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Abstract
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Banach spaces with generalized Zamfirescu mappings. Our results improve a multitude of
recent results in literature. .
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1 Introduction

Let (@, d) be a complete metric space, T : Q — @ be aselfmap of Q. Theset Fr ={zr € Q : Tz = z}
is the set of fixed point of 7" in X. Let Q be a non-empty closed and convex subset of a Banach
space X.

A Banach space is a complete normed linear space. A Banach space (X, |.||) is said to be uni-
formly convex, if for every e > 0, there exists a § > 0 such that for all z,y € X with ||z] < 1,
lyll <1 and [ —y[| > € then ||3(z +y)| < 1-4.

The following result is due to Zamfirescu [1] in 1972.

Theorem 1.1. [1] Let (X,d) be a complete metric space and T : X — X be a mapping for
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which there exist real numbers «, 5 and -y satisfying 0 < a<1,0< 8 < 0.5 and 0 <~ < 0.5 such
that for each z,y € X at least one of the following is true:

(Zl) d(TSU,Ty) < ad(x7y)v

(Z2) d(Tx, Ty) < Bld(x, Tx) +d(y, Ty)],
(Z3) d(Tx,Ty) < ~[d(z,Ty) + d(y, Tz)].
Let

(5 = max{a, %, %}
where § satisfy 0 < § < 1.
A mapping T satisfying the contractive conditions (Z7), (Z3) and (Z3) in Theorem 1.1 above is
called Zamfirescu operator.
Remark 1: For the proof of Theorem 1.1 (see [2]). Also shown below:

If Z; holds then we have

d(za,z1) = d(Tz1,Tx0)
< ad(z1,z0)
d(1‘3,1‘2) = d(TCEQ,TZEl)
< o?d(zy, o)
d(xpt1,2n) < ad(zy,x0), V=1,2,3,...
d(TnipsTn) = d(Tn, Tnip),
n+p—1
= Z d(Tpt1, T)-
k=n
d(mn—&-lm) = d(-rnvxn-i-l)
S ad(mnwxn*l)
d(xn+271'n+1) = d(Txn+17Txn)
S OéQd(ﬂTn,l‘n_l)

d(Tn13, Tny2) d(Twpyo, Toni1)

< 043d(33na mn—l)
d(xn+ka xn+k71) = d(Tanrkfl; Tanrka)
< akd(mn,xn_l)k eN*

104


 https://doi.org/10.5281/zenodo.16740785

Cv! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

UMSO 11(2), 2025, PAGEs 103 - 110
HTTPS://D0OI.0RG/10.5281/ZENODO. 16740785

If (Z3) holds, then we have

d(Tz,Ty) < Bld(z,Tz) +d(y,Ty)]
< Bd(z, Tx) + Bd(y, ) + Bd(x, Tx) + Bd(Tz, Ty)
— 2Bd(w, Tx) + fd(x,y) + Ad(Tx, Ty)
d(Tz,Ty) — pd(Tx,Ty) < 2Bd(x,Tz)+ pd(z,y)
AT Ty) < (725 T0) + (7o g)dley) 02 5 <05
denoting
5=max{a,%,ﬁ}. (1.1)
where § satisfy 0 <6 < 1. (1.2)
Using Z5 for x,y € X, then we obtain
AT Ty) < (e To) + (2 )dley)
B B
Let 6 = %,
d(Tz, Ty) < 26d(z,Tx)+ dd(z,y). (1.3)

If Z3 holds, from theorem 1.1, suppose 0 < § < 1 then

d(Tz,Ty) < ~ld(z,Ty),d(y,Txz)]
< vd(z, Ty) + [d(y, ) + d(z, Ty) + d(Ty, Tx)]
(1=7)d(Tx,Ty) < 2vyd(z,Ty)+vd(y, )

d(Tz,Ty) < d(z,Ty)+ %d(ﬂw) 0<y<05

In a similar manner, Let consider,
Y Y
d(Tz,Ty) < (j)d(:mTy) + (j)d(%y)
(T2,Ty) < 2(2)d(@,Ty) + (;7=)d(w,y)
Let 6 = 7=, to obtain
vy
d(Tz,Ty) < 26d(z,Ty)+ dd(z,y). (1.4)

Remark 2: Suppose (X, ||.]|) is a normed linear space, then (1.3) becomes

1Tz — Tyl < 26[lx — T|| + éllz - yl|, (1.5)
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for all 2,y € X and where 0 < § < 1 is defined by (1.1)

Bosede used (1.5) to find the fixed point theorems for some iteration processes with generalized
Zamfirescu mappings in uniformly convex Banach spaces (see [3]).

Our aim in this paper is to establish some fixed point theorems for some iteration processes with
generalized Zamfirescu mappings in uniformly convex Banach spaces. The generalized Zamfirescu
mapping defined in this paper is better than the one defined by Ciric (2003) and Bosede (2009)
(see [4,5]). We shall use an iterative scheme (2.3) and the contraction mapping as indicated below:
Let X be a non-empty closed convex subset of a normed linear space X and T : X — X a self map
of X, then

1Tz — Ty|| < (26]}¢ — Tz|| + 6|z — yll)el =TI (1.6)

where 0 < § < 1 is defined by (1.1) and e* denotes the exponential function of x € X

2 Preliminaries

Suppose Q be a closed and convex subset of a Banach space X and T : Q — @ a mapping which
satisfies the condition

d(z,Tz) + d(y, Ty) < ad(z,y) (2.1)

Va,y€ Q,where2<a<4.
Let zp € @ be arbitrary and sequence {z,}52; be a sequence defined by

1
Tpy1 = i(xn—l—Txn),n:O,l,Z... (2.2)

Mann Iterative Scheme [6]
Let z¢ € Q be arbitrary, {z,}>2, be a sequence defined by

Tpp1 = (1 —ap)zn + nTrn, n=0,1,2,... (2.3)

satisfying conditions 0 < a,, <1 and Y~ (1l — ay) = .
Ishikawa Iterative Scheme [7]
Let zg € Q be arbitrary, {z,}22, be a sequence defined by

Yn = (1 - Bn)xn + BT xy,
Tnt1 = (L —ap)zn+anTyn, n=01,2 ... (2.4)

with {@,}52, and {B,}52, being sequences of real number, satisfying the following conditions
S g =00, > oo Bn =00 and 0 < ay, B, < 1.

Noor Iterative Scheme [8]

Let 29 € Q be arbitrary, {z,}52, be a sequence defined by

Zn = (1 - p)/n)xn + Y TYn
Yn = (1 - Bn)xn + BTy,
Tny1 = (1—an)zy +anTz,, n=0,1,2,... (2.5)

with {an 1520, {Bn}22 and {y,}22, being sequences of real number, satisfying the following con-
ditions Y7 g oy =00, D07 B =00, Yoo oY =00 and 0 < ay,, By, yn < 1
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Using the contractive condition (2.1) and iteration (2.2), Ciric in [4] established the following
results:

Theorem 2.1 Let Q be a closed and convex subset of a Banach space X with the norm ||z|| = d(z, 0),
x € @ and a mapping T : @ — @ which satisfies the contractive definition (2.1). Let xg € Q be
arbitrary sequence {z,}52, defined iteratively by (2.2). Then, T has at least one fixed point.

Remark 3: The proof of Theorem 2.1 is contained in [4]. Our aim in this paper is to establish
fixed point theorems for Ishikawa (2.4) and Mann (2.3) iterative schemes respectively in uniformly
convex Banach spaces for the class of Zamfirescu mappings, using the contractive definition (1.6)
Remark 4: The contractive definition (1.6) is well defined. Iterative scheme (2.4) used in our
result is more general than iterative scheme (2.3) used by Bosede in [3], iterative scheme (2.2) used
by Ciric and others in literature (see [3-5,9-29]).

Suppose B, = 0, Vn € N in the Ishikawa Iteratlon (2.4), we obtain iteration (2.3) which is the
iteration used by Bosede, also suppose o, = 5, V¥ n € N in the Ishikawa iteration (2.3), we obtain
iteration (2.2) used by Ciric [1] in Theorem 2.1 above.

The following result establishes a fixed point theorem for Mann iteration process for the class
of Zamfirescu mappings in uniformly convex Banach spaces.

3 Main Result

Theorem 3.1

Suppose T : @ — @ be a selfmap, Q be a closed and convex subset of a uniformly convex Banach
space X, satisfying contractive condition (1.6). Let 29 € @ be arbitrary and a sequence of {x, }52
defined iteratively by (2.3) converges strongly to the fixed point of T.

Proof
Considering iterative scheme (2.3), contractive definition (1.6) and triangular inequalities, for any
arbitrary zo € @), we have

[2ne1 —pl = (1= an)en +anTz, —pll
= ||(1 - O‘n)xn +ap,Tx, — app — (1 - O‘n)pH
= (1= an)(@n —p) + an(Tz, —p)|
= (1= an)(@n —p) + an(Tz, —p)|
< (1= an)llen — pll + onl|Tzn — pl|
(1= an)lzn = pll + an|| Tz — Tp||
= (1 = an)llzn — pll + anl|Tp — Ty
< (1 = an)llzn = pll + an(26]lp — Tpl| + 8|lp — @)™ 771]|
< (1 = aw)llzn — pll + an(26]|p — pl| + 8[|z — p|)el* 71|
= [I(1 = an)llzn — pll + @ (26(0) + 8|z |z — pl)e’
= (1 = an)llen = pll + an(0 + 6llzn — pl)||
< (1= an + and)|lzn — pll] (3.1)

where 0 < a,, <1, 0<éd<1land0<(1—a,+a,d) <1, gives

[#nt1 = pll < llen = pll (3:2)

This shows that ||z, — p|| is a monotone decreasing sequence. From (3.2) ||z, — p|| = 0 as n — oo,
then, iterative scheme (2.3) converges strongly to the fixed point of T.
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Hence, completes the proof.

Remark 5: The iterative scheme (2.4) used in our next result is more general than the iterative
scheme (2.2) used by Ciric (1990). Suppose 8, =0V n € N in (2.4), we obtain an iterative scheme
(2.3).

Remark 6:The contraction definition used in (1.6) is more general than (1.5) used by Bosede
(2009) in the following sense:

Suppose e’ = 1 in (1.6), we obtain (1.5) V z,y € X

The following result establish a fixed point theorem for Ishikawa iteration process for the class of
Zamfirescu mappings in uniformly convex Banach spaces.

Theorem 3.2

Suppose T : Q@ — @ be a selfmap and Q be as in Theorem 3.1 above. Let xy € @ be arbitrary
and a sequence {z,}>2, be defined by (2.4) iteratively. Hence, Ishikawa iterative scheme converges
strongly to the fixed point of T.

Proof

From Theorem 1.1, it was established that T has a unique fixed point in Q, that is p = T'p such that
p € Q. This study need to show that the sequence ||z, — p|| is monotone decreasing. Considering
the iterative scheme (2.4), contractive definition (1.6) and triangular inequalities. For arbitrary
xo € @, we obtain

||33n+1 -pl| = || 1—ap)rn + Ty, — pH
(1 = an)zn + anTyn — anp — (1 — a)p|

11 = an)(@n = p) + an(Tyn = p)||

T
T

= (1 —an)(@n —p) + an(Tyn — )|
< I = an)ll@n = pll + @l Tyn — pll
< (1= an)llzn — pll + @n(28]lp = Tpll + 5llp — ynl)e! "1

(1 = an)[J2n = pll + an(26]lp = pll + 8llyn — pll)e!P~#1|
= (1 = an)llzn = pll + @n(26(0) + 8]y — pl)e’|
= [[(1 = an)llzn — pll + an (0 + 6[[yn — pl)l
< @ = an)llzn = pll + andlly, — 1 (3.3)
However, y,, = (1 — 8p)zn + BnTxn

( )Zn

( )

( )

( )

( )
11 = an)llzn = pl| + anlTyn — Tl
11 = an)llzn = pl + anlTp = Tyl

( )

( )

( )

( )

( )

”yn_pH < H 1—Bn xn+/BnTxn p”

< (=8 ||$n P|| + 5n|\T~”ﬂn —P||
= [[(L = Bu)lzn = pll + Bul Tzn — Th|
< (0= Ba)llzn = pll + Ba(26]p — Tpl| + 8|lp — wa | e P21

(1 = Ba)llzn = pll + Ba(28|lp — pll + 8]l — pl)elP~#1]|
= (@ =B)llzn = pll + 82(25(0) + ]|z — pl))e°
11 = Bu)llzn = pll + Bn(0 + dl|zn — pl)l
= Q= Bn+ Bnd)llzn — pll (3.4)
where 0 < 5, <1, 0<d<1land 0<(1— 5, + B,0) <1, gives

(1-B)
(1- B
(1-B.)
(1-Bn)
11 = B)llen = pll + BallTp — Tz |
(1-B.)
(1-B2)
(1-B)
(1-Ba)

lyn =2l < llzn —pl (3.5)
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Substituting (3.5) into (3.3) gives

[ents —pl < (1= an)llzn —pll + and|zn — pll
= [I(1 = an + and)llzn — pll

Also, by observing that 0 < a,, <1,0<§ < 1 and since 0 < (1 — o, + @ 0) < 1, gives

[zn41 —pl < |2 — pll (3.6)

This shows a monotone decreasing sequence such that ||z, — p|| is monotone decreasing. From (3.6)
observe that ||z, — p| — 0 as n — oo, then, iterative scheme (2.4) converges strongly to the fixed
point of T.

This completes the proof.
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