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Abstract

In this study, we introduced novel class of contractivity conditions called C-class Akram
contraction and C-class generalized M ;—Contraction and established the convergence of Picard
and Jungck iterations to the unique fixed point and unique common fixed point respectively.
Our results generalizes and extends some existing related results in literature.
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1 Introduction and Preliminaries

Fixed point theory is a very useful tool in the fields of Mathematics, Engineering and several
others. This is becuase, diverse real life problems in these fields may be formulated as systems
of non-linear mathematical equations, such as optimization problem, differential equation, integro-
diffrential equation, amongst others. These problems may be solved using fixed point approach.
What then is fixed point and its approach?

Let X be a nonempty set and J a self-map on X. Any element x € X is a fixed point of J, if
J(x) = x and we denote the set of all fixed points of J by Fiy = {x € X : J(z) = z}.

Given a complete metric space M and a continuous self-map J on M such that

d(Jz,Jy) < ad(z,y), Vz,y€e M; with a€[0,1) fixed, (1.1)

Banach [1] established that J has a unique fixed point in M, and that Picard iteration x,,41 = Jx,
converges to this unique fixed point.

In generalizing Banach’s contractivity condition and some of its earlier generalizations, the
following definitions was introduced by Akram et al.
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Definition 1.1. [2]: An operator J : X — X of a metric space (X,d) is said to be A-contraction
if:
ATz, Iy) < 6(d(w,y), d(z, J2), d(y, Jy)) (12)

for all z,y € X and some ¢ € (A) , where (A) is the set of all functions ¢ : R3S — R, satisfying:
i) ¢ is continuous on the set RS (with respect to Euclidean metric on R? );

it) if any of the conditions a < ¢(a,b,b), ora < ¢(b,b,a), or a < ¢(b,a,b) holds for some a,b € Ry,
then there exist X € [0,1) such that a < Wb.

Literature abounds with several generalizations and extensions of classical Banach’s fixed point
theorem, interested reader can see [3—5] and the references there in.

More over, in 1976, Gerald Jungck [6] established the notion of common fixed point of mappings.
Given a pair of self-mapping (J, P) on a complete metric space (X, d), with J(X) C P(X) where
P is continuous. Then, J and P have a unique common fixed point, if there exists X € (0,1) such
that,

d(Jz, Jy) < Nd(Pz, Py) vV zyelX, (1.3)

Definition 1.2. [6] Let M be a complete metric space, and suppose J, P : M — M. For xy € M,
sequence {Px,}22, C M defined by

Pxpy1 =Jx,, n >0, (1.4)
is called Jungck iterative process.

Using idea of Jungck, many authors have improved on the existing iterative techniques.

Definition 1.3. [7] Given a Banach space M, and the pair of operator J,P : M — M. For any
generic xo € M, the sequence {Px,}5%, defined by

Prpi1=(1—a)Pry,+adz,, n>0, ac(01). (1.5)
1s called Jungck-Schaefer iteration.

For more on Jungck-type iterative algorithms, interested reader can see [3—13] and references
therein.

Recently, Olatinwo and Omidire [9] established unique common fixed point of generalized M
contraction.

Definition 1.4. [9]: Let (X,d) be a metric space and J, P : X — X such that
d(Jz,Jy) < gb(d(PmPy),d(Px,Jx),d(Py7Jy),

[d(Pa, Ja)]"[d(Py, Jo)Pd(Pa, Jy), d(Py, Jx)d(Pz, Jx)]"
Va, ye X;r,p,meRy

for some ¢ € ® where O is the set of all functions satisfying ¢ : Ri — Ry such that:

(i) ¢ is continuous on the set RY. (with respect to Euclidean metric on R® );

(i) if any of the conditions a < ¢(a,b,b,b,b), or a < ¢(b,b,a,b,b), or a < ¢(b,b,a,c,c) holds for
some a,b,c € Ry, then there exists a constant R € [0,1) such that a < Nb.

Meanwhile, in 2014, Ansari introduced the concept of C'—class functions as defined below:

Definition 1.5. [//] A mapping G : [0,00)? — R is called C—class function if it is continuous
and satisfies the following axioms:

(1) G(p,N) < p;

(2) G(u, R) = p implies that either ;=0 or X = 0; for all p, X € [0, 00).
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Note for some G we have that G(0,0) = 0.
We denote the set of C'—class functions by C.
See [14] for example of C-class functions.

Remark 1.6. Motivated by Definition 1.5 many researchers have improved on existing contractive
definitions in other spaces and classes, like cone C-class, inverse C-class, multiplicative C-class
function etc.

Definition 1.7. [1/, 15] A function ¢ : [0,00) — [0,00) is called an altering distance function if
the following properties are satisfied:
(1) 1 is non-decreasing and continuous,

(#) () =0 if and only if t = 0.
We denote the set of altering distance functions by W.

Definition 1.8. [1/] Let ® denote the class of functions ¢ : [0,00) — [0,00) which satisfy the
following conditions:

(1) ¢ is continuous;

(1) ¢(t) >0, t>0 and ¢(0) > 0.

Definition 1.9. [1//A tripled (1, ¢, G) where v € ¥, ¢ € @ and G € C is said to be monotone if
for any x,y € [0,00)
v <y = G((x),¢(x) < GW(Y), o(y)).

Lemma 1.10. [/6/Suppose (X,d) is a metric space. Let {x,} be a sequence in X such that
d(Tp, Tnt1) — 0 as n — oo. If {x,} is not a Cauchy sequence then there exist an € > 0 and
sequences of positive integers {m(k)} and {n(k)} with

m(k) > n(k) > k such that d(2, k), Tnk)) > €, d(Tmk)—1,Tn)) < € and
(1) limy o0 d(xm(k)—h xn(k)—l—l) =&

(ii) limg_s o0 d(xm(k), xn(k)) =g

(iii).limk_mo d(.l?m(k),l, Z‘n(k)) =€

We note also that, limg oo d(Zy(k)+1, Tn(r)+1) = € and limg o0 d(Tpy k), Tr(ry—1) = €

In this paper, it is our intention to give a more robust and novel contractivity definitions using
C— class function in generalizing A-contraction and M ; contraction which are generalizations and
extensions of Banach, Jungck, Kannan, Akram et al., Olatinwo et al. contractivity definitions and
many more in literature. Also, the convergence of Picard and Jungck iterative schemes to the
unique fixed point and unique common fixed point of these novel contractivity definitions shall be
established.

2 Preliminary

We introduce the following definitions which are generalization of Definitions 1.1 and 1.4 as well as
some others in literature.
Definition 2.1. Let M be a metric space. A mapping J : M — M will be called a C-Class
Akram Contraction if V x,y € M,

d(Jz, Jy) < A(d(z,y), d(z, Jz),d(y, Jy)) (2.1)
and some (¥, ¢,G) € U x & x C where A : R‘i — Rf_ s a set of functions satisfying:

1. A is continuous on the set Ri (with respect to the Euclidean metric on R®); and
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2. If any of the conditions a < A(a,b,b) or a < A(b,b,a) or a < A(b,a,b) holds for some
a,b € Ry, then 3 G € C such that ¥(a) < G((b), d(b)).

Definition 2.2. Let M be a metric space. A function J,P : M — M will be called a C-Class
Generalized M; Contraction if

d(Jz,Jy) < A(d(Pw,Py)d(Pz, Jo),d(Py, Jy),

[d(Px, Jz)|"[d(Py, Jx)|Pd(Pzx, Jy),d(Py, Jx)[d( Pz, Jx)]m>
Va, ye X;r,p,meRy (2.2)

and that some (¢, 9, G) € ¥ x & x C and where A is the set of all function satisfying A : Ri_ — ]Rf_
such that:

(i) A is continuous on the set R (with respect to Euclidean metric on R );

(i) if any of the conditions a < A(a,b,b,b,b), or a < A(b,b,a,b,b), or a < A(b,b,a,c,c) holds for
some a,b,c € Ry, then there exists a function G € C such that (a) < G(1(b), (b)).

Remark 2.3. Definition 2.1 is a generalization of the Definition 1.1 (see [2]) which is a general-
ization of Banach, Kannan, and many more in literature.

Remark 2.4. Definition 2.2 generalizes Definition 1.4 see [I] which is a generalization of Jungck
and many others in literature.

The following shall be required in the sequel:
Definition 2.5. [17] Two self-mappings J and P on a metric space X are weakly commuting if
[|JPu— PJu|| < ||Ju — Pu||, ¥V u € X.
Definition 2.6. [18] Self mappings J and P on a metric space X are compatible if and only if

lim ||JPu, — PJu,|| =0
n—oo
whenever {u,} is a sequence in X, such that

lim J(up,) = lim P(u,) =w

n— oo n—oo

for some w € X.

Remark 2.7. Commuting mappings are weakly commuting and the reverse is not true, see [17] for
example. Weakly commuting mappings are compatible, but compatible mappings may not be weakly
commuting see [18] for illustration.

Lemma 2.8. [17,18]: Let J and P be two compatible self-mappings on a complete metric space
M. If Jx* = Px*, then JPx* = PJx*.
Assume that lim,, o Jx,, = lim,_oo Pz, = w for some w € M.
(a) If J is continuous at w, then
lim PJx, = Jw.

n—oo

If P is continuous at w, then
lim JPzx, = Pw.

n— oo

(b) If J and P are continuous at w, then

Jw=Pw and PJw=JPw.
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3 Results

Theorem 3.1. Let M be a complete metric space and let J : M — M be a mapping satisfying
Definition 2.1, Then:

(i) J has a unique fized point x* € M; and

(ii) For any initial guess xo € M, the Picard iteration converges to the unique fized point of J € M.

Proof. Using Picard iteration, 21 = Jxy and Definition 2.1, we have

d(xnaxn+l) = d(an—thn)

A(d(xn—la xn)a d(xn—la ']xn—1)7 d(xna an))

A(d(xnfly xn)7 d(i[:n,h .’L'n), d(x'ru anrl))

then, there exists a function G € C such that

G (d(zn-1,2n)), p(d(Tn-1,7n))) (3.1)
using Definition 1.5, we arrived at

d(xnaanrl) S d(xnflaxn)

IN

Y(d(Tn, Tnt1))

IN

We deduce that {d(x,,zn+1)} is & monotonic decreasing sequence of positive numbers.
And since every monotone decreasing sequence in a metric space is bounded by zero, so there exists
{ > 0 such that

Az, Tri1) <1

Letting n — oo in (3.1) and using continuity of functions G, 1 and ¢, we obtain
¥(l) < G(1), 0(1)),

and by Definition 1.5, we arrived at (1) =0 or ¢(I) =0.
Thus, we have that [ = 0 and, then

lim d(zy,,pt1) =0 (3.2)

n—oo

Now, we shall prove that {z,} is a Cauchy sequence, If {z,} is not a Cauchy sequence, then by
Lemma 1.10 there exist ¢ > 0 and two sequences {my} and {ny} of positive integers such that the
following sequences tend to € as k — oo:

kl;rrgo (T (k)+15 Tr(k)4+1) = € ,kILH;O (T (k) Tn(k)) = €. (3.3)

Using (3.1) together with (2.1), we have

AT (k) 415 Tn(k)+1)) < GOP(@mr)s Trr)))s PP Tm(k), Tnk))))s (3.4)

and

d(mm(k)-l—lvxn(k)—&-l) d(Jmm(k)v Jmn(k))

< A(d@ ) Tae))s A Emeys JTmi) ) ATn(ys JTn(ky))
= A(d(@mk) Tuk))> ATy Ton(k)+1)» AT n () Trey+1))
as k — oo, we have
e < A(E, 0, 0)7

and using Definitions 1.5, 1.7 and 2.1, we arrived at the following

P(e) < G(¥(0),9(0)) <9(0) =0
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which implies that ¢ () = 0, thus e = 0 . This shows that the sequence {x,} is Cauchy. Then,
there exists x* € M such that z,, — z* as n — oo.
Now, let z = 2* and y = x,, in Definition 2.1, we have:

d(Jx*, Jr,) < A(d(a:*, Tp),d(x*, Jz*), d(x,, an)>
d(Jz* xpt1) < A(d(x*, xn),d(z", Jcc*),d(a:n,xn+1))
taking limits as n — oo together with Definition 2.1 we have

d(Jz*,z*) < A(d(a:*,x*), d(z*, Jx*),d(x*, x*))

= A(Qd(ac*7 Jm*),O)
then, there exists a G € C such that

Pld(Jz", 7)) < G((0),9(0)) <(0) =
that is
P(d(Jz",z%)) = 0
Using Definition 1.7, we arrived at the following
d(Jz*,z*) = 0.

Therefore, Jx* = x*.

For uniquness of the fixed point. If p € M exists satisfies Jp = p, p # z* then taking x = p
and y = z* in Definition 2.1, we get

d(p,z*) = d(Jp,Jz")
A(d(p,x*),d(p, Jp), d(x*, J*))
A(d(p, x*),d(p, p), d(z", "))
( ( *)7070)

then,

Y(d(p,z7)) < G((0),¢(0)) < ¥(0) =

and, we arrived at

d(p,z*) = 0.

IN

Hence, we have that p = z*. O

Theorem 3.2. Let M be a complete metric space and let J, P : M — M be compatible mappings
satisfying Definition 2.2. If P is continuous and J(M) C P(M), then:

(i) J and P have a unique common fized point z* € M;and

(ii) For any generic point xo € M, the Jungck iteration (1.4) converges to the unique common fized
point x* (say) of J and P.
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Proof. By Jungck iteration (1.4) and Definition (2.2), we have

d(Pxyp, Prypi1) = d(Jzp—1,Jzy)
< A(A(Pzy 1, Pen), d(Pay 1, Tan1), d(Pay, Ja),
[d(Pxp—1,Jxn_1)]"[d(Pxn, Jxn_1)]Pd(Prp_1, Jxy),
d(Pzy, J2n_1)[d(Pp_1, an_l)]m)
= A(d(Pmn_l,Pxn),d(PJ;n_l,Pxn),d(Pxn,Pan),
[d(Pxp—1, Px,)]" [d(Pxy, Pxy)|Pd(Pxy_1, Jxy,),
A(Pn, P2a)d(Pn-1, Pra)]™ )
= A(d(Pay-1, ), d(Pay 1, Py), d(Pay, Pini1),0,0)
then, there exists a G € C such that
U(dPan, Prosn)) < G($(d(Praor, Pry)), 6(d(Prn-s, Pry))) (3.5)
using Definition 1.5, we arrived at the following
d(Pxyp,Pxpi1) < d(Pxn_1,Pxy,).

And we deduce that {d(Px,, Px,+1)} is a monotonic decreasing sequence of positive numbers.
And since every monotononic decreasing sequence in a metric space is bounded by zero, so there
exists [ > 0 such that

lim d(Px,, Pr,41) =1

n— 00

Letting n — oo in (3.5) and using continuity of functions G, ¢ and ¢, we obtain
P(l) < G((1), 0(1)),
which implies that (1) =0 or ¢(I) =0. Thus [ =0 and

lim d(Pzy, Ptp+1) =0 (3.6)

n— oo

Now, we shall prove that { Px,,} is a Cauchy sequence. Suppose not, then by Lemma 1.10 there exist
e > 0 and two sequences {Pmy} and {Pny} of positive integers such that the following sequences
tend to € as k — oo:

M APy i1, Poagrypa) = €5 im d(Pa ), Pong) = € (3.7)
From (3.5) together with (2.2), we have

A(PZrm k)41, Pney+1)) < G(o(d(P2py iy PTrry))), (AP i), Pnr)))), (3.8)
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and

A(PTrmky+1, Praiyr1) = d(JTm), JTor))

A(d(Pﬂﬁm(k)7Pl‘n(k)),d(me(k), JZm(k))s APTpry, JTn(k)),

[d(sz(k)a sz(k))]r[d(Pxn(k)a Jxm(k))]pd(me(k)a an(k))v

d(Pxy (), J T (1)) [A( Py 1y J-Tm(k))]m>

= A(d(me(knyn(k)),d(me(k),me(k)H),d(Pwn(k),Pl”n(k)H),

[A(PZ (ks PTrm(r)+1)]" [A(P 2y (ky, PTm(r)+1)F A(PTpiys Py(iy41),
d(Prp 1y, me(k)+l)[d(me(k)7P-rm(lc)+1)]m)
as k — oo, we have

e < A(£0,0,0,0)
then, there exists a G € C such that

P(e) < G((0),9(0)).
And using Definitions 1.5 and 1.7, we arrived at the following

b(e) < G(¥(0),¢(0) < (0) =0

which implies that ¢(¢) = 0, thus e = 0. This shows that the sequence { Pz, } is Cauchy. Therefore,
there exists z* € M such that Pz, = Jx,_1 — x* as n — oo. That is,

IN

lim Pz, = lim Jz,_; =" (3.9)

n—oo n—oo

By Compatibility of J and P, continuity of P (continuity of P implies continuity of J as well, since
J(M) C P(M)) and Lemma 2.8, we have:

lim P(Pz,_1)= Pz*, lim J(Pz,_1)= Pz* (3.10)
n—oo n— o0
and
nh_}ngo P(Jx,) = nh_}ngo J(Pzxp_1) = Px™. (3.11)

From Definition (2.2), with « = Pz,, and y = x,,, we have

d(J(Pxy), Jx,) < A(d( (Pxy,), Pxy),d(P(Pxy), J(Pzy)), d(Pxy, Jx,),
[d(P(Pxy), J(Pzn))]"[d(P2n, J(Pzn))[Pd(P(Pry), Jn),
d(Py, J(P,))[d(P(Py), J(Pan))™ )

)
)

as n — 00, using equations (3.9), (3.10), (3.11), we have
d(Pz*,z") < A(d(Px*,a:*),d(Px*,P;v*)7d(x*7x*),
[d(Pz*, Px*)|"[d(x", Px*)|Pd(Px", z*),
d(z*, Px*)[d(Pa™, P:z:*)]m>
_ A(d(Px*,x*),0,0,0,0)
then, there exists a G € C such that

(d(Pz”,2")) < G(¥(0),¢(0)) < ¥(0) =
And using Definition 1.7, we arrived at the following
(d(Px*,z*) = 0.
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Therefore, Px* = z*.

Again by Lemma 2.8 (b), together with the fact that P is continuous and
J(M) C P(M), implies J is also continuous. Then, we have

Jx* = Px* =2*, and PJx* = JPz*

For the uniqueness of this common fixed point. Suppose not, then there exists z* # y*, x=*, y* €
{Fpns}(common fixed point set of operators J and P) such that
Pz* = Jz* = o*, Py* = Jy* = y*, and we have

dz*,y*) = d(Jz*, Jy")
< A(d(Pz*, Py*),d(Pz”, Jz*),d(Py", Jy*),
[d(Px*, Ja*)|"[d(Py*, Jx* )]pd(Psc*,Jy*),cl(Py*,J:zc"‘)[d(P:c*,J:I:*)]m)7
Ald(z",y*),d(x", z"),d(y", y"),
[d(z™, 2")]"[d(y", «")]Pd(z”, y), d(y", «") [d(2", x*)]m)
- A(d(x*,y*),0,0,0,0)
then, there exists a G € C such that

P(d(a”,y")) < G(1(0),¢(0)) <4(0) =0
and, we arrived at
dz*,y*) = 0.
Hence, z* = y* O

Below is a result on commutativity of mappings which is a stronger condition than compatibility

(see Remark 2.7) and we omit the prove as it is similar to what is obtained in the prove of Theorem
3.2.

Corollary 3.3. Let M be a complete metric space and let J, P : M — M be commuting (or weakly
commuting) mappings satisfying Definition 2.2. If P is continuous and J(M) C P(M), then:

(i) J and P have a unique common fized point x* € M;

(ii) The unique common fized point x* (say) can be approzimated by Jungck iteration for any generic
point xg € M.

Remark 3.4. Theorem 5.1 is a generalization of the results in Akram et al. (see [2]) which is a
generalization of Banach, Kannan, and many more in literature.

Remark 3.5. Theorem 3.2 generalizes the work of Olatinwo et al. [9] which is a generalization of
Jungck and many others in literature.
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