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Abstract

This paper introduces a class of enriched weakly contractive mappings for approximating a
non-Picard average operator on a closed convex subset of Hilbert spaces. By imposing the en-
riched weakly mapping on the average operator, we establish and prove some results concerning
convergence theorems (strong and weak), stability, and convergent rate. The validity and gen-
erality of the new class of enriched weakly mappings are examined with the aid of practical
examples. The results harmonize and improve some recent results on enriched contractive-type
mappings.
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1 Introduction

Let (E,||-||) be a normed vector space and T be a self-map of E. Also, let F'(T) ={p € X : p=Tp}
be the set of all fixed points of T. The map T is called a Banach contraction [1] if there exists a
non-negative constant a < 1 such that

[Tz —Tyll < allz —yll, Vz,y € E. (L.1)

The Banach’s contraction map (1.1) is a fundamental map that connects a broader family of
contractive-type mappings in the literature and it often serves as a starting point for generalizations
in the metrical fixed point theory. For instance, if @ = 1, the condition

[Tz =Tyl < [lz—yll, Va,y € E. (1.2)

defines a nonexpansive mapping. Also, by letting a = a(s) be a function a : [0,00) — [0,1) such
that
[Tz =Tyl < a(|z —yl) lz —yll, V,y € E. (1.3)
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Three significant independent results could be obtained from (1.3). That is, the map T satisfying
(1.3) has a unique fixed point if (i) a,(s) is a decreasing function, see [2[; (ii) a,(s) is such that

a,(s,) — 1 (a is not continuous at 1) implies that s, — 0, see [3]; and (iii) a,(s) is an increasing
function, see [4]. The above results are unified by the nonlinear contractive condition
1Tz =Tyl <4 ([l —yll) (1.4)

where 1 : [0,00) — [0,00) is a nondecreasing and upper semi-continuous function from the right.
This is an equivalent condition in [5] if ¢(s) < s, for s € RT.

In [6], the unification of both conditions (1.1) and (1.2), called a weakly contractive mapping, was
introduced in a Hilbert space H setting as:

[Tz =Tyl < llz =yl = ¢ (lz = yl), V2,y € H. (1.5)

where ¢ : RT — RT is a continuous and nondecreasing function with ¢(0) = 0 and lim;_, .. ¢(¢) =
oco. The result is presented as follows:

Theorem 1.1. [6] If T is a weakly contractive map (1.5) on Q C H, then it has a unique fized
point p € 2.

Several fixed point theorems exist in the literature regarding the existence and convergent prop-
erties of the weakly contractive map (1.5) for a sequence x,, defined by the Picard and non-Picard
operators, see [7—17] and some references therein. Recently, some authors introduced the notion of
enrichments to generalize the Banach contraction and nonexpansive maps as follows:

Definition 1.2. [/8] Let (X, || -||) be a linear normed space. A mapping T : X — X is said to be
an enriched contraction if there exist b € [0,00) and 6 € [0,b+ 1) such that

16z —y) + Tz —Ty|| <0z —yll,Vz,y € X. (1.6)

Definition 1.3. [19] Let (X, || -||) be a linear normed space. A mapping T : X — X is said to be
an enriched nonexpansive mapping if there exists b € [0,00) such that

Ib(x —y) + Ta =Ty < (b+ 1) [l =y, Yo,y € X. (L.7)
A unified and enriched condition of both (1.6) and (1.7) is presented as follows:

Definition 1.4. Let (X,|| - ||) be a linear normed space. A mapping T : X — X will be called a
unified enriched nonlinear contractive mapping if there exist b € [0,00), upper semi-continuous and
nondecreasing function ¢ : RT — RT such that

lo(x —y) +Tx =Tyl <, (|2 —yl), Ya,y € X. (1.8)

For example, if 1, (s) = a,(s)s, then a, has the property that a,(s,) — b+ 1 (not continuous) as
sn — 0, called an enriched Geraghty mapping.

Recent research papers have extended the notion of enrichments to study several contractive-type
mappings for approximating non-Picard iterations in ambient spaces, see [20-28].

However, the present paper aims to introduce an enriched weakly contractive mapping to examine
the existence and convergent properties of an average operator, called the Krasnoselskij opera-
tor [29]. Novelties of the paper that (i) it forms a class of the enriched Banach contraction mapping
and other enriched contractive-type mappings. (ii) it mediates between two or more existing en-
riched conditions. (iii) it has a better convergent rate. (iv) it extends and generalizes the weakly
contractive-type mappings in the literature.
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2 Enriched Weakly Contractive Mappings

We begin this section with the following definition:

Definition 2.1. The set ®* is defined as the class of refined functions ¢, , : RT — RT with the
following property:

¢1: b, s lower semi-continuous and non-decreasing function;
B2: ¢, 4(s) < (b+1)s forbe[0,00);

#3: ¢,.4(8) =0 if and only if s = 0; and

¢a: b, , is subadditive.

For example, let ¢, , : Rt — R* be defined by ¢, ,(s) = 0s for § € [0,b+ 1) and s € R, then
¢, € . Obviously, ®* = ® with b = 0. Thus, the class ® is a subclass of ®*. We shall write ¢, to
denote ¢, , when there is no emphasis on ¢. Other kinds of function ¢, include: ¢, ,(s) = 6(e® —1);
¢,,(s) = s? for ¢ > 1 etc.

Definition 2.2. Let (E,|| - ||) be a linear normed space. A mapping T : E — E is said to be an
enriched weakly contractive mapping if there exist b € [0,00) and ¢, € ®* such that

[Tz =Tyl < 0+ 1) lz —yll = ¢, (e —yl), Va,y € E. (2.1)

Henceforth, we refer to T" as a ¢, ,-enriched weakly contractive mapping. Obviously, condition (2.1)
is a weakly contractive mapping with ¢, , = ¢, , (= ¢), that is, any weakly contractive map T is a
¢, ,-enriched weakly contractive map for a € (0,1). The following are consequences of (2.1):

I. If ¢, , € ®*, then condition (2.1) becomes the enriched nonexpansive mapping.

II. If ¢, , € ®* for 6 € (0,b+ 1), then condition (2.1) is a class of enriched Banach contraction
mapping.

1L If ¢, ,,, € ®*, then there is no discrepancy between (1.6) and (1.7).

Properties I. and II. are clear indication that the new enriched weakly contractive mapping har-
monizes some classes of enriched contractive-type mappings. The following example shows that
the enriched weakly contractive mapping strictly includes the weakly contractive mapping and the
Banach’s condition.

Example 2.3. Let E = [0,1] be equipped with the usual metric which induces a norm || - || and
T:E — FE be defined by Te =1 —x; ¥V x,y € E with F(T) = {%} Then,

(i) T is not a Banach contraction mapping (1.1).
(i) T is not a weakly contractive mapping (1.5).
iii) T is an enriched weakly contractive mapping.
jii) T i iched weakl tracti '
i) Assume that the map 7' is a Banach contraction mapping (1.1) for z,y € E, then
i) A that th T is a Banach contracti ing (1.1) f E, th
Tz Tyl =z -yl <alz—y|.

But
|zt -yl <alr—y| <|z—yl

is a contradiction.
(i) Also, suppose that the map T is a weakly contractive mapping (1.5) for z,y € E, we have

|Tx —Ty| = |z —y| < |z —y| — o(Jz —y|).
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Therefore,
[z —yl <z —yl— oz —yl) < |z —yl
is a contradiction.
(iii) Here, we show that T is an enriched weakly contractive mapping. Indeed,

bz —y) +Te =Ty[ =1 =bl[z —y[ < (1 +0) |z —y| = ¢,(Jx —yl)
where ¢, € ®*. For x # y, the last inequality becomes
b+ D]z -yl =2z -yl <O+ 1) [z -yl - ,(lz —yl).

Consequently,
¢, (lr —yl) <2z —yl < (b+1) [z —yl.

By the hypothesis on ¢,, T is an enriched weakly contractive mapping for b > 1. More so, by
defining ¢, (s) = 0s for § € [0,b+ 1), we obtain from the last inequality that § = 2. Thus, the
inequality holds only if b € (1, 00).

Example 2.4. [19] Let E = [%, 2] be endowed with the usual norm and T : E — E be defined by

Tz =12, for all v € [L,2] with F(T) = {1}. Then,

(i) T is not a nonexpansive mapping;

(i) T is not a quasi-nonexpansive mapping; and
(iii) T is a ¢, ,-enriched weakly contractive mapping.

The justifications that (i) and (ii) hold were discussed in [19]. For (iii), the enriched weakly con-
tractive mapping reduces, in this case, to

1
\b(x—y)JrT:v—Ty\=\b—;y|\x—y|S(b+1)|$—y\—¢b(|w—y|),

But then ||b+ 1| — |1+ $| <|b-— m—1y| for all z,y € [3,2]. Moreover, for b > 4,

1
(b+1) |z —yl *(1+@)va*y\ <+ ]z -yl —9,(lr—yl)
which leads to 1
¢, (lz —yl) < (1+@)\x—y|~

Thus, the last inequality is satisfied if only
+ T +1) |z .
Y ) Y

By letting § = max{1+ (zy)~! : ,y € [3,2]}, then ¢, (s) = fs = 5s for all s € [0, 00). Obviously,
¢,(s) € @*. Hence, T is a ¢, ;-enriched weakly contractive mapping.

Remark 2.5. Observe that the Picard operator fails to approzimate the fixed point in Examples 2.3
and 2.4. Thus, to approximate fixed point of enriched weakly contractive mapping, we consider a
more relaxing operator called the Krasnoselskij-averaged operator Ty = (1—XN)T+ T In the sequel,
we shall prove some results concerning existence properties, convergent (strong and weak), stability
and convergent rate using the operator Ty with imposition of condition (2.1).
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3 Main Results

The main results are presented as follows:

Theorem 3.1. Let H be a Hilbert space and let IC be a closed conver subset of H. Suppose T) :
K — K satisfies the enriched weakly contraction mapping, then Ty has a unique fixed point.

Proof: Let T be an enriched weakly contractive mapping and let A = bJ%l Obviously, A € (0,1)
for all b > 0. Then,

|G =06 =)+ T =1y < 0 1) o= ol 6, o =)

By applying A to both sides, this gives

[Tz = Toyll < [l =yl = ¢ ([l = yl)

where ¢ = A¢,. Since ¢ € ®*, it follows that T} is a weakly contractive map. By Theorem 1.1, T
has a unique fixed point.

Theorem 3.2. Let Ty : K — K be an enriched weakly contraction mapping on K C H with the set
of fized point F(T) # 0. For xo € K, the sequence x,, given by

Tpy1 = (1 =Ny, + ATz

where X € (0,1), converges to a unique fized point in F(Ty).
Proof: Let g € K be given and F(T') C K. By letting z,, be a sequence defined by

Tpt1 =Irxp, n=0,1,2,...
Then,

[2n+1 = 2all = 1 Txzn — Taan-a|
< lzn = zn-all = A, ([[on — zn-all)

Let vy, = ||@s, — Zn—1]|, then by the property on ¢,, we have

Unt1 < Up — AQ, (Up) <oy, (3.1)

This means that the sequence {v,} is nonincreasing which converges to some nonnegative number
v, that is, for large n,
v = liminf v, = liminf v, 44

It follows from (3.1) that
v<v—Ap, (V)

which further implies that ¢, (v) < 0, and by hypothesis on ¢, v = 0.
Next is to show that x,, is a Cauchy sequence. Suppose, otherwise, that x,, is not Cauchy, then for
€ > 0, there exist positive integers my, ny with ny > my > k such that

||xnk - ‘ka” > ¢ and ||xnk+1 - xmkH <e
Now by (3.1), we have

52 < ”1'7% - xmkHZ < HxnkJrl - xnkHZ -2< Tnp+1l = Tngyr Tng+1 — Tmy, >

+ ||xnk+1 = Tmy, ”2 < 62
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This implies that

Hxnk = Tmy, H = Hxnk-i-l = Tmy, ” =€
Also,
€= Hxnk+1 — Tmy, || < HT)\xnk - T)\xmk” + ||xmk+1 - xmkH
< Hxnk = Tmy, ” - )‘(bb (Hxnk = Tmy, ”)
=&— )\¢b (8)

Consequently, ¢, (¢) < 0. By hypothesis, € = 0 is a contradiction.
Therefore, the sequence x, is Cauchy. By completeness of X C H, the sequence x, converges
(strongly) to p € K, that is,

lim <z, —p, 2, —p>= lim |z, —p|* =0

n—o00 n—o0

More so, by the continuity of T, we have
ITaen = Topll” < [llzn = pll = A, (len —pID)* < lim [Jzn —p|* =0
Next is to prove that p is fixed point of Thp, that is, (using the last inequality)
lp = Tapll < llp = Zngall + | Tazn — Topl| = 0

implies that p = T\p, as required.
Uniqueness: Suppose p* # p, where p* is another fixed point of T. Then,

Ip* = pll = ITxp"™ = Tupll
<llp* = pll = o(llp" = pll) < p* —pl
is a contradiction. Hence, p is a unique fixed point of T}.

Corollary 3.3. Let ThK — K be (0; ¢, )-enriched weakly contractive mapping on K C H with the
set of fized point F(Ty) # 0. For xy € K, the approrimating sequence defined by x,11 = ThTp, n =
0,1,2,... converges strongly to a fized point of T.

The proof is immediate from Theorem 3.2, see also Theorem 3.1 in [6] for similar approach.
The estimation of Theorem 3.2 is presented as follows:

Theorem 3.4. Let Ty : K — K be an enriched weakly contractive mapping on K C H with the set
of fized point F(T) # 0. Then, the following estimate holds:

lzn = pll < @7 [®(|lg — p])) — An]
where ¥(s) = [ % and W1 is its inverse.

Proof: Since T) is an enriched weakly contraction mapping on K with F(T) # §). By Theorem 3.2
T has a fixed point p in F(T). Select g € K and define z,,+1 = Thx,,, then we have

[#n+1 = pll < |20 = pll = A, (20 = pl)
Let ¢, = ||z, — p|| be the estimate at each n step so that
Ad,(0n) < 0n — Ont1

This implies g, is a non-increasing and nonnegative sequence. Therefore, it converges to e, say,
such that ¢, (e) < 0. By hypothesis, this implies that e = 0.
More so, if there exists o* € [0n+1, 0n] such that ¢, (0n) > ¢, (0*) for each n, then

e dt on = Ont1  On = Ont1
U(on) — ¥Y(on = Py - =2
(en) = ¥(ont1) /W 0 o0 = oo
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This further gives
U(on+1) < V(on) =A< W(on—1) = 2A < ¥(on—2) =3A < -~ < ¥(go) — Aln + 1).
By transitivity, we have the estimate

On+1 < U1 [T(g0) — Aln + 1)]

3.1 Strong and Weak Convergence Theorems

Here, we prove some convergence theorems (strong and weak) based on enriched weakly contractive
mapping as a class of enriched nonexpansive mapping using the approach in [19,30]. We assume that
an averaged mapping of the averaged mapping T is an averaged mapping, that is, for A1, Ay € (0, 1),
then T\ = (1 — A\)I + AT, where A = A1 )g, see [19,27] for details. The following Lemma is useful
for the next theorem.

Lemma 3.5. Let K be a bounded closed convex subset of a Hilbert space H and T : I — I be a
nonexpansive and demicompact operator. Then, the set F(T) of fixed points of Ty is a nonempty
convex set.

Theorem 3.6. Let Ty : K — K be an enriched weakly contractive mapping and demicompact on
K C H. Then,

I. F(T) is a nonempty convex set; and

1. for xzo € KC, the approrimate sequence x,, given by
Tnt1 = (1= Nzp + ATz,
where A € (0,1), converges (strongly) to a fized point of T

Proof: I. Since Ty : K — K is an enriched weakly contractive mapping, then it follows from
Theorem 3.1 that T} is a nonexpansive mapping, that is,

[Tz = Tyl < llz = yll = ¢ ([le —ylD) < llz -yl

and its convexity is through Lemma 3.5.
II. Next is to show that the sequences {x,, — Thx,} converge strongly to zero. Now, let xg € K and
p€ F(T) C K, then

Zntr — P> < (L= N2 |lzn — plI> + N2 || T2 — Tp|I> + 201 = \) < 2 —p, Txn — Tp > (3.2)
On the other hand, for positive constant u such that p? < A(1 — X), we have
12 |y — Tan||> = 12 |0 — pl° + 12| T2 — p|)° — 2% < @p — p, T — p > (3.3)
By adding (3.2) and (3.3), this gives

#2 o = Tl + o = ol < 12+ (L= N o = pl* + (6 + 2%) [T = T
+ 201 = X) = 7] | pl| [Tz —

where < =, — p,Tx, — p >< ||z, —p| [Tz, — p|| (Cauchy-Schwarz inequality). Using p? =
miny{\(1 — A)} and condition of the theorem in the last inequality, we have

2 2 2 2
2 an = Taaall” + lznan = pl” < (1= A) o =l + Az —pl = A, (lzn — pl)]
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Also, since ¢, € ®*, we have

2 2
p2 |2n = Tawn|” + 2n = pl” _

1 1
: (5 = U llea = pl> + llzn = oI = 5 llea oI’

Therefore,
2 _ 1 2 2
Hxn - T)\an < ) (Hxn _pH - Hxn—i-l _p” ) (34)
Applying limit to (3.4) as n — oo gives
. 2
lim |z, — Tha,|” — 0
n—oo

Hence, the sequence {z, — Thz,} converges strongly to 0. By the demicompactness of T}, there
exists a subsequence {x,, } which is strongly convergent such that z,, — p, where p € F(T)). Also,
due to the nonexpansiveness (continuity) of T, we have that Thx,, — Thp such that Thp = p. As
required.

Remark 3.7. We note the following remark from Theorem 3.6: (i) The class of enriched weakly
contractive mapping is weaker than the class of enriched nonexpansive mapping; (ii) If the demi-
compactness assumption is dropped, then Ty converges weakly to the fixed point. This is presented
in the next theorem.

Theorem 3.8. Let T : K — K be an enriched weakly contractive mapping on K C H with F(T) # 0.
Then, for xg € K, the approzimate sequence x,,, given by x,+1 = (1—X)x,+ T2y, converges weakly
to a fixved point of T).

Proof: Since T) is an enriched weakly contractive mapping, it follows from Theorem 3.1 that
F(Ty) # 0. Now, we need to show that the subsequence z,, if converges weakly to a certain fixed
point pg, then pg is a fixed point of Ty and of T, where py = p. Suppose that {z,,} does not
converge weakly to (p,q), then by hypothesis of the theorem, we have

[0, = Tapoll < | Txwn,, — Tapoll + [[2n, — Tawn,|l
< l#ne = poll =A@y (12n, = poll) + [[2n, = Taien, |
< l#n, = poll + [l2n, = Toan, || (3.5)

Since ||zp, — ThZn, || = 0 as n — oo, by hypothesis of Theorem 3.6, then inequality (3.5) becomes

[#n, = Tapoll = l2n, —pol <0 (3.6)
The rest of the proof is a routine of Theorem 5 in [19].

Remark 3.9. A more general result is obtained when the condition F(Ty) # 0 is removed from
Theorem 3.8 is the next theorem.

Theorem 3.10. Let T : K — K be an enriched weakly contractive mapping on I C H. Then, for
xg € K, the approzimate sequence x,, given by, xni1 = (1 — N, + XTIz, converges weakly to a
fized point of T).

Proof: Let F(T)) C K be the set fixed points of Ty. Since T} is an enriched weakly contractive
mapping on K, for p € K and x,,41 = Thx,, then

[Znt1 = pll < llzn =pll = &, (l2n = pll) < llzn = pll

Let x(p) = lim,, o0 [|2n — p||, then x is well-defined and is a lower semicontinuous convex function
on F(Ty). The proof also has similar arguments as that of Theorem 6. in [19] and it is omitted.
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3.2 Stability

Here, we discuss briefly the stability of enriched weakly contractive mapping. Let {y,} be an
arbitrary sequence in X which is close enough to {z,} C K and let =, be a nonnegative term at
each n-step such that x,, = y,, + v, for n = 1,2,.... Stability set in if the sequence z,, converges
to a fixed point p, then y, converges if and only if v, — 0 as n — oco. Let x, be defined by
the approximate sequence x,,+1 = Thx,, the stability of T\ belonging to the class enriched weakly
contractive mapping is stated as follow:

Theorem 3.11. Let T : K — K be an enriched weakly contractive mapping on K C H with
F(Ty) # (. Then, for xg € K, the approximate sequence x,, given by, Xni1 = (1 — N)xy + ATy, s
T\ -stable.

Proof: Let {y,} C K be an arbitrary sequence and let v, = ||y, — Thynl||- Then,
2 2
[yn = 2lI” = lyn — Tayn — (p — Tayn) ||
< lyn = Toynll* = 2 <y — Tt Tayn — p > + | Toyn — pl?
2
<Y =2 < Y Tagn = > + (lyn — 2l = 20, (lyn — 2l)

This implies that

2 2
1yn = plI” < 7 + (lyn — pll = A&, (lyn — plI))

where 7, =2 — 2 < 7, T\yn — p >. By hypothesis of Theorem 3.6,

lim 42 = lim [y, — Taynl® = lim 7, =0
n— oo n—roo n—roo

Therefore,

lyn = 2I* < (llyn = Pl = A0, (lyn = 2II))?

which is a similar routine in Theorem 3.6. Hence, y,, converges to p € F(T).
Conversely, assume |y, — p|| — 0 for large n, following a similar task, we obtain ~,, — 0 for large
n. Therefore, T) is stable.

3.3 Practical Example
We illustrate the condition (2.1) further with the following example.

Example 3.12. Let T : X — X be given by Tx = cos(2v/x), where X = [0,1] and fized point
p =0.36092. Then, T is an enriched weakly contractive map.

Indeed, for all z,y € [0, 1] with < y and cos(2y/z) = 1—2x+ %xQ - %m?’ + 71, where 71 represents
all other terms, we have

2 9
b(x—y)+Tl“—Ty||=‘b(ﬂi—y)+1—2w+3x2+71—(1—2y+3y2+72)

~|e-nw-a-302 -+ g0 -+
< (b D)~ yl = 6 (12— u]) +7

where 7 = 71 — 72. Since z < y, then (y — 2)? > (y — 2)9"! and y? — 29 > (y — 2)9 hold for
€ (1,00). Thus,

2
|2*b\|$*y|*g|$*y|2S(b+1)|x*y|*¢b(\$*y|)
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which further gives

O Dle ol = @0 1lo sl + 3 b= o] < G4 Doyl 0, (o o)

By equating terms, we have that ¢,(s) = 22s% 4+ (2b — 1)s for all s € RT. Obviously, ¢,(s) € ®*
for all b € [0,1). Hence, all hypotheses are fulfilled. Now, by means of an iterative sequence
ZTpt1 = Thay, using suitable A € (0,1), the sequence x,, converges to p = 0.36092 with the estimate
(by means of Theorem 3.4),

1
|-rn - p| S 1
|z =7 + 0

with b = 0.5 and for any initial point z, € [0,1].

Remark 3.13. (i) The weakly contractive map is not suitable for Example 3.12; (ii) the enriched
contraction map is only suitable if b € [0,1).

We end the section by presenting a subclass of enriched weakly contractive map.

Definition 3.14. Let (E,|| - ||) be a linear normed space. A map T : E — E will be called an
enriched weakly quasi-contractive map if there exist a fized point p € F(T), b € [0,00) and ¢, € *
such that

[Tz —pll < (b+1) |z —pll =, (lz—pl), Vzek (3.7)

Remark 3.15. Both Examples 2.3 and 2.4 satisfy the enriched weakly quasi-contractive map. More
so0, the convergence theorems are valid by using the condition (3.7).

References

[1] Banach S. (1922), Sur les opérations dans les ensembles abstraits et leurs applications aux
équations intégrales, Fund Math., 3, pp. 133-181.

[2] Rakotch E. (1962), A note on contractive mappings, Proc. Amer. Math. Soc., 13, pp. 459-465.
[3] Geraghty M. (1973), On contractive mappings, Proc. Am. Math. Soc., 40, pp. 604-608.

[4] Reich S. (1971), Some remarks concerning contraction mappings, Oanad. Math. Bull., 14, pp.
121-124.

[5] Boyd D. W. and Wong J. S. W. (1969), On nonlinear contractions, Proc. Amer. Math. Soc.,
20, pp. 458-464.

[6] Alber Ya. I. and Guerre-Delabriere S. (1997), Principles of weakly contractive maps in Hilbert
spaces, in: 1. Gohberg, Yu. Lyubich (Eds.), New Results in Operator Theory, in: Advances and
Appl., 98, Birkhduser, Basel, pp. 7-22.

[7] Rhoades B. E. (2001), Some theorems on weakly contractive maps, Nonlinear Anal., 47, pp.
2683-2693.

[8] Dutta P. N. and Choudhury B. S. (2008), A generalisation of contraction principle in metric
spaces, Fixed Point Theory and Applications, 2008, pp. 1-8.

[9] Dori¢ D. (2009), Common fixed point for generalized (¢, p)-weak contractions, Applied Math-
ematics Letters, 22, pp. 1896-1900.

[10] Zhang Q. and Yisheng S. (2009), Fixed point theory for generalized ¢-weak contractions,
Applied Mathematics Letters, 22(1), pp. 75-78.

7


 https://doi.org/10.5281/zenodo.17584937

C,! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

LMSO 11(3), 2025, PAGES 68 - 79

HTTPS://D0OI.0RG/10.5281/ZENODO. 17584937

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

Nashine H. K. and Samet B. (2011), Fixed point results for mappings satisfying (v, ¢)-weakly
contractive condition in partially ordered metric spaces, Nonlinear Analysis: Theory, Methods
& Applications, 74(1), pp. 2201-2209.

Tijani K. R., Wahab O. T., Usamot I. F. and Alata S. M., Common Coupled Fixed Point
Theorems withoutCompatibility in Partially Ordered Metric Spaces, Int. J. Math. Sci. Optim.:
Theory and Appl., 8(1), pp. 88-100.

Radenovi¢ S., Kadelburg Z., Jandrli¢ D. and Jandrli¢c A. (2012), Some results on weakly
contractive maps, Bulletin of the Iranian Mathematical Society, 38(3), pp. 625-645.

Erhan I. M., Karapiar E. and Sekuli¢ T. (2012), Fixed points of (¢, ¢) contractions on rect-
angular metric spaces, Fixed Point Theory and Applications, 2012(1), pp. 1-12.

Omidire O. J., Ansari A. H., Ariyo R. D. and Aduragbemi M. (2025), Approximating fixed
point of generalized C-class contractivity conditions, Int. J. Math. Sci. Optim.: Theory and
Appl,, 11(1), 1-10.

Singh S. L., Kamal R., Se LaSan M. and Chugh R. (2015), A fixed point theorem for generalized
weak contractions, Filomat, 29(7), pp. 1481-1490.

Wahab O. T. and Musa S. A. (2021), On general class of nonlinear contractive maps and their
performance estimates, Aust. J. Math. Anal. Appl., 18(2), 17.

Berinde V. and Pacurar M. (2020), Approximating fixed points of enriched contractions in
Banach spaces, J. Fixed Point Theory Appl., 22(10), 38.

Berinde V. (2019), Approximating fixed points of enriched nonexpansive mappings by Kras-
noselskij iteration in Hilbert spaces, Carpathian J. Math., 35(3), pp. 293-304.

Abbas M., Anjum R. and Berinde V. (2021), Enriched multivalued contractions with applica-
tions to differential inclusions and dynamic programming, Symmetry, 13(8), 1350.

Berinde V. (2020), Approximating fixed points of enriched nonexpansive mappings in Banach
spaces by using a retraction-displacement condition, Carpathian J. Math., 36(1), pp. 27-34.

Berinde V. and Pacurar M. (2021), Kannan’s fixed point approximation for solving split fea-
sibility and variational inequality problems, J. Comput. Appl. Math., 386, 113217.

Berinde V. (2018), Weak and strong convergence theorems for the Krasnoselskij iterative algo-
rithm in the class of enriched strictly pseudocontractive operators, An. Univ. Vest Timis. Ser.
Mat. Inform., 56, pp. 13-27.

Berinde V. and Pacurar M. (2021), Existence and approximation of fixed points of enriched
contractions and enriched ¢-contractions, Symmetry, 13, 498.

Berinde V. and Pacurar M. (2021), Fixed points theorems for unsaturated and saturated classes
of contractive mappings in Banach spaces, Symmetry, 13, 713.

Berinde V. and Pacurar M. (2021), Fixed point theorems for enriched Cirié-Reich-Rus con-
tractions in Banach spaces and convex metric spaces, Carpathian J. Math., 37, pp. 173-184.

Gornicki J. and Bisht R. K. (2021), Around averaged mappings, J. Fixed Point Theory Appl.,
23, 48.

Suantai S., Chumpungam D. and Sarnmeta P. (2021), Existence of fixed points of weak enriched
nonexpansive mappings in Banach spaces, Carpathian J. Math., 37(2), pp. 287-294.

Krasnoselskij M. A. (1955), Two remarks on the method of successive approximations (in
Russian), Uspehi Mat. Nauk., 10(1), pp. 123-127.

78


 https://doi.org/10.5281/zenodo.17584937

C,! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

UMSO 11(3), 2025, PAGES 68 - 79
HTTPS://D0OI.0RG/10.5281/ZENODO. 17584937

[30] Browder F. E. (1965), Fixed point theorems for noncompact mappings in Hilbert space, PYOC.
Natl. Acad. Sci. U.S.A., 53, pp. 1272-1276.

79


 https://doi.org/10.5281/zenodo.17584937

	Introduction
	Enriched Weakly Contractive Mappings
	Main Results
	Strong and Weak Convergence Theorems
	Stability
	Practical Example


