 Bandny, e
+ (011 B11dTy + - -+ + @111 dy, + a1 B11dy;
+ o+ o Budy, + -+ ani Brdy,
+ o a1 Bandy, )en
=Ales + Aea+ -+ Al en. (4.3)

Equating the coefficients of like terms, in equations (4.2) and (4.3), we obtain:

AIZAIU AQZ :/377~’4n:~/4;1

15
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From Proposition 4.1, if n = 2, we have

n

Y anBydig =Y iy Vij=1.2 (4.4)

r,s,t=1 t,k=1

4.2 Application

In this subsection, we explore some application of our results, demonstrating how it can have a
meaningful impact in describing some common properties of non-isomorphic algebras not captured
by isomorphism criterion. The algorithm is tested using n = 2 and is presented as follows:

Proposition 4.2.

There are no isotopism classes in the set of 2-dimensional Leibniz algebra over Zs.

Proof. Suppose that the structure constants of L is represented as:

(&)

di, di, d3; d3,
The linear transformations (o, B, <) need to be non-singular, i.e.,

aniao # o201, Biifae # Bi2Ba1, iy # Yi27e1 (4.5)

for the algebras to be isotopic.
From equation 4.4, we substitute the values of a4, 3s; and 7. yields the following system equations:

a11B11diy + a11Bordiy + a1 Bridy; + a2 Baidly = ¢y + ¢z,
a1 B11d3, + a11Bo1d3y + a1 Br1d%y + a2 Ba1d3y = ciyv21 + 31702,
on1B12di + a11Baadiy + a1 Brady; + a9 Baadyy = ciamin + oMz,
o11B12d3, + o11B22diy + a1 Br2ddy + o1 Baad3, = clav21 + o702,
a12B11d]; + a12B21d1y + aBiids; + asoBa1di, = iy + 3172,
a12611dY + 1282135 + aBiid3; + asofa1di, = ciiy21 + 31722,
a12B12di + c12Baadis + aaBradl; + g Baadly = clavi1 + B2,
a12B12d3 1 + c12Ba0diy + 22 B12d% + 22 B20d3, = Choya1 + C3o700.

We now substitute the values of cfj and d, from our algebras in the above equation to determine
the isotopism between the algebras.

We now consider the isotopism between the algebras Lo 1, Lo 2, Loz and Lo 4 in Theorem 2.1, as
follows:

Case: 1 Algebra Ls ; is abelian algebra and therefore it is isotopic to itself.

Case: 2

Consider the isotopism between the algebras Lo 2 and Lo 3. Suppose that

01 10
Loz ( 0000 )
is the matrix structure constants of algebra Ly 2. Then
d%z = d%1 =1, d%l = d?l = d%2 = d%l = d%z = dgz =0.

Similarly, Lo 3 is given by

16
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such that
1 1 1 1 2 1 2 2
Cop =1, €1y =¢p1 = cpg = Clg = €y = 5y = Cpp = 0.
Substituting the values of (di,, di;, and c,), in the system above we get the following equations.

01121 + 21811 = 0,
1122 + 21812 = 0,

o12321 + 2B = 0, (4.6)
12822 + a2 B2 = Y11,
Y21 = 0.

We now solve the system of equation considering condition (4.5) as follows:
Case 2.1:
Let 11 =0 = aiaa9 # 0. This means

(0&12, 0421) 75 (0, 0)

From 16811 = 0 and a1 812 = 0 we get that 517 = S12 = 0. But this contradict the condition of

non-singularity of 3, i.e., 811822 # B12021-
Case 2.2:

Suppose that a1 # 0. From (4.6), we obtain

521 _ _0421[311 and ,822 _ _0621512.
11 i1
Substituting the value of 82; in equation (4.7)
12821 + ageBin =0 (4.7)
1222 + a22f12 = Y11 (4.8)
we get
o120
B (g — =222y =0,
a11
since P,
(azo — 2221y £ 0, = B =0.

Similarly, substituting the value of 822 in equation (4.8), we get

12021

512(0622 - ) = 711-

a1

Since v12 = 0, = 11 # 0 and (0[22 — a2 ) £ () = f15 # 0. But from the condition,

Q11

511 P22 75 B12021, B11 =0 = 12091 75 0. This mean that 1o # 0.

. 0 B2 (0 P2
B . _a21fnin _ a21Pi2 - 0 _ 21812 :

a11 x11 Q11

Therefore, 3 is singular and hence there is no solution. Consequently, the algebras Ly 2 and Lo 3
are not isotopic.

Case: 3

Consider the isotopism between algebras Lo 2 and Lg 4. The structure constants of algebra Lo o is
given by

17
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0110
Lm"(o 0 0 0)

d%Q = d%l =1, dh = di = d%2 = d%l = déz = dgz =0.

01 01
L“"(o 00 0)

1 1 _ 1 _ 1 _ 2 _ 1 _ 2 _ 2 _
Clg =Cyp =1, €11 = €11 = €1y = €y = €51 = €55 = 0.

which implies that

Similarly,

we have that

Substituting the values of (d};, di; and cl,, cl,), we get the following system of equations:

011821 + 21811 = 0,

a1 P22 + a1 P12 = 11,

221 + ap2f11 = 0, (4.9)
012822 + a2B12 = 711,
Y21 = 0.

From the relation
aq1f22 + a1 812 = 11 and 2822 + 22812 = Y11

we have
Bra(aor — ao2) + Paz(arr — agz) = 0.

Equation (4.9) can be written as follows:

aq1f21 + a1 811 = 0,

Brz2(aor — a22) + Paz(arr — ag2) =0,

(4.10)
a12821 + aefi1 = 0,
Y21 = 0.
Case 3.1:
Let $11 = 0. Then equation (4.10) becomes
aq1B21 =0,
Q91 — Qiag) + a1 — ayg) =0,
B12(ao1 22) + Baz(a11 12) (4.11)
a1221 =0,
Y21 = 0.

Since ﬂll = 0, - 512521 ?é 0. That means that, (ﬂlg,ﬂgl) 7é (0,0) From 0111521 = 0 and
a12f21 = 0 we get av1; = o = 0. This is a contradiction since ajags # a1o021.
Suppose that 811 # 0. From equation (4.10) we have

0611/321 0412521
and Qo2 = — .

511 611

Substituting the values of a1, asg in the relation

Q21 = —

Bra(aor — a12) + Paa(arr — ) =0

we get

312( — o2 — a1ﬂ1715121) +522<a11 + 0152715121) =0.

18
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But (B12, B22) # (0,0). Therefore,

(_a12_alﬂlﬁ21) £ 0 and (a11+a1;521) £o0.

11 11

This leads to contradiction since (311822 # B12021. Consequently, there is no solution. Therefore
there is no isotopism between the two algebras.

Case: 4

Let us consider,the isotopism between algebras La 3 and Lo 4. The matrix structure constants of

algebra Lo 3 is given by
0 0 01
L”"(o 00 0)‘

Then,
d%z = d%l =1, dh = d% = d%z = d§1 = dé2 = d%z = 0.
Similarly,
01 0 1
L2’4'_<0 00 0)
and

1 1 _ 1 _ 1 _ 2 _ 1 _ 2 _ 2 _
Clg =Cp =1, €1 = €11 =y = €5 = 5 = 5 = 0.

Substituting the values of (dfj, cﬁj), we get the following equations: Solving the equations we get
that:

az1f21 = 0,
a21B22 = 711,
o991 =0, (4.12)
Q2222 = Y11,
Y21 = 0.
System (4.12) can be reduced to
az1f21 =0,
Q2122 — 2322 = 0, (4.13)
agafa1 =0,
Y21 = 0.

Suppose that B2 = 0, = B12821 # 0. This means that (S12,521) = (0,0). Now from
ao1P21 = 0 and ag9827 = 0. It implies that as; = ass = 0. This contradicts the claim « is
non-singular.

When B39 # 0, it implies that ag; = gy = 0. This also contradicts the condition ayjass # ajsas;.
Thus, there is no solution and hence no isotopism. O

5 Conclusion

Summarizing all the cases discussed above, we have the following table

19


 https://doi.org/10.5281/zenodo.10936534

C,! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS
10(2), 2024, PAGEs 9 - 21

IJMSO ’ ’
HTTPS://D0OI.0RG/10.5281/zENODO. 10936534

Table 1: List of Isotopisms of two-dimensional Leibniz algebras over Zo

Algebra L271 L272 L2,3 L274
Lo, Isotopic Not Isotopic | Not Isotopic | Not Isotopic
Lyo Not Isotopic Isotopic Not Isotopic | Not Isotopic
Ly Not Isotopic | Not Isotopic Isotopic Not Isotopic
Loy Not Isotopic | Not Isotopic | Not Isotopic Isotopic

From table 1 above, we conclude that there is no isotopism between algebras Lg 1, L2, L2 3,
Ly 4 respectively. This implies that in 2—dimension leibniz algebra isotopism and isomorphism are
equivalent.
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