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Abstract

Let G = R? x T be the Euclidean motion group and let K (), t) = Io(A)§(t) be a distribution on
G, where Io(A) is the Bessel function of order zero and 6(¢) is the Dirac measure on SO(2) = T,
the circle group. In this work, it is proved, among other things, that the distribution K (,t)
is tempered, positive definite, bounded and radial. Further more, a description of temperature
function on G ,realised as the positive definite solution of the Laplace-Beltrami operator on
SE(2), is presented.
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1 Introduction and Preliminaries

Radial distributions on a locally compact group G is a probability distribution that depends on
the radial distance of g € G from the identity e of G. It is widely applied in modeling uncertain
motion in robotics and computer vision, estimating motion distributions for visual tracking and
also analysing motion related signals.

In this research, a kind of radial distribution on SE(2) obtained as the product of Bessel function
of order zero Iy and the dirac function on SE(2) is studied. It is demonstrated that this distribution
is tempered, positive definite and bounded. I, used in defining the radial distribution on SE(2),
is obtained by solving the Laplace-Beltrami operator V2 = 53722 + %% + T%g—;z radially using the
method of separation of variable (see [1]). I is further used to define a temperature function on
SE(2).

Preliminaries concerning the Euclidean motion group, its representation and invariant differ-
ential operators are presented in section two. Spaces of distributions on SF(2) are presented in
section three. It is also proved in this section that the Schwartz space of SE(2) is a Frechect space
and the convolution of functions is continuous in the Schwartz space of SE(2). In section four, a
radial distribution on SFE(2) is presented and is also shown to be tempered, bounded and positive
definite. Lastly, a temperature function on SE(2) is presented in section five.
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1.1 Euclidean Motion Group.

The Euclidean Motion group is a non-compact and non-commutative solvable Lie group realised as
a semi direct product of the additive group R™ with the Orthogonal group O(n). This means that
if S(n) denotes the group, then

S(n) = R" x O(n).

The special Euclidean motion group is the semi direct product of R™ with the special orthogonal
group, SO(n). That is,

SE(n) =R" x SO(n),

where SO(n) = SL(n) N O(n).

SE(n) is also called group of transformation of the Euclidean plane. Henceforth, SE(n) is considered
for this research when n = 2. Elements of SE(2) are given by g = (z,«) € SE(2), where a € SO(2)
and x € R%. For any g = (z1,a1) and h = (23, az), the group law of SE(2) is given as

gh = (z1,01)(x2, a2) = (1 + o122, v12)

1

and the inverse g~ is given as ( [2])

cos¢p —sing )T

—1_ (_,T T T _
gt =(—aq,x104), where « (singb cos

Elements of SE(2) may be identified as a 3 x 3 homogeneous transformation matrix of the form

1o = (g 7 )

where 07 = (0,0). SE(2) = (R? x SO(2)) 2 M C GL(3,R), where M is a subgroup of GL(3,R).
An element of SE(2) may also be presented in rectangular coordinate as follows.

cos¢p —sing x1

g(x1,20,0) = | sing cosp w2 |, ¢ €0,27], (x1,72) € R%
0 0 1

Solvability of SE(2) implies that there exist a sequence of closed subgroup Gy = G, Gy, ..., Gy, Gri1 =
{e} such that G,11 is a closed subgroup in Gy, and Gj/Gj41 is abelian ( [3-5]) . Since all abelian
and solvable Lie groups are amenable, it means that the Euclidean motion group is also an amenable
group. SE(n) is a group of affine maps induced by orthogonal transformation. It is also called a
group of rigid motions. The universal covering group of SE(2) is the semi direct product group
R? x R whose multiplication is defined as

(1, 00) (w2, a2) = (w1 + era, a1 + as)

and its covering map is defined as 4
(z,0) = (z,€").

For 71,72 € R? and o € SO(2), the invariant measure on SE(n) is obtained as the product of
Lebesque measure on R? and the Haar measure on SO(2) given as (see |6, 7])

dul(z, @)] = dridzada.

Let H = L?>(SE(2), 1) be the Hilbert space of square integrable functions on SE(n). For v € H and
z,2' € R?, the right and left regular representations 7% and T* of SE(2) are defined respectively
as

(T, anwl(@1,a2)] = u[(z1, a1) (22, a2)]

= u[(z1 + x2001, 1 + 2)]
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and

(T amyW(21, 1)) = ul(22, 00) " (21, 001))]

[(=%2—o + T127—ar, 2T — a2 + 1))

Let g(t;) be the one-parameter subgroups of SE(2) generated by X;, i = 1,2,3.. Then

TL T
X;u = lim (Mu>

t—0 i
where u is an element of the Garding domain [6]. Explicitly,

0

X, =——

! 8;51
0

Xy = ——

2 awg

P R )

or, o Ory Oa’

The generators of the left invariant Lie algebra of G are given as

0 .
Y1 = cosa— + sina—,
X1 8372

Yy = —sina-— + cosa-—,
2 Stho axl COSO{ax2
0]
Vs = —
3 804’

and they obey the following commutation relations [Y7,Y3] = 0, [Y5,Y3] = Y7 and [V3,Y1] = Ya,
where [A, B] is the standard Lie bracket defined as [A, B] = AB — BA.

The Laplace Beltrami operator defined on SE(2) is given as [l]
P10 1o
or2  ror  r?200?
A sub-laplacian on SE(2) has the form £ = — 3. X;, where X; = a; X3+ U; for some o; € R and

U; € Span{X1,X>}. A radial solution (see [1]), by method of separation, of the Laplace-Beltrami
equation below

V2 = (1.1)

92 10 102

Z 4y 2= 1.2
8r2+rar+r2892 0 (1.2)
yields the following function
Imr) = TP T (VA7) (1.3
= Io(Vr). O (1.4)

Iy is the Bessel function of order zero. It is the spherical function of SE(2).
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2 Spaces of Distributions on SE(2)

In this section, descriptions of spaces of distributions and their respective topologies are presented.
Further more, Fourier transform of functions on SE(2) is discussed

3.1 The space C*°(G). Given a solvable Lie group G endowed with invariant measure du(g),
and g its Lie algebra. Lets denote by m the dimension of g. Fix {X1,..., X,,} a basis of g. To each
a=(a1,...,00,) € N, we put |a| = a3 + ... + a,, and associate a differential operator X*, which
is left invariant, on G acting on f € C*°(G), by

aal aam,

f(g exp(t1X1)~~exp(thm))|t1:...:tm:O.~

The space C*°(G) may be given a topology defined by a system of seminorms specified as

|f|a,m = Sup|a|§m|Xaf(g)‘~

With this topology, C°°(G) is metrizable, locally convex and complete, hence, it is a Frechet space.
This Frechet space may be denoted as £(G)

3.2 The space C°(G). This space C°(QG) is the space of complex-valued C*° function on G
with compact support. For any € > 0, put

B.o={(&0) €G] < e}

and
D =D(B) ={f €CX(G): f(£0)=0,if ||¢]| > €}

Then D(B,) is a Frechet space with respect to the family semi norms defined as

(Pt =10l e},

D(G) = Uy, D(By) is topologised as the strict inductive limit of D(B,,). A linear functional on
the topological vector space D that is continuous is known as a distribution on G denoted by D’'(G).

Given a manifold M and a distribution 7', T is said to vanish on a subset V' C M, which is
open, if T = 0. Let {U, }aew represents the collection of all open sets on which T vanishes and let
U stand for the union of {U, }acw. M — U, regarded as the closure of the complement of M, is the
support of T. We denote &'(G) a distributions space with compact support.

3.3 The Schwartz space S(G). Consider the Euclidean motion group SE(2) realised as R x T
where T = R/277Z. If we choose a system of coordinates( [3]) (z,y,6) on G with z,y € Rand 6 € T,
then a complex - valued C* function f on G = SFE(2) is called rapidly decreasing if for any N € N
and a € N? we have

PNa(f) = Supgerecre | (1+ [[E|P)Y (D f)(£,6) |< +oo, (2.1)
where
(e 5] a2 a3
AT AT A
Ox oy 00
(@ = (a1,a9,a3);€ = (x,y)). The space of all rapidly decreasing functions on G is denoted

by § = S(G). Then S is a Frechet space in the topology given by the family of semi-norms
{Pn.o: N €N,a N3} This result is stated formally with proof in the next proposition,

3.4 Proposition. The Schwartz space S(SE(2)) is a Frechet space.
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Proof. Let us denote the system of seminorm defined in (5) by [|.[[7°,, » € N, o € N™. [[.[[7°,, is
countable and separable on S(SE(2)). This is because |[<[[g% = [I<|[77(g) = 0 = ¢ = 0. This sepa-

rability condition defines a locally convex topology on S(SE(2)). Next is to prove that S(SE(2))
is a Frechet space. In order to do this, we need to show that it is complete. To this end, let
{S}nen C S(SE(2)) be a sequence that is Cauchy in nature for the semi norms |[.|[;°,. Let X
be as defined in 2.1, X“g, converges to a bounded function ¢, o uniformly for every n € N and
a € N™, Next is for us to prove that

Sna =X%poneN, aeN™, (2.2)

The prove of (6) is to establish that ¢9o € S(SE(2)) and ¢, — <00 in S(SE(2)) and by implication,
it will mean that S(SE(2)) is complete. Therefore, let us prove that (6) is true. For n = 0 and «
of length one, say o = a; with all coordinates equal to zero but the i** equal to one, we have for
allt e N

%WWWW:%@+AXmm&Wm (2.3)

when n — oo (7) becomes

s0,0(gexp(tX;)) = <0,0(g) + /O $0,a; (gexp(nX;))dn. (2.4)

If we differentiate (8) with respect to ¢ at 0, it shows that ¢ o is continuously differentiable in the
direction X; with
Xz'§0,0(9) =<0,0;9-

If this argument is repeated, it shows that g5 9 € C°°(G) with X %0 = 0o, Voo € N™. This means
that for alln € N and oo € N™, X g, converges pointwise to X“¢y ¢. By hypothesis, X“g, converges
t0 Gn,q, therefore ¢, o = X% 0. Since ¢, o € L(G), this shows that ¢o 9 € S(SE(2)) and that g,
converges to §p o in S(SE(2)). Hence, S(SE(2)) is complete and therefore Frechet. O

The space S’'(G) of (continuous) linear functionals on S(G) is referred to as the space of tempered
distributions on G = SE(2). This space can be topologised by strong dual topology, which is defined
as the topology of uniform convergence on the bounded subsets of S(G) generated by the seminorms
Py (u) = |u(p)], where u : S(G) = R and ¢ € S(G).

Let f1, f2 € S(G) or L?(G). The convolution of f; and fs is defined as

(% f2)(g /ﬁ ) o™t g)dpc(h)

The convolution operation obeys the assomatlmty property

(fix f2) * fa = f1x (fa* f3),
whenever all the integrals are absolutely convergent (cf: [2,8,9]).
The next result shows continuity of convolution of functions in S(SE(2)). It is presented below
as proposition 3.5 with proof.

3.5 Proposition. Convolution of functions is continuous from S(SE(2)) x S(SE(2)) to S(SE(2))

Proof. Let us recall that the convolution of two functions on SFE(2), provided the integral con-
verges, is defined as

(Fo% f2)(g /h ) fo(h™ g)dpc(h)
/ﬁgbﬁ Ndpu (h).
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Since the differential operators X< are left invariant, they act on the convolution as follows

X f1* f2) = frx X% fa,
therefore,

X (f1 % f2)(g)] = | / X f (1) ok g)dh|

We note that SE(2) is unimodular (see [10], p.326), this means

/fhgdg—/fghdg—/f ’1dg—/f

So, by putting g = hg, we get
X2 (s ) = | [ X R R0 (o)

=1 [ XA flgyan

< [ 1xepi paa)an

We know that
X(f1x f2)(g) = f1 x X fa(9)-

But
f1x XYfo(h /f1 YX*(h~ g)dh

Therefore
IX(f1 * fo)(9)] < / A (W)X fa(g)|dh
G

C
< [ 1l

because |X*fa(g)| <
11£]12)V], so that

W Since ||€]] is a positive real constant, we may put Qn = |(1 +

X% f2)(g)] < /G (W)X ol g)|dh

C
<. AWl e

C
< QN/ Fu(h)\dh

= QiNHfl”Ll(G)

[T+ HEIPN X (1 # f2) (€ 0)] = 1L+ [ENIDNIX (1 * f2) (€. 0)]
< Cllfllrc) < +oo.

On taking supremum, we have

Pon(f1* f2) = supger eerz|(1+ [[E]P)N X*(f1 % f2)(£,0)] < +oo.

4. Radial Distribution on SE(2)
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Let G be an arbitrary locally compact group and K its subgroup that is compact, the pair (G, K)
is known as a Gelfand pair if L*(K\G/K) is abelian under convolution. Also, let C.(K\G/K) stand
for the space of continuous functions with support on G that are compact. Any f € C.(K\G/K)
that satisfies f(k1gks) = f(g) Vk1, ke € K is called a spherical function and C.(K\G/K) equipped
with convolution as a binary operation forms a Banach algebra that is commutative (see [10,14]).

4.1 Definition. A function f: R™ — R is called radial if 3 ¢ defined on [0, 00) in such a way that
f(x) = ¢(|z|), V = € R"™. For a transformation p on R™, p is called orthogonal if 3 linear operator
on R™ such that (pz, py) = (x,y) V z,y € R™.

A Schwartz function ¢ is called radial if for all A € O(n) (that is to say, for all rotations on ™)
the following equation holds

© = poA.
A collection of all radial Schwartz functions is denoted as S,qq() and S’() the space of tempered
distributions on ™. A distribution u € §’() is called radial if for all A € O(n), we have

u = uoA.
This means that for all Schwartz functions ¢ on ", we have
(u, 0) = (u, poA)

and S ,() is the space of all radial tempered distributions on ™

4.2 Definition. A positive definite function
f:G=C

satisfies the following inequality

> (g o) 20 (2:5)

ij=1m
for all subsets {g1,...,9m} € G and all sequences {aq, ..., } € C. The integral analogue of the
inequality (5) is given by

//f 91)0(9:)¢(gr)dgidge > 0 (2.6)

where ¢ ranges over L!(G) or C.(G). If f is a continuous functions, (9) and (10) are equivalent.

A spherical function that also satlsﬁes (5) is referred to as positive definite spherical function.
Let (G, K) stand for the set of spherical functions on G and let (G, K), denotes the subset of
(G, K) that is positive definite. The set (G, K, is isomorphic with R*. A measure 7 on (G, K)
such that for f € L*(G, K) the plancherel theorem holds, that is

[ @Pdka) = [ |fto)Pdne)
(K\G/K) (G.K)

7 is referred to as plancherel measure and its support is the full set (G, K )A

4.3 Definition [11]. A positive definite distribution T on a Lie group G is a distribution that
satisfies T'(¢ * ¢) > 0 V¢ € D(G). If in addition to the above condition, ¢ € C.(K\G/K), such a
distribution is known as a K-bi-invariant distribution on G.

Let us look at the following regular distributions on SE(n)

1. Let f be a continuous function on R?, ; a Radon measure on the compact subgroup of G.
The linear functional f ® u on ©(G) defined by

o= (o, fOu) = /R /50(2) fla)p(g)dadA

is a distribution on G = SE(2), ¢ € D(G).
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2. The character function x, is a linear functional on D(G) or distribution on G defined by

oo

Xa:f+ Z /Gf(g)(U;Xan)dg: Z (U;X",X"):T’/‘U?,

n—=—oo n—=—oo

where

Us = /G Fo)Udg.

It is our interest in this section to show that the type of distribution mentioned in 2 above is a
radial, positive definite, tempered and bounded. We proceed as follows.

There is a relationship between the spherical function Iy of SE(2) and x, on D(G). This may
be found in [3] as theorem 3.3. It is stated here as theorem 4.4, without proof.

4.4 Theorem For any fixed o > 0, the linear functional
Xaf — TrU7

is a distribution on G = SFE(2). In fact, x, is equal to Io(¢||£|]) ®d(t) where Ij is the Bessel function
of order 0 and ¢ is the Dirac measure of order zero on T'= K and TrU¢ stands for the trace of the
representation U7. That is to say, our distribution under consideration is K (A,t) = Io(\) ® 4(t),
where A = t]¢]|. O

S'(SE(2)), as earlier defined, is the space of tempered distributions on SE(2). There are three
kinds of topology that can be given to §’(SFE(2)), namely, strong dual topology, weak topology and
the weak * topology. A tempered distribution u € S'(SE(2)) is a continuous linear functional on

S(SE(2)).

Let T € S'(SE(2)) and let f be an arbitrary C* function on G. There is a condition for
fT € S'(SE(2)). This leads us to the following definition of a Lie group with polynomial growth.

4.5 Definition [12], p.7 Let G be a Lie group and let u be the left Haar measure of G. G is said to
have polynomial growth if 3 a compact symmetric neighborhood U of e € G that generates G and
such that the sequence (u(U"™)nen has polynomial growth as n — oo. A function f € C*°(G) is said
to have a polynomial growth if G has a polynomial growth. A Gelfand pair (G, K) has polynomial
growth if G has polynomial growth ( [12], p.7). The Gelfand pair (SE(2),SO(2) = T) is a pair with
polynomial growth, it follows from Def. 4.5 that SFE(2) is a a Lie group with polynomial growth.

Given T € §'(G) and f € C*(G), the condition for fT € §'(G) is that f must be a function
with polynomial growth. I is the spherical function on SE(2). It is bounded, positive definite
and has polynomial growth.(see [10]). Also, (¢t) € C°°(G). Following this development, we have
that Io(A)d(t) € S'(G), where A = o||€||. Further more, Iy being the spherical function of SE(2)
is also a radial function. This is because elementary spherical functions are also radial functions.
Since I,(A) is radial, bounded and positive definite (see [10],Prop. 2.4) and K (A, t) = Io(A\)d(t) is
compactly supported in §’() at the identity, it therefore means that it also belongs to the space of
tempered radial distributions S/, ,(G) on G = SE(2).

5. Temperature function on the motion group SFE(2)

In this section, we extend results obtained in [13] for Heisenberg group to the Euclidean motion
group.
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5.1 Definition. Let Agg(9) be the Laplace-Beltrami operator on SE(n). A temperature function
on SE(2) is a C* function F' € S(G) that satisfies

<<§§AG)F)(5’9) =0,(60) €G.

Let f € L>°(SE(2)), then f is positive definite on G if

1600 7)€ 0)ded0 > 0. € SSPR)."(€0) = ¢l(6.0) ).
A function f that is continuous on SE(n) is called U(n)- invariant if

f(af,@) = f(gvo)’ (570) € SE(2)7VOZ € U(”)v

where U(n) stands for a collection of square unitary matrices of order n. Let f € S'(SE(2)), then
for all o € U(n), fq is defined as

fa(®) = f(a-1),
where ¢ € S(SE(2)) and ¢,-1(&,0) = p(a™1€,0). A function ¢ € S(SE(2) is U(n)-invariant if
Pa = P,
a distribution f € S'(SE(2)) is U(n)-invariant if and only if f = f% where

and

(&0) = ¢,0)da,
S (€.6) /U(n)som Jdo

do is the normalized measure on U(n) such that

/ da=1.
U(n)

It therefore means that ¢ € S(SE(2)) is U(n)-invariant if and only if ¢f = . Let f € S'(SE(2))
and ¢ € S(SE(2), then the convolution f * ¢ is defined as

(f+ )&, 0) = /df(ﬁ’,9’)@((5’,9’)*1(5,9)), (§,0) € SE(2), (£,0).

and
(o f)(&0) = /df(é’ﬁ’)@((&9)(6',9')71), (& 0) € SE(2), (£.¢).
The linear map
S'(SE(2)) x S(SE(2)) 3 (f.9) = f*¢ € S'(SE(2))

is separately continuous and the convolution f x ¢ is a smooth function on SE(2) (see prop. 2.5
above). The following lemma is needed in the proof of theorem 5.3, which is the main result of this
section. Following [13], we have the following lemma.

5.2 Lemma. The Bessel function {Jy(A) : A > 0} associated with the Laplace-Beltrami Oper-
ator of SE(2) satisfies the following conditions.

(i) Jo(A) € S(G), A > 0.

(ii) For every ¢ € S(G), Jo(A) * ¥ — ¢ in S(G) as A — 0.

The following result is the main result of this research.
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5.3 Theorem.Let f € S'(SE(2)). The function F defined on G by

F(§0) = (f * Jo(N)(&.0)
satisfies the following conditions.

(i) There exist positive constants C' and N such that

[F(E0)<C sup  |(L+]E)) NI FllLr(sBe).,
0ET,ECR?

where || f||11(sE(2)) is the L'~ norm of SE(2).

Proof.(i) Let f € S'(SE(2)). Then by (i) of lemma 4.2, the function defined by F(&,0) =
(f*Jo(N))(&,0) is a smooth function on SE(2). Also, since the linear map S'(SE(2)) x S(SE(2))
(fyp) = fxp e S'(SE(2)) is separately continuous, it therefore means that f * ¢ is smooth. Let
U(g) be the the universal enveloping algebra of SE(2). Elements of this algebra are left invariant
differential operators on SFE(2). The Laplace-Beltrami operator on SE(2) is a member of this
algebra, therefore A is a left vector field on SE(2). Therefore, it stands to reason that

((2-2c)F)eo-o

(ii) For f € S'(SE(2)), there exists C and N such that

[f@<C sup |1+ ][N (D f)(E,0)].
[ZSYWIS

R2
By (2.1),

[E& )] = (f* JoM)(E O < sup  [(L+ €]V (D * Jo(N)(€,0)]-

OET,EER?

But
D2 (f % Jo (V) (E,0)] = |f * D Jo(\) (€, 0)
< / FIID* (7 1)\dn
SE(2)

< / [f(||IDC)|dn  since SE(2) is unimodular
SE(2)

C
d -
< /SE<2> el e

— O+ D)) / |F(m)ldn
SE(2)
= (14 ) N e s

n= (570) and ¢ = (6/79/)_
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