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Abstract

Let [n] = {1,2,...,n} be a finite chain, and ODCP,, be the semigroup of order-preserving
and order-decreasing partial contraction mappings on [n]. In this paper, we study the rank
properties of the two-sided ideals of ODCP,,. We show that the rank of K, = {a € ODCP,, :

‘lma| <p}, f0r2<p<n, 1S
Zk—]? (n> (k >
p

and hence, the rank of ODCP,, is 2n.
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1 Introduction

Let [n] = {1,2,...,n} be a finite chain and « : dom(a) C [n] — im(a) C [n]. « is said be full
or total transformation if dom(a) = [n] otherwise is referred to as strictly partial transformation.
The set of all strictly-partial and full transformation formed the partial transformation semigroup
which is denoted by P,. It is worthy to note that, the empty map serves as zero in P,,.

A transformation « € P, is said to be order preserving (resp., order reversing) if (for all
x,y € dom «) z <y implies za < ya (resp. za > ya); is order decreasing if (for all z € dom «)
za < x; an isometry (i.e., distance preserving) if (for all z,y € dom «a) |za — ya| = |z —y|; a
contraction if (for all x,y € dom ) |[za —ya| < |z —yl.
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An element a of a semigroup S is called regular if there exists x € S such that aza = a. The
semigroup S is called regular if all its elements are regular.

For non-empty subset A of a semigroup S, A is called a left ideal if SA C A, a right ideal if
AS C A, and (two-sided) ideal if it is both a left and a right ideal. Ideals in semigroups possesses
certain algebraic properties, closely related to the notion of normality in groups. They provide us
with the powerful tool to analyze the internal structure of semigroups, revealing intricate pattern
and capturing essential information about the elements behaviour under multiplication.

Let x € S, then Sz, 5, and SzS are ideals generated by x in S. They are known as the
principal left, principal right, and principal two sided ideal of S, respectively.

Green’s relations are equivalence relations defined on a semigroup based on the principal ideals
its elements generate. These relations are vital in understanding the algebraic structure of any
semigroup more especially regular semigroups. There are five of these equivalences, namely, £, R,
J, D and H relation, defined as follows: for a,b € S,

(a,b) € L <= S'a= 5"
(a,0) e R <= aS*=bS";
(a,b) € J = S'aS"'= S'bS*;
D = LoR;
H = LNR.

The symbol S' denote a semigroup S with adjoint identity if S does not have one. It is worth
mentioning that the relations £ and R always commute (i.e., Lo R = R o L). If a semigroup
is non-regular, then, there is also need to understand its starred Green’s relation (which is the
generalization of the Green’s relations) in order to classify such a semigroup or study its rank
properties. The starred Green’s equivalences are also five, they are £*, R*, J*, D*, and H* defined
as follows: Given any semigroup S, aL*b (resp., aR*D) if and only if a and b are Green’s L-related
(resp., Green’s R-related) in some over-semigroup of S. D* is a meet of L* and R*, while H* is their
joint. For more properties of Green’s relation, starred Green’s relation, or any other unexplained
term we refer the reader to [8,9,16,18,19].
Let
PO, ={ae€P,: (forall z,y €dom a) z <y = za<yak;

CP, ={aeP,: (foral z,y € dom «) |ra —ya| < |z —y|}

and
DCP,, ={a €CP, : (for all z € dom «a) za < z}.

Then, ODCP,, = PO,, N DCP,,, called the semigroup of order-preserving, order-decreasing
partial contraction mappings.

Let S be a semigroup, a non-empty subset G of S is said to be a generating set of S (denoted
as (G) = S) if for every x € S, x can be written as a finite product of some elements in G. S
is said to be a finitely generated semigroup if it is generated by a finite subset. The rank of a
finitely generated semigroup measures the smallest number of elements required to generate the
entire semigroup. That is,

rank(S) = min{|G| : G C S and (G) = S}.

The notion of rank is of fundamental importance when studying semigroups. It helps us understand
the structure of a given semigroup. It will also helps us to classify and characterized the complexity
of a semigroup.

Several scholars have examined the combinatorial, algebraic and rank properties of various
transformation semigroups, see for example, [5, 11,13, 14,17,20,23,26]. On the other hand, the
semigroup of partial contractions, which is relatively new has many interestingly open problems
that are yet to be explored; see [27] for a comprehensive overview of such problems.
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Recently, Toker [24] investigated the ranks of the semigroup of order-preserving or order-
reversing full contractions, ORCT,,, and its subsemigroup OCT ,,, consisting of all order-preserving
elements. Bugay [0] extended Toker’s work by considering the ranks of ideals of the semigroups
ORCT,, and OCT,, respectively. The study of nilpotent elements in OCP,, and its subsemigroup
OCZ,, consisting of all partial one-to-one transformations was presented in [2], and ranks of the
subsemigroups generated by the nilpotents in the two semigroups were also determined. Alkharousi
et al., [3,41] also study the rank and combinatorial properties of the semigroups of partial isometries
on [n]. More studies on rank properties of isometries were further exploited in [1,7].

Our aim in this paper is to investigate the rank properties of the two-sided ideal of the semigroup
of order-preserving and order-decreasing partial contraction mappings on a finite chain.

2 Preliminaries

Let « be an element of CP,,. Define dom «, im «, and h(a) as the domain, image, and |im «f of
respectively. The kernel of o denoted by ker «, is defined as

ker o« = {(z,y) € dom a x dom & : za = ya}.

Additionally, for a, 8 € CP,,, the composition of o and § is defined as z(a o 8) = ((z)«a)p for all x
in dom «a. To avoid ambiguity, we use the notation af for a o 8, and x« represents the image of
x under « instead of the notation a(x). This ensures our composition of maps reads from left to
right, i.e., zaf is equivalent to S(a(x)).

A non-empty subset A of [n] is said to be a convex subset if for every z,y € A with z < y and
if there exists z € [n] such that z < z < y then z € A. We use 14 to denote a partial identity map
of A C [n] on A.

Given any transformation a in ODCP,,, a can be expressed as

Ay Ay LA,
= <p<
@ ( ooz ... @ ) (I1<p<n). (2.1)

The blocks A; (1 < i < p) are equivalence classes under the relation ker «, and the collection
of all the equivalence classes of the relation ker a partitioned the domain of « called the kernel
partition of «, denoted by kp(c). Moreover, kp(«) is ordered under the usual ordering, that is,
Ay < Ay < - < Ap, where A; < Aj means a < b for all a € A; and b € A;. Furthermore, by
order-preserving and order-decreasing properties of a, we have x; < ;41 (forall 1 <i < p—1)
and x; < min A; (for all 1 <4 < p), respectively. Through out the paper, we refer to « as defined
in (2.1) unless otherwise specified.

We begin by quoting the following results from related literature which shall be needed in
subsequent discussions.

The first results is from [28] concerning the starred Green’s relation of some semigroup of
contraction mappings.

Theorem 2.1. [28, Theorem 2.1] Let S € {CP,,, OCP,,ORCP,} for a,B € S
(i) aL*B if and only if im o = im f;
(i) oR*B if and only if ker o = ker j3;
(i) aH* B if and only if im o = im S and ker o = ker 3;
(iv) oD*p if and only if |im «| = [im S].
Remark 2.2. [t is an easy exercise to show that if S = ODCP,,, then Theorem 2.1 above holds.

The next result is derived from Umar and Zubair [27]. It was established in [27] among many
other results that, the semigroup ODCP,, has a cardinal number of w7 while the set
of its nilpotents and that of idempotent elements has cardinalities of [ODCP,,_1| and (1 +n2""1),
respectively. Now using some algebraic simplifications we deduce the following lemma:
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Lemma 2.3. Let S = ODCP,,, N(S) be the set of all nilpotents in S and E(S) be the set of all
idempotents in S. Then:

(i) S| = YkEd (s)2n—*

(1) |N(S)| = ZIEZT;J <n2—kl)2n—k:—1
(i) |B(S)] = 1+ n2e~".

Proof. (i) When the two expressions (2 + v/2)" and (2 — v/2)" are expanded using Binomial
expansion and added together, the term with /2 will cancel out due to negative sign. The
n n

resulting expression will contain only terms with powers of two. Thus, (2 + \/i) + (2 — \/§)

“ el ) () () e (S ()]
a0)7* (o) 72+ (ol )72+ (o) ) )
a0)?* (o) 7+ (o) 7"+ "*(2@1) 2080

L3

n n—k
= 2 2 .
k=0

Therefore,

I
]
N 7 N

w3

2+ V)" : 2- Vo) & <n)2nk_

(ii) By substituting n with n — 1 in (¢), we have

-1
ODCP, 1| = > <n2k >2nk1’

and the result follows.
O

Let a be in PO,,, for 2 <i < p—1, define h{ = min 4,11 — max A; and d¥ = b;11 — b;. Then

Lemma 2.4. [/, Lemma 1] For 2 <p <mn, let a be in PO,,. Then, a is a contraction if and only
ifminA;11 —max A; < b1 —b; (ie., d¥ <h) forallic {1,2,...,p—1}.

We also defined the following terms which we used in describing the generating set of the two-
sided ideals of ODCP,,.

Definition 2.5 (Relations). Let o, 5 € ODCP,, such that aR*[. Suppose im a = {x1,22,...,2p}
and im B ={y1,Y2,...,Yp}. We say a exceeds [ if z; > y; for all 1 <i < p.

Definition 2.6 (Comparability). Let a and 8 be R*—related. Then o and 8 are said to be com-
parable if either o exceeds 8 or B exceeds «.

Definition 2.7 (Maximality). An element « is called a maximum element in its R*—class if it
exceed every elements in that R*—class.
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For the purpose of illustration, consider the following elements of ODCPs.

= (038 )= (O D) (P 10,
= (035 )= (O D) (20,
= (03 ) = (B T8 ) (M 00)

Then we have the following observations:
e all the elements belongs to the same R*—class;
e o5 exceeds aq, while ag exceeds both a; and as;
e oy exceeds as and «q but non-comparable to ag;

® (9 is a maximum element since is comparable to all the elements and exceeds each and every
of them.

The following remark is also immediate.
Remark 2.8. Observe that
i If o £ B and « exceeds B, then there exists i € {1,2,...,p} such that z; > y;.
it if « and B are non-comparable, then there exists i,5 € {1,2,...,p} such that x;11 — x; >
Yirl — Yi and Yj11 — Y5 > Tjp1 — Ty
We now have the following theorem.
Theorem 2.9. Let o € ODCP,, (n > 2) be as expressed in (2.1). Then « is a mazimum element
in its R*-class if and only if v1 = min A; and z;41 = z; + h".

Proof. Let o € ODCP,, be as expressed in (2.1). Suppose that x; = min A; and x;41 = z; + hY
(i.e., x;y1 — x; = min A; 11 — max A;). Our goal here is to show that « is a maximum element. Let

(A Ay - A,
7 - 21 29 “e Zp
be an arbitrary element in R},. We show that « exceeds . By order-decreasing property of v, we

have z; < min A; = z7, which implies that z; < z;. Now using induction hypothesis, suppose (for
some 1 < k < p) zp < xg, then by Lemma 2.4, we have

Zp+1 — 2k <min Apy1 — max Ag = Tpp1 — Tk
which implies that zgx41 — 2k < @41 — xp. Therefore zx41 < 11, and hence z; < z; (for all

i=1,2,...,p), as required.
Conversely, suppose by way of contradiction that there exists a maximum element

(A Ay - Ap)
s= () e

in RY. Then by Remark 2.8, there exists ¢ € {1,2,...,p} such that y; > ;. If i = 1, then y3 > z1 =
min A, contradicting the order-decreasing property of 8. Suppose y; = x; (for some 1 < j <n—1)
and yj4+1 > 41, then, from the definition of o, we have ;41 —z; = min A;; — max A;, which
implies yj41 — 2; > min A;;; — max A; which implies y;11 —y; > min A;{; — max A;. This (by
Lemma 2.4) contradicts the fact that « is a contraction, and the result follows.

O
Theorem 2.10. In each R* class of K, there exists a mazimum element.

Proof. 1t is clear that for any given kernel partition, one can define an element of ODCP,, using
the criteria outlined in Theorem 2.9, and this element is the maximum element. O
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3 Rank of Ideals in ODCP,,

In this section, we compute the rank of the two-sided ideals of the semigroup ODCP,,. However,
before we begin the investigation, we first of all define the ideals in ODCP,, as follows:
For 1 <p<n,let
Jp ={a € OCP,, : |im of = p} (3.1
and
K, ={a € ODCP,, : |im «| < p} (3.2)

be the two-sided ideal of ODCP,, for all 1 < p < n. Observe that when p = n, we have K,, =
ODCP,,.
The following proposition is needed in finding the rank of K.

Proposition 3.1. Forn > 4, and p < n —2, o € J, can be written as product of elements in
<Jp+1>'

Proof. Let a be in J,. We proceed the proof using a case-by-case analysis.
Case I: Suppose im « is convex. Then « is of the form

A Ay L. A,
(k 41 ... k+p—1 (3.3)
forsome 1 < k<n-—p+1.

(i) If dom() = [n], then « is a full transformation. Moreover, given that p < n — 2, there must
exist a block say A; (1 < j < p) such that |A;| > 2. Notice that, due to the order-preserving
and order-decreasing properties of a, min A; must be 1. This condition results in k& being
equal to 1 in Equation (3.3), as such « can be reexpressed as:

A Ay .. A
1 2 ... p ’
Define the mappings:
N = A1 e AJ\{Z‘} {Ji} Aj+1 e Ap
1 ... ¥ j+1 j+2 ... p+1
and
S 1 ... {4,j+1} j+2 ... p+1 p+2
R Ji j+1 .. p p+1)’°

respectively, where x = max A;. Then clearly, 7,7 € Jp41 and y7 = a.

(ii) Suppose dom « C [n], then there exists an element ¢ € [n] such that ¢ ¢ dom a.

If ¢ < min A; and k < 2, then « can be expressed as:

min4; -1 4, ... A4, 2 3 p+1 p+2
1 2 ... p+1 k k+1 ... k+p—-1 k+p

which is obviously a product of two elements in J, .

If ¢ < min A; and k > 2, then by order-decreasing property of @ we must have min A; > 2;
therefore, o can be expressed as:

minA; —2 Ay ... A, k—1 k ... k4+p—1 (3.4)
k—2 kK ... k+p-—1 k—1 k ... k4+p—1 ’

a product of two elements in Jp;.
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If ¢ > max A, and k£ = 1, then since p+ 2 < n, we can express « as:

A Ay ... A, maxA,+1 1 ... p p+2
1 2 ... p p+1 1 ... p p+1

a product of two elements in J,11.

If ¢ > max A, and k£ > 2, then o can be expressed as:

A Ay L. Ap max A, + 1 k—1 k ... k+p-—-1
k k+1 ... k+p-—1 k+p k—1 k k+p—1
a product of two elements in Jj,11.
If max A; < ¢ <minA;4, for some j € {1,...,p— 1} and k = 1, then « can be written as:
Ay - Aj c AjJrl Ap 1 - 5 542 -+ p+1 p+2
1 - 41 j+2 - p+1 1 - j j+1 -+ p p+1
a product of two elements in Jp;.
If maxA; < ¢ <minAj;, for some j € {1,...,p— 1}, and k > 1, then « can be written as a
product of
Ay e A; c Aji A
k - k+j-1 k+j5 k+j+1 - k+p
and
k-1 k - kE+j-—-1 k4+j5j+1 - E+p
k-1 k - k+j—-1 k+j o k+p—-1)°

If min A; < ¢ < maxA; for some j € {1,...,p} and k < 2, then k+ p+ 1 < n; therefore, «
can be written as a product of

Ay oo {mindj,...,c—1} {c+1,...,maxA4;} Aja A
and
k- {k+j—-1Lk+j} k+5+1 - k+p k4+p+1
k- k+j7-—1 k+j R | k+p .

If minA; < ¢ < maxA; for some j € {1,...,p} and k > 2, then we express a as in Equa-
tion (3.4).

Case II: Suppose Im « is not convex, i.e., there exists j such that z;;1 — z; > 2. Then by
property of contraction we must have min A;;; — max A; > 2. Define a mapping v as:

_ A1 e Aj maXAj +1 Aj+1 R Ap
v= 1L Iy $j+1 Tj+1 - Tp '

Notice that since p < n — 2, then there exists ¢ € [n] such that ¢ ¢ im «. Define 7 as 14,
where A = im(«) U {c}. Then, v and 7 are in Jp41 and o = 7. Hence, the proof.

O
Corollary 3.2. (J,) =K, forall2<p<n-1

Proof. Since (K1) C (Ks) C - C (Kp), then | J!_,(K;) C (K,,) (i.e., ODCP,,, C (K,)). However,
K, CODCP,,, (by definition). Therefore, ODCP,, , = (K,). O

In the next theorem, we show that the maximum elements generates (J,).
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Theorem 3.3. Let G be the set of all marimum elements in R* classes of J,. Then, G is the
minimal generating set of (Jp).

Proof. We proof the theorem in the following steps: Firstly, we show that necessarily, any generating
set of (J,) must contain G. Then, we show that G is sufficient in generating (.J,).
Let W be any generating set of (J,). By way of contradiction, suppose there exists a maximum

element say
A Ay - A,
= ( 1 T2 e 'Tp

which is not in W. Then W being a generating set of (J,) means « can be written as @ = Aj Az - -+ A
(for some k € N). Let 81 = A1 --- A\y—1 and B2 = ;. Notice that since |im «f = |im 5;| (i = 1,2),
we must have ker(a) = ker(f8;) and im(a) = im(f52). Therefore, §; is R*-related to a. Without
lost of generality, we may assume that

8 = A Ay - A, and By — B, By --- B, '
by by --- by

xr1 Zo B J"p

Since « is a maximum in Rj , then by Remark 2.8, we must have b; < z; for some 1 < j < p.
Now, b; < x; = b;j32 implies b;32 > b;. This contradicts the order-decreasing property of 3a.
To show the sufficient condition, let

(A Ay - A
T= a1 as “en ap
be an arbitrary element in Jp, and let
( A Ay - A, )
o =
1 T2 e xp

be a maximum element in R}.
Let n; = d$ — d]. Observe that since o exceed 7, then

n; >0, forallie {1,2,...,p—1} (3.5)

Define 3 as
<{a1,...,x1} {za —m1,..., 22} -+ {xp—npl,...,a:p})
a

1 a2 PR ap
Clearly, a8 = 7. So, we show that § is a maximum element. But before then, we need to show
that 8 € ODCP,,.
Now, for 1 <i<p-—1,
[dff —df] — =
[(is1 — @) = (aip1 — ai)] — @
[

= Tiy1— [Tiy1 — @i — @i+ ai] —

($i+1 —0) — T = Tigl
= Ti41

Qi1 — A4

Therefore,
(Xig1—1i) — i =ai41 —a; (forall 1 <i<p-—1) (3.6)

which implies (by Lemma 2.4) that § is an order-preserving partial contraction mapping. For the
order-decreasing property, notice that a; is the minimum of the first block of 5. Moreover, using
Equation (3.6), we have (zo — m1) — ©1 = as — a; which implies (z2 —71) — a1 > ag — ay, which
implies by Equation (3.5) that xo > as. In general, if ay < xy, then (xgr1 — M) — i = apr1 — ak
will imply (xg+1 — nk) — ak < ak41 — ak. Thus, ag41 < Tr41, and therefore, 8 € ODCP,,. Finally,
using Theorem 2.9, Equation (3.6) and the fact that a; equals to the minimum of the first block of
[, we obtain that 3 is a maximum element, as required. O
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2 ()G-)

P

Theorem 3.4. The rank of (J,) is

Proof. Since the maximum elements cover all the R*—classes of .J,, by Theorem 3.3 we only need
to count the number of R*—classes in J,. Furthermore, we observe that the number of R*—classes
in J, is the number of all possible ordered partition of n—element set into p classes, which is
ZZ:p () (gj) This number also coincide with the number of R—classes of the semigroup PO,
see [22, Lemma 4.1]. The result now follows. O

()G

k=p
Proof. 1t follows from Corollary 3.1 and Theorem 3.3. U

Corollary 3.5. The rank of K, is

By substituting n — 1 for p, we readily have the following corollary.
Corollary 3.6. Rank(K,_1) =2n—1.

It should be noted that, K, 1 U{l},} = ODCP,. Therefore, The rank ODCP,, is rank(K,, 1)+
1. Consequently, we have proved the following result.

Theorem 3.7. The rank of ODCP,, is 2n.

4 Conclusion

The paper examines the rank properties of two-sided ideals of the semigroup of order-preserving
order-decreasing partial contraction mappings on a finite chain [n]. The rank of such an ideal is a
measure the size of its generating set in a combinatorial sense, and the paper’s derivation of these
ranks is based on combinatorial methods.

The paper’s findings significantly advance the understanding of the algebraic structure of semi-
groups by leveraging Green’s relations and their starred counterparts. The conditions outlined in
Theorem 2.1, regarding the characterization of Green’s relations offer a comprehensive framework
for classifying elements within the semigroup. Additionally, the exploration of two-sided ideals and
their rank properties provides valuable insights into the combinatorial structure of these subsets.

The lemmas and theorems presented throughout the paper are critical for establishing the main
results. They help clarify the conditions under which elements can be considered maximum within
their respective R-classes, and how these maximal elements contribute to generating the entire
ideal or even the entire semigroup. The thorough analysis presented in the paper thus not only
enhances the theoretical understanding of semigroups but also contributes to the broader field of
algebra through its detailed exploration of ideals and Green’s relations.

5 Acknowledgement
The authors would like to thank the editors and the anonymous referees for their valuable comments
and suggestions that helped to improve this manuscript.

References

[1] Ali, B., Jada, M. A., Zubairu, M. M. (2018). On The Ranks Of Certain Semigroups Of Order-
Preserving Partial Isometries of a Finite Chain. Journal of Algebra and Related Topics, 6(2):
15-33.


 https://doi.org/10.5281/zenodo.14685705

Cv! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

10(4), 2024, PaGes 1 - 11
LJMSO HTTPS://D0OI.0RG/10.5281/ZENODO. 14685705

2]

3]

[4]

[5]

(6]

7]

191

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

[21]

[22]

Ali, B., Jada, M. A., Zubairu, M. M. (2023). Nilpotents in semigroups of order-preserving
partial contraction mappings of a finite chain, Submitted.

Al-Kharousi, F., Kehinde, R., Umar, A. (2014). Combinatorial results for certain semigroups
of partial isometries of a finite chain. Australasian Journal of Combinatorics, 58(3): 365-375.

Al-Kharousi, F., Kehinde, R., Umar, A. (2016). On the semigroup of partial isometries of a
finite chain. Communications in Algebra, 44(2): 639-647.

Ayik, G. Ayik, H. Howie, J. M., Unlii, Y. (2008). Rank properties of semigroup of singular
transformation on a finite set. Communications in Algebra, 36(7):2581-2587.

Bugay, L. (2020). On the ranks of certain ideals of monotone contractions. Hacettepe Journal
of Mathematics and Statistics, 49(6): 1988-1996

Bugay, L., Melek, Y., Ayik, H. (2018). The Ranks Of Certain Semigroups of Partial Isometries.
Semigroup Forum, 97: 214-222.

Fountain, J. (1979). Adequate semigroups. Proceedings of the Edinburgh Mathematical Society,
22(2): 113-125.

Fountain, J. (1982). Abundant semigroups. Proceedings of the London Mathematical Society,
3(1): 103-129.

Garba, G. U. (1994). Nilpotents in semigroup of partial one-to-one order preserving mappings.
Semigroup Forum, 48: 37—49.

Garba, G. U. (1994). Nilpotents in semigroups of partial order-preserving transformations.
Proceedings of the Edinburgh Mathematical Society, 37: 361-377.

Garba, G. U. (1994). On the nilpotent ranks of certain semigroups of transformations, Glasgow
Mathematical Journal, 36(1): 1-9.

Ganyushkin, 0., Mazorchuk, V. (2009). Classical Finite Transformation Semigroups.
Springer—Verlag: London Limited.

Gomes, G. M. S., Howie, J. M. (1987). Nilpotents in finite symmetric inverse semigroups,
Proceedings of the Edinburgh Mathematical Society, 30: 383-395.

Gomes, G. M. S., Howie, J. M. (1992). On the ranks of certain finite semigroups of transfor-
mations. Semigroup Forum, 45: 272-282.

Green, J. A. (1951). On the structure of semigroups. Annals of Mathematics, 54(2):163-172.

Howie, J. M., McFadden, R. B. (1990). Idempotent rank in finite full transformation semi-
groups, Proceedings of the Royal Society of Edinburgh. Section A: Mathematics, 114: 161-167.

Howie, J. M. (1995). Fundamentals of semigroup theory. London Mathematical Society, New
series 12. The Clarendon Press, Oxford University Press.

Higgins, P. M. (1992). Techniques of semigroup theory. Oxford university Press.

Imam, A. T., Usman, L., Idris, 1., Ibrahim, S. (2024). Quasi-idempotent in finite semigroup of
partial order-preserving transformation. International Journal of Mathematical Sciences and
Optimization: Theory and Application, 10(1):53-59.

Levi, I. (2006). Nilpotent Ranks of semigroups of partial transformations. Semigroup Forum,
72: 459-476

Ladraji, A., Umar A. (2004). Combinatorial results for semigroups of order-preserving partial
transformations. Journal of Algebra, 278: 342-359.

10


 https://doi.org/10.5281/zenodo.14685705

C,! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

IJMSO 10(4), 2024, PaGges 1 - 11

HTTPS://D0OI.0RG/10.5281/ZENODO. 14685705

[23]

[24]

[25]

[26]

[27]

[28]

Peter, I. R., Mogbonju, M. M., Adeniji, A. O., Akinwunmi, S. A., Ibrahim, A. (2024). Some
geometric characterization of star-like 3D conjugacy C3w on partial one-one transformation
semigroups. International Journal of Mathematical Sciences and Optimization: Theory and

Application, 10(3):57-66.

Toker K. (2020). Ranks of some subsemigroups of full contraction mappings on a finite chain.
Journal of Balikesir University Institute of Science and Technology, 22(2): 403—414.

Umar, A., Al-Kharousi, F. (2012). Studies in semigroup of contraction mappings of a finite
chain. The Research Council of Oman Research grant proposal No. ORG/CBS/12/007.

Umar, A. (1993). On the semigroups of partial one-to-one order-decreasing finite transforma-
tions, Proceedings of the Royal Society of Edinburgh. Section A: Mathematics, 123(2): 355-363.

Umar A., Zubairu, M. M. (2018). Some Remarks about Semigroups of Partial Contraction
Mappings of a Finite Chain. Conference of Proceeddings, North British Semigroups and Ap-
plications Network (NBSAN) 27¢h, University of York.

Umar, A., Zubairu, M. M. (2021). On certain semigroup of contraction mappings of a finite
chain. Algebra and Descrete Mathematics, 32(2): 299-320.

11


 https://doi.org/10.5281/zenodo.14685705

	Introduction
	Preliminaries
	Rank of Ideals in ODCP_n
	Conclusion
	Acknowledgement

