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Abstract

In this paper, we construct an iterative algorithm with a step-size which is independent of
the norm of the operators that approximates a common fixed point in: the set of solutions
of SEFPP involving η-demimetric maps, the set of common zeros of finite families of inverse
strongly monotone maps, the set of common solutions of systems of generalized mixed equilib-
rium problems, and the set of common fixed points of infinite families of quasi-nonexpansive
maps. We establish in real Hilbert spaces, strong convergence of the sequence generated by
our algorithm to a solution of the problem under consideration.

Keywords: Quasi-nonexpansive maps, Split equality Fixed point problem, η-demimetric map-
pings, Strong convergence, Iterative algorithm.
MSC2010: 47H10, 47J25.

1 INTRODUCTION

Let D1 and D2 be nonempty closed convex subsets of real Hilbert spaces H1 and H2, respectively.
The split feasibility problem is formulated as finding a point x satisfying

x ∈ D1 such that Ax ∈ D2, (1.1)

where A is bounded linear operator from HI into H2 . The split feasibility problem in finite di-
mensional Hilbert spaces was first studied by Censor and Elfving [1] for modeling inverse problems
which arise in medical image reconstruction, image restoration and radiation therapy treatment
planning (see e.g Byrne [2],Censor et.al [3], [1]), It is clear that x ∈ D1 is a solution of the split
feasibility problem (1.1) if and only if Ax − PD2

Ax = 0, where PD2
is the metric projection from

H2 onto D2.
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Let H1, H2 and H be Hilbert spaces , let D1, D2 be nonempty closed convex subsets of H1, H2

respectively and let A : H1 → H and B : H2 → H be bounded linear operators. The Split Equality
Problem (SEP) is to find

x ∈ D1 and y ∈ D2 such that Ax = By. (1.2)

This problem has been studied by several researchers see for example Censor and Segal [3], Moudafi
[4], Zhao [5] and references therein. Clearly the SEP is a special case of the SFP. Since the intro-
duction of the Split Feasibility Problem above, many authors have modified it to solve common
fixed point problems, see for example, Takahashi [6], Shehu et al [7], Zhao et al [8], Ofoedu and
Araka [9], Nnubia et al [10] and references therein.

Ofoedu and Araka [9] considered the problem of finding common points in: the set of solutions
of SEFPP involving η-demimetric maps, the set of common fixed points of a finite family of quasi-
nonexpansive mappings and the set of common solutions of a finite family of classical equilibrium
problems. To this end, the authors proposed the following algorithm:

x0, u ∈ H1, y0, v ∈ H2,

vn = βxn + (1− β)T[n]xn, v′n = βx′
n + (1− β)S[n]x

′
n,

wn = βvn + (1− β)G
f[n]
r[n]

vn, w′
n = βv′n + (1− β)G

g[n]
r[n]

v′n,

dn = wn − tnA
∗JE(Awn −A′w′

n), d′n = w′
n − tnA

′∗JE(A
′w′

n −Awn)

en = dn − tn(dn − Udn), e′n = d′n − tn(d
′
n − V d′n),

xn+1 = αnu+ (1− αn)en, yn+1 = αnv + (1− αn)e
′
n,

(1.3)

where U and V are η-demimetric maps, A and A′ are bounded linear maps, {Ti}ri=1 and {Si}li=1 are
finite families of uniformly continuous quasi-nonexpansive maps, {fi}ti=1 and {gi}pi=1 are finite fam-
ilies of bifunctions satisfying appropriate conditions, β ∈ (0, 1) and {αn} ⊂ (0, 1) satisfying appro-
priate conditions. Assuming the step size tn is such that 0 < δ < tn ≤ γ < min

{
2

∥A∥2+∥A′∥2 , (1−η)
}

for some γ, δ > 0, and for each i, (I −Ti), (I −Si), (I −U) and (I −V ) are demi-closed at zero, the
authors proved that the sequence generated by algorithm (1.3) converges strongly to a solution of
the problem they considered.

In this work, apart from the step size being independent of the operators norm, our algorithm
and theorems complement and give some kind of flexibility.

2 Preliminaries
Definition 2.1. A mapping T : K → K is said to be quasi-nonexpansive if:
∥Tx− p∥ ≤ ∥x− p∥
for all x ∈ K and p ∈ F(T), where F(T) is the set of fixed points of T , that is ,
F (T ) = { x ∈ K : Tx = x }.

A mapping T : K → K is said to be c-inverse strongly monotone if

⟨Tx− Ty, x− y⟩ ≥ c∥Tx− Ty∥2

Definition 2.2. Let T : K −→ K be a mapping and I be the identity mapping of K, we say that
(I − T ) is demiclose at zero if and only if for any sequence {xn}n≥1 in K such that xn converges
weakly to x and xn − Txn → 0, as n → ∞, we have that x = Tx.

Definition 2.3. Let K be a nonempty, closed and convex subset of a smooth Banach space E and
let η and p be real numbers such that η ∈ (−∞, 1) and 1 < p < ∞. A map T : K −→ E with
F(T)̸= ∅ is called η-demimetric if , for any x ∈ K and x∗ ∈ Fix(T), we have

⟨z − x∗, JP
E (x− Tx)⟩ ≥ 1− η

2
∥ x− Tx ∥p (2.1)
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The following lemmas will be used in the sequel.

Lemma 2.4. (see Corollary 2.6 of Alber [11] Let T : D(T ) ⊂ H → R(T ) ⊂ H be a nonexpansive
map with nonempty fixed point set, then (I − T ) is demi-closedd at zero.

Lemma 2.5. See eg Chidume [12] Let x, y ∈ H and β ∈ [0, 1], then

∥βx+ (1− β)y∥2 = β∥x∥2 + (1− β)∥y∥2 − β(1− β)∥x− y∥. (2.2)

Lemma 2.6. Let x, y, z ∈ H, then

∥x− y∥2 ≤ ∥x− y + z∥2 − 2⟨z, x− y⟩. (2.3)

Lemma 2.7. [12] For all x, y ∈ H, the following inequality holds:

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩. (2.4)

Lemma 2.8. Xu [13] Let {an}∞n=1 be a sequence of non-negative real numbers satisfying the fol-
lowing relation

an+1 ≤ (1− σn) an + σnbn, n ≥ 0, (2.5)

where {σn}∞n=0 ⊂ (0, 1) and {bn}∞n=0 ⊂ R satisfy the following conditions:
∞∑

n=1
σn = ∞ and

lim supn→∞ bn ≤ 0. Then, lim
n→∞

an = 0.

Lemma 2.9 (Mainge [14]). Let {an}∞n=1 be a sequence of real numbers such that there exists a
subsequence {ni} of {n} such that ani

< ani+1 for all i ∈ N. Then, there exists an increasing
sequence {mk} ⊂ N such that mk → ∞ and the following properties are satisfied by all (sufficiently
large) numbers k ∈ N;

amk
≤ amk+1 and ak < amk+1.

In fact, mk is the largest number n in the set {1, 2, ..., k} such that the conditions an < an+1 holds.

For solving the generalized mixed equilibrium problem, we assume that the bifunction f : C×C → R
satisfy the following properties:

(B1) f(u, u) = 0, ∀u ∈ C,

(B2) f is monotone, i.e., f(u, y) + f(y, u) ≤ 0, ∀u, y ∈ C,

(B3) for all u, y, z ∈ C, lim supt↓0 f(tz + (1− t)u, y) ≤ f(u, y),

(B4) for all u ∈ C, y 7−→ f(u, y) is convex and lower semicontinuous.

The following lemma can be obtain from the result of Zhang [15].

Lemma 2.10. Let D be a nonempty closed convex subset of a real Hilbert space H and let A :
D → H be a continuous and monotone mapping, ζ : D → R be a lower semi-continuous and convex
function, and f : D ×D → R be a bifunction satisfying the conditions (B1) − (B4). Let r > 0 be
any given number and u ∈ H be any given point. Then, the following hold:

1. There exists z ∈ D such that

f(z, y) + ζ(y)− ζ(z) + ⟨y − z,Az⟩+ 1

r
⟨y − z, z − u⟩ ≥ 0, ∀ y ∈ D.

2. If we define a mapping Gr : D → D by

Gr(u) =
{
z ∈ D : f(z, y) + ζ(y)− ζ(z) + ⟨y − z,Az⟩+ 1

r
⟨y − z, z − u⟩ ≥ 0, ∀ y ∈ D

}
, u ∈ D,

then the mapping Gr has the following properties:
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(a) Gr is single-valued;

(b) Gr is a firmly nonexpansive-type mapping, that is, for all u, y ∈ H,

∥Gru−Gry∥2 ≤ ⟨Gru−Gry, u− y⟩;

(c) F (Gr) =GMEP(f, ζ, A) = F̂ (Gr), where F̂ (Gr) is the set of asymptotic fixed points of
Gr;

(d) GMEP (f, ζ, A) is a closed convex subset of D;

The following lemma can be obtained from Theorem 4.2 of the result of Nilsrakoo and Saejung [16].

Lemma 2.11. Let C be a closed and convex subset of a Hilbert space, H and let {Ti : C → H}∞i=0

be a sequence of quasi-nonexpansive maps such that ∩∞
i=0F (Ti) ̸= ∅. Suppose that {αi}∞i=0 is a

sequence in (0, 1) such that
∞∑
i=0

αi = 1 and T : C → H is defined by

Tx =

∞∑
i=0

αiTix, for each x ∈ C. (2.6)

Then T is well defined and the following assertions hold true.

1. T is quasi-nonexpansive;

2. F (T ) = ∩∞
i=0F (Ti),

3. I − T is demi-closed at zero if and only if each Tiis demi-closed at zero.

3 Main Results
We now have the following Algorithms.
Algorithm 1. Let H1, H2 be real Hilbert spaces and let x1, u ∈ H1, y1v ∈ H2 be arbitrary. We
generate the sequence {(xn, yn)}∞n=1 in H1 ×H2 as follows: Given the nth term, we generate the
(n+ 1)th term by
xn+1 = αnu+ (1− αn)en, yn+1 = αnv + (1− αn)e

′
n,

where
en = dn − tn(dn − Udn), e′n = d′n − tn(d

′
n − V d′n);

dn = wn − tnB
∗JE(Bwn −B′w′

n), d′n = w′
n − tnB

′∗JE(B
′w′

n −Bwn);

wn = βvn + (1− β)pn, pn = G
f[n]
r[n]

vn, w′
n = βv′n + (1− β)p′n, p′n = G

g[n]
r[n]

v′n;

vn = βun + (1− β)Tun, v′n = βu′
n + (1− β)Su′

n;

un = xn − δnA[n]xn, u′
n = yn − δnA

′
[n]yn,

where [n] := n mod N , for n ∈ N and some fixed N ∈ N.

Assumptions: In what follows, we assume that β ∈ (0, 1) and {αn} ⊂ (0, 1) is such that:

(i) lim
n→∞

αn = 0; (ii)
∞∑

n=1
αn = ∞. We also have the following assumptions.

Ω1 = {(x, y) ∈ H1 ×H2 : (x, y) ∈ F (T )× F (S)}, Ω2 = {(x, y) ∈ H1 ×H2 : (x, y) ∈
(
∩τ
i=1 (Ui)

)
×(

∩ζ
i=1 F (Vi)

)
and Bx = B′y},
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Ω3 = {(x, y) ∈ H1 ×H2 : (x, y) ∈
(
∩p
i=1 A

−1
i (0)

)
×

(
∩q
i=1 A

′−1
i (0)

)
},

Ω4 = {(x, y) ∈ H1 × H2 : (x, y) ∈
(
∩l
i=1 GMEP (fi, ζi,∇i)

)
×

(
∩m
i=1 GMEP (gi, ζ

′
i,∇′

i)
)
}, and

Ω = ∩4
i=1Ωi.

Theorem 3.1. Let H1 and H2 be real Hilbert spaces and let X be a smooth real Banach space with
dual space X∗. Let U : H1 → H1 and V : H2 → H2 be demimetric maps with constants η1 and η2
in (−∞, 1), respectively. Let T : H1 → H1 and S : H2 → H2 be quasi-nonexpansive maps and let
Ad : H1 → H1, d = 1, 2, ..., p and A′

h : H2 → H2, h = 1, 2, ..., q be finite families of inverse strongly
monotone maps with constants γd > 0 and γh > 0, respectively. Let ζa : H1 → R and ζ ′b : H2 → R
be finite families of convex and lower semi-continuous functions, ∇a : H1 → H1 and ∇′

b : H2 → H2

be finite families of continuous monotone maps, fa : H1 ×H1 → R and gb : H2 ×H2 → R be finite
families of bifunctions satisfying (B1)− (B4), a = 1, 2, ..., l, b = 1, 2, ...,m. Let B : H1 → X and
B′ : H2 → X be bounded linear maps with adjoints B∗ and B′∗, respectively. Let {(xn, yn)}∞n=1 be
a sequence in H1 ×H2 generated by Algorithm 1. Suppose Ω is nonempty and for some δ > 0, tn
is such that

δ < tn ≤ min
{
ρ,

∥B′w′
n −Bwn∥2

∥B∗JX(Bwn −B′w′
n)∥2 + ∥B′∗JX(Bwn −B′w′

n)∥2
}
, ∀n ∈ Γ,

where Γ := {n ∈ N : B′w′
n ̸= Bwn}; otherwise take tn = min{t, ρ} (t is any positive number), where

ρ = min{1 − η, 2γ}, γ = min{γ1, γ2}, γ1 = min{γd : d = 1, 2, ..., p}, γ2 = min{γh : h = 1, 2, ..., q},
η = max{η1, η2} and δn > 0 is such that δn < 2γ, then {(xn, yn)}∞n=1 is bounded.

Proof. Let (x, y) ∈ Ω, then by convexity of ∥.∥2, we have that:

∥xn+1 − x∥2 = ∥αn(u− x) + (1− αn)(en − x)∥2

≤ αn∥u− x∥2 + (1− αn)∥en − x∥2. (3.1)

Similarly, we obtain that:

∥yn+1 − y∥2 ≤ αn∥v − y∥2 + (1− αn)∥e′n − y∥2. (3.2)

Adding inequality (3.1) and inequality (3.2), we have that:

∥xn+1 − x∥2 + ∥yn+1 − y∥2 ≤ αn(∥u− x∥2 + ∥v − y∥2) + (1− αn)(∥e′n − y∥2 + ∥en − x∥2). (3.3)

Now, using the condition on η and the fact that for each i = 1, 2, ..., t, Ui is ηi-demimetric, we have
that:

∥en − x∥2 = ∥(dn − x)− tn(dn − Udn)∥2

= ∥dn − x∥2 − 2tn⟨dn − Udn, dn − x⟩+ t2n∥dn − Udn∥2

≤ ∥dn − x∥2 − tn(1− η[n])∥dn − Udn∥2 + t2n∥dn − Udn∥2

≤ ∥dn − x∥2 − tn(1− η − tn)∥dn − Udn∥2

= ∥(wn − x)− tnB
∗JX(Bwn −B′w′

n)∥2 − tn(1− η − tn)∥dn − Udn∥2

= ∥wn − x∥2 − 2tn⟨Bwn −Bx, JX(Bwn −B′w′
n)⟩

+t2n∥B∗JX(Bwn −B′w′
n)∥2 − tn(1− η − tn)∥dn − Udn∥2. (3.4)

Similarly, we obtain that:

∥e′n − y∥2 ≤ ∥w′
n − y∥2 + 2tn⟨B′w′

n −B′y, JX(Bwn −B′w′
n)⟩

+t2n∥B′∗JX(Bwn −B′w′
n)∥2 − tn(1− η − tn)∥d′n − V d′n∥2. (3.5)
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Adding inequality (3.4) and inequality (3.5), using the fact that Bx = B′y and the condition on tn,
we have that:

∥en − x∥2 + ∥e′n − y∥2 ≤ ∥wn − x∥2 + ∥w′
n − y∥2 − 2tn∥Bwn −B′w′

n∥2

+t2n
(
∥B∗JX(Bwn −B′w′

n)∥2 + ∥B′∗JX(Bwn −B′w′
n)∥2

)
−tn(1− η − tn)(∥d′n − V d′n∥2 + ∥d′n − V d′n∥2)

≤ ∥wn − x∥2 + ∥w′
n − y∥2 − tn∥Bwn −B′w′

n∥2

−tn(1− η − tn)
(
∥dn − Udn∥2 + ∥d′n − V d′n∥2

)
. (3.6)

Substituting inequality (3.6) in inequality (3.3), we have that:

∥xn+1 − x∥2 + ∥yn+1 − y∥2 ≤ αn(∥u− x∥2 + ∥v − y∥2) + (1− αn)(∥wn − x∥2 + ∥w′
n − y∥2)

−(1− αn)tn∥Bwn −B′w′
n∥2 − (1− αn)tn(1− η − tn)

(
∥dn − Udn∥2

+∥d′n − V d′n∥2
)
. (3.7)

Using Lemma 2.5, Lemma 2.10 (e), quasi-nonexpansiveness of T , γd-inverse strongly monotonicity
of Ad and the condition on γ, we obtain that:

∥wn − x∥2 = ∥β(vn − x) + (1− β)(pn − x)∥2

= β∥vn − x∥2 + (1− β)∥pn − x∥2 − β(1− β)∥vn − pn∥2

≤ ∥vn − x∥2 − β(1− β)∥vn − pn∥2

= ∥β(un − x) + (1− β)(Tun − x)∥2 − β(1− β)∥vn − pn∥2

= β∥un − x∥2 + (1− β)∥Tun − x∥2

−β(1− β)∥un − Tun∥2 − β(1− β)∥vn − pn∥2

≤ ∥un − x∥2 − β(1− β)
(
∥un − Tun∥2 + ∥vn − pn∥2

)
= ∥(xn − x)− δnA[n]xn∥2 − β(1− β)

(
∥un − Tun∥2 + ∥vn − pn∥2

)
= ∥xn − x∥2 − 2δn⟨A[n]xn, xn − x⟩+ δ2n∥A[n]xn∥2

−β(1− β)
(
∥un − Tun∥2 + ∥vn − pn∥2

)
≤ ∥xn − x∥2 − δn(2γ − δn)∥A[n]xn∥2 − β(1− β)

(
∥un − Tun∥2 + ∥vn − pn∥2

)
.(3.8)

Similarly, we obtain

∥w′
n − y∥2 ≤ ∥yn − y∥2 − δn(2γ − δn)∥A′

[n]yn∥
2 − β(1− β)

(
∥u′

n − Su′
n∥2 + ∥v′n − p′n∥2

)
. (3.9)

Substituting inequality (3.8) and inequality (3.9) in inequality (3.7) and using the assumptions on
tn and δn, we have that:

∥xn+1 − x∥2 + ∥yn+1 − y∥2 ≤ (1− αn)(∥xn − x∥2 + ∥yn − y∥2) + αn(∥u− x∥2 + ∥v − y∥2)
−δn(2γ − δn)(1− αn)

(
∥A[n]xn∥2 + ∥A′

[n]yn∥
2
)

−β(1− β)(1− αn)
(
∥u′

n − Su′
n∥2 + ∥un − Tun∥2

)
−β(1− β)(1− αn)

(
∥vn − pn∥2 + ∥v′n − p′n∥2

)
−(1− αn)tn∥Bwn −B′w′

n∥2

−(1− αn)tn(1− η − tn)
(
∥dn − Udn∥2 + ∥d′n − V d′n∥2

)
≤ (1− αn)(∥xn − x∥2 + ∥yn − y∥2)

+αn(∥u− x∥2 + ∥v − y∥2). (3.10)

Let Λn(x, y) = ∥xn − x∥2 + ∥yn − y∥2 and K = max{∥u− x∥2 + ∥v − y∥2, ∥x1 − x∥2 + ∥y1 − y∥2}.
We now show by induction that Λn(x, y) ≤ K for all n ≥ 1. Cleary, the statement is true for
n = 1. Assume Λn(x, y) ≤ K up to some n ≥ 1. Then, using inequality (3.10), we have that
Λn+1(x, y) ≤ (1 − αn)Λn(x, y) + αn(∥u − x∥2 + ∥v − y∥2) ≤ K. Hence, {Λn(x, y)}∞n=1 is bounded.
Consequently, {xn}∞n=1 and {yn}∞n=1 are bounded. Therefore, {(xn, yn)}∞n=1 is bounded.
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Theorem 3.2. Let H1 and H2 be real Hilbert spaces and let X be a smooth real Banach space with
dual space X∗. Let U : H1 → H1 and V : H2 → H2 be demimetric maps with constants η1 and η2
in (−∞, 1), respectively such that (I − U) and (I − V ) are demi-closed at 0. Let T : H1 → H1 and
S : H2 → H2 be quasi-nonexpansive maps such that for each (I −T ) and (I −S) are demi-closed at
0. Let Ad : H1 → H1, d = 1, 2, ..., p and A′

h : H2 → H2, h = 1, 2, ..., q be finite families of inverse
strongly monotone maps with constants γd > 0 and γh > 0, respectively such that for each d and h,
Ad and A′

h are demi-closed at 0. Let ζa : H1 → R and ζ ′b : H2 → R be finite families of convex and
lower semi-continuous functions, ∇a : H1 → H1 and ∇′

b : H2 → H2 be finite families of continuous
monotone maps, fa : H1×H1 → R and gb : H2×H2 → R be finite families of bifunctions satisfying
(B1) − (B4), a = 1, 2, ..., l, b = 1, 2, ...,m. Let B : H1 → X and B′ : H2 → X be bounded linear
maps with adjoints B∗ and B′∗, respectively. Let {(xn, yn)}∞n=1 be a sequence in H1×H2 generated
by Algorithm 1. Suppose Ω is nonempty and for some δ > 0, tn is such that

δ < tn ≤ min
{
ρ,

∥B′w′
n −Bwn∥2

∥B∗JX(Bwn −B′w′
n)∥2 + ∥B′∗JX(Bwn −B′w′

n)∥2
}
, ∀n ∈ Γ,

where Γ := {n ∈ N : B′w′
n ̸= Bwn}; otherwise take tn = min{t, ρ} (t is any positive number), where

ρ = min{1 − η, 2γ}, γ = min{γ1, γ2}, γ1 = min{γd : d = 1, 2, ..., p}, γ2 = min{γh : h = 1, 2, ..., q},
η = max{η1, η2} and δn > 0 is such that δn < 2γ, then {(xn, yn)}∞n=1 converges strongly to some
point in Ω.

Proof. Let (x∗, y∗) = PΩ(u, v). Using Lemma 2.6, we estimate as follows:

∥xn+1 − x∗∥2 = ∥αnu+ (1− αn)en − x∗∥2

≤ ∥αnu+ (1− αn)en − x∗ − αn(u− x∗)∥2 + 2αn⟨u− x∗, xn+1 − x∗⟩
= ∥(1− αn)(en − x∗)∥2 + 2αn⟨u− x∗, xn+1 − x∗⟩
≤ (1− αn)∥en − x∗∥2 + 2αn⟨u− x∗, xn+1 − x∗⟩. (3.11)

Similarly, we obtain that:

∥yn+1 − y∗∥2 ≤ (1− αn)∥e′n − y∗∥2 + 2αn⟨v − y∗, yn+1 − y∗⟩. (3.12)

Adding inequality (3.11) and inequality (3.12), using inequalities (3.6), (3.8) and (3.9), we have
that:

Λn+1(x
∗, y∗) ≤ (1− αn)Λn(x

∗, y∗) + 2αn⟨u− x∗, xn+1 − x∗⟩+ 2αn⟨v − y∗, yn+1 − y∗⟩
−δn(2γ − δn)(1− αn)

(
∥A[n]xn∥2 + ∥A′

[n]yn∥
2
)

−β(1− β)(1− αn)
(
∥u′

n − Su′
n∥2 + ∥un − Tun∥2

)
−β(1− β)(1− αn)

(
∥vn − pn∥2 + ∥v′n − p′n∥2

)
− (1− αn)tn∥Bwn −B′w′

n∥2

−(1− αn)tn(1− η − tn)
(
∥dn − Udn∥2 + ∥d′n − V d′n∥2

)
≤ (1− αn)Λn(x

∗, y∗) + 2αn⟨xn − x∗, u− x∗⟩+ 2αn⟨yn − y∗, v − y∗⟩
+2αn∥u− x∗∥∥xn+1 − xn∥+ 2αn∥v − y∗∥∥yn+1 − yn∥
−δn(2γ − δn)(1− αn)

(
∥A[n]xn∥2 + ∥A′

[n]yn∥
2
)

−β(1− β)(1− αn)
(
∥u′

n − Su′
n∥2 + ∥un − Tun∥2

)
−β(1− β)(1− αn)

(
∥vn − pn∥2 + ∥v′n − p′n∥2

)
− (1− αn)tn∥Bwn −B′w′

n∥2

−(1− αn)tn(1− η − tn)
(
∥dn − Udn∥2 + ∥d′n − V d′n∥2

)
(3.13)

≤ (1− αn)Λn(x
∗, y∗) + 2αn

(
⟨xn − x∗, u− x∗⟩+ ⟨yn − y∗, v − y∗⟩

)
+2αn

(
∥u− x∗∥∥xn+1 − xn∥+ ∥v − y∗∥∥yn+1 − yn∥

)
. (3.14)

We shall divide the rest of the proof into two cases.
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Case 1: Suppose there exists N ∈ N such that, ∀ n ≥ N, {Λn(x
∗, y∗)}∞n=1 is decreasing. Then,

{Λn(x
∗, y∗)}∞n=1 is convergent. Utilizing the boundedness of {xn}∞n=1 and {yn}∞n=1, the condition

on tn and the fact that lim
n→∞

αn = 0, we obtain from inequality (3.13) that:

lim
n→∞

∥Bwn −B′w′
n∥ = 0, lim

n→∞
∥A[n]xn∥ = 0, lim

n→∞
∥A′

[n]yn∥ = 0; (3.15)

lim
n→∞

∥dn − Udn∥ = 0, lim
n→∞

∥d′n − V d′n∥ = 0; (3.16)

lim
n→∞

∥u′
n − Su′

n∥ = 0, lim
n→∞

∥un − Tun∥ = 0, (3.17)

lim
n→∞

∥v′n − p′n∥ = 0, lim
n→∞

∥vn − pn∥ = 0. (3.18)

Consequently, we have that:

∥dn − en∥ ≤ tn∥dn − Udn∥ → 0, ∥d′n − e′n∥ ≤ tn∥d′n − V d′n∥ → 0, as n → ∞.

∥dn − wn∥ ≤ tn∥B∗∥∥Bwn −B′w′
n∥ → 0, ∥d′n − w′

n∥ ≤ tn∥B′∗∥∥Bwn −B′w′
n∥ → 0 as n → ∞.

∥wn − vn∥ = (1− β)∥vn − pn∥ → 0, ∥w′
n − v′n∥ = (1− β)∥v′n − p′n∥ → 0, as n → ∞.

∥vn − un∥ = (1− β)∥un − Tun∥ → 0, ∥v′n − u′
n∥ = (1− β)∥u′

n − Su′
n∥ → 0, as n → ∞.

∥un − xn∥ = δn∥A[n]xn∥ → 0, ∥u′
n − yn∥ = δn∥A′

[n]yn∥ → 0, as n → ∞.

Using boundedness of {en}∞n=1 and the assumption that lim
n→∞

αn = 0, we have that:

∥xn+1 − en∥ = αn∥u− en∥ → 0, ∥yn+1 − e′n∥ = αn∥v − e′n∥ → 0 as n → ∞.

Then, we have that:

∥xn+1 − xn∥ ≤ ∥xn+1 − en∥+ ∥en − dn∥+ ∥dn − wn∥+ ∥wn − vn∥+ ∥vn − un∥
+∥un − xn∥ → 0, as n → ∞. (3.19)

∥yn+1−yn∥ ≤ ∥yn+1−e′n∥+∥e′n−d′n∥+∥d′n−w′
n∥+∥w′

n−v′n∥+∥v′n−u′
n∥+∥u′

n−x′
n∥ → 0, as n → ∞.

Claim: lim supn→∞
(
⟨xn − x∗, u− x∗⟩+ ⟨yn − y∗, v − y∗⟩

)
≤ 0.

Let {(xnk
, ynk

)}∞k=1 be a subsequence of {(xn, yn)}∞n=1 such that

lim sup
n→∞

(
⟨xn − x∗, u− x∗⟩+ ⟨yn − y∗, v − y∗⟩

)
= lim

k→∞

(
⟨xnk

− x∗, u− x∗⟩+ ⟨ynk
− y∗, v − y∗⟩

)
Since {(xnk

, ynk
)}∞k=1 is bounded, then there exists a subsequence {(xnkj

, ynkj
)}∞j=1 of {(xnk

, ynk
)}∞k=1

that converges weakly to some point (x̂, ŷ) in H1×H2, i.e., xnkj
⇀ x̂ and ynkj

⇀ ŷ as j → ∞. Con-
sequently, the subsequences: {unkj

}∞j=1 of {unk
}∞k=1, {vnkj

}∞j=1 of {vnk
}∞k=1, {pnkj

}∞j=1 of {pnk
}∞k=1

{wnkj
}∞j=1 of {wnk

}∞k=1, {enkj
}∞j=1 of {enk

}∞k=1, and {dnkj
}∞j=1 of {dnk

}∞k=1 converge weakly to
x̂. Also, the subsequences: {u′

nkj
}∞j=1 of {u′

nk
}∞k=1, {v′nkj

}∞j=1 of {v′nk
}∞k=1, {p′nkj

}∞j=1 of {p′nk
}∞k=1

{w′
nkj

}∞j=1 of {w′
nk
}∞k=1, {e′nkj

}∞j=1 of {e′nk
}∞k=1, and {d′nkj

}∞j=1 of {d′nk
}∞k=1 converge weakly to ŷ.

Since (I − T ) and (I − S) are demi-closed at 0, then using (3.17) we have that (x̂, ŷ) ∈ Ω1.

Also, since (I − U) and (I − V ) are demi-closed at 0, then using (3.16) we have that x̂ ∈ F (U)
and ŷ ∈ F (V ). By (3.15) and weak lower semi-continuity of ∥∥, we have that 0 = lim

j→∞
∥Bwnkj

−

B′w′
nkj

∥ = lim infj→∞ ∥Bwnkj
−B′w′

nkj
∥ ≥ ∥Bx̂−B′ŷ∥, which implies that Bx̂ = B′ŷ. Therefore,

(x̂, ŷ) ∈ Ω2. Let l ∈ {1, 2, ..., p}. It is easy to see from (3.19) that

lim
j→∞

∥xnkj+l
− xnkj

∥ = 0. (3.20)
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Thus, using this, the fact that Al, l = 1, 2, ..., p, is 1
γl
−Lipschitz continuous and (3.15), we have that

∥A[nkj
]+lxnkj

∥ ≤ ∥A[nkj
]+lxnkj

−A[nkj
]+lxnkj

+l∥+ ∥A[nkj
]+lxnkj

+l∥

≤ 1

γ1
∥xnkj

− xnkj
+l∥+ ∥A[nkj

]+lxnkj
+l∥ → 0 as j → ∞, (3.21)

Since {Al}pl=1 is a finite family of maps and A[n] = An mod p, then for l ∈ {1, 2, ..., p} there exists
zl ∈ {1, 2, ..., p} such that nkj + zl = l mod p. Then using (3.21), we have that

lim
j→∞

∥Alxnkj
∥ = lim

j→∞
∥A[nkj

]+lxnkj
∥ = 0, l = 1, 2, ..., p. (3.22)

Since for each l = 1, 2, ..., p, Al is demi-closed at 0, using (3.22) we have that Alx̂ = 0 for each
l = 1, 2, ..., p. Similarly, we have that A′

hŷ = 0 for each h = 1, 2, ..., q. Therefore, (x̂, ŷ) ∈ Ω3.

Next, we show that (x̂, ŷ) ∈ Ω4. Since

lim
n→∞

∥xn − xn+1∥ = lim
n→∞

∥vn − un∥ = lim
n→∞

∥un − xn∥ = 0,

then one obtained that as n → ∞,

∥vn+1 − vn∥ ≤ ∥vn+1 − un+1∥+ ∥un+1 − xn+1∥+ ∥xn+1 − xn∥+ ∥xn − un∥+ ∥un − vn∥ → 0.

Consequently, for any a ∈ {1, 2, ..., l}, it is easy to see that

lim
j→∞

∥vnkj
+a − vnkj

∥ = 0. (3.23)

Using Lemma 2.10, we have that

∥vnkj
−G

f[nkj
]+a

r[nkj
]+a

vnkj
∥ ≤ ∥vnkj

− vnkj
+a∥+ ∥vnkj

+a −G
f[nkj

]+a

r[nkj
]+a

vnkj
+a∥

+∥G
f[nkj

]+a

r[nkj
]+avnkj

+a −G
f[nkj

]+a

r[nkj
]+a

vnkj
∥

≤ 2∥vnkj
− vnkj

+a∥+ ∥vnkj
+a −G

f[nkj
]+a

r[nkj
]+a

vnkj
+a∥. (3.24)

Using (3.23) and (3.18), one obtained from inequality (3.24) that

lim
j→∞

∥vnkj
−G

f[nkj
]+a

r[nkj
]+avnkj

∥ = 0. (3.25)

Since {fa}la=1 is a finite family of maps and f[n] = fn mod l, then for each a ∈ {1, 2, ..., l} there
exists ωa ∈ {1, 2, ..., l} such that nkj

+ ωa = n mod l, so that (3.25) becomes

lim
j→∞

∥vnkj
−Gfa

ravnkj
∥ = lim

j→∞
∥vnkj

−G
f[nkj

]+a

r[nkj
]+avnkj

∥ = 0, a = 0, 1, 2, ..., l. (3.26)

Following similarly argument, we obtain that

lim
j→∞

∥v′nkj
−Ggb

rb
v′nkj

∥ = 0, b = 1, 2, ...,m. (3.27)

Since each {Gfa
ra}

l
a=1 and {Ggb

rb
}mb=1 are finite families of nonexpansive maps, then using Lemma

2.4, (3.26), (3.27) and the fact that {(vnkj
, v′nkj

)}∞j=1 converges weakly to (x̂, ŷ), we conclude that
(x̂, ŷ) ∈ Ω4. Therefore, (x̂, ŷ) ∈ Ω. Consequently

lim sup
n→∞

(
⟨xn − x∗, u− x∗⟩+ ⟨yn − y∗, v − y∗⟩

)
= lim

k→∞

(
⟨xnk

− x∗, u− x∗⟩+ ⟨ynk
− y∗, v − y∗⟩

)
= (⟨x̂− x∗, u− x∗⟩+ ⟨ŷ − y∗, v − y∗⟩

)
= ⟨(x̂, ŷ)− (x∗, y∗), (u, v)− (x∗, y∗)⟩ ≤ 0.

65

 https://doi.org/10.5281/zenodo.18986544


International Journal of Mathematical Sciences and
Optimization: Theory and Applications

11(4), 2025, Pages 57 - 68
https://doi.org/10.5281/zenodo.18986544

Hence, from inequality (3.14) and Lemma 2.8, we have that Λn(x
∗, y∗) → 0 as n → ∞. Conse-

quently, ∥xn − x∗∥ → 0 as n → ∞ and ∥yn − y∗∥ → 0 as n → ∞. Thus, xn → x∗ as n → ∞ and
yn → y∗ as n → ∞.

Case 2: Suppose that there exists a subsequence {Λnj (x
∗, y∗)}∞j=1 of {Λn(x

∗, y∗)}∞n=1 such that
Λnj (x

∗, y∗) < Λnj+1(x
∗, y∗) for all j ≥ 1. Then, by Lemma 2.9, there exists a non-decreasing

sequence {mk}∞k=1 ⊂ N such that mk → ∞ as k → ∞, Λmk
(x∗, y∗) ≤ Λmk+1(x

∗, y∗) , and
Λk(x

∗, y∗) ≤ Λmk+1(x
∗, y∗) for all sufficiently large k ∈ N. Since {xmk

}∞k=1 and {ymk
}∞k=1 are

bounded, then following similar argument as in Case 1, we obtain that:

lim sup
k→∞

(
⟨xmk

− x∗, u− x∗⟩+ ⟨ymk
− y∗, v − y∗⟩

)
≤ 0.

Using the fact that Λmk
(x∗, y∗) ≤ Λmk+1(x

∗, y∗) for all k ∈ N, we get from inequality (3.14) that

αmk
Λmk

(x∗, y∗) ≤ 2αmk

(
⟨xmk

− x∗, u− x∗⟩+ ⟨ymk
− y∗, v − y∗⟩

)
+2αmk

(
∥xmk+1 − xmk

∥∥u− x∗∥+ ∥ymk+1 − ymk
∥∥v − y∗∥

)
.

Consequently, we get that Λmk
(x∗, y∗) → 0 as k → ∞. Since, Λk(x

∗, y∗) ≤ Λmk+1(x
∗, y∗), then we

have that Λk(x
∗, y∗) → 0 as k → ∞. Therefore, xk → x∗ and yk → y∗ as k → ∞. This completes

the proof.

For the next theorem, Ω1 = {(x, y) ∈ H1 ×H2 : (x, y) ∈
(
∩∞
i=1 (Ti)

)
×

(
∩∞
i=1 (Si)

)
}.

Theorem 3.3. Let H1 and H2 be real Hilbert spaces and let X be a smooth real Banach space with
dual space X∗. Let U : H1 → H1 and V : H2 → H2 be demimetric maps with constants η1 and η2
in (−∞, 1), respectively such that (I −U) and (I −V ) are demi-closed at 0. Let Tt : H1 → H1, t =
1, 2, ... and Sz : H2 → H2, z = 1, 2, ... be infinite families of quasi-nonexpansive maps such that
for each t and z (I − Tt) and (I − Sz) are demi-closed at 0. Let Ad : H1 → H1, d = 1, 2, ..., p
and A′

h : H2 → H2, h = 1, 2, ..., q be finite families of inverse strongly monotone maps with
constants γd > 0 and γh > 0, respectively such that for each d and h, Ad and A′

h are demi-closed
at 0. Let ζa : H1 → R and ζ ′b : H2 → R be finite families of convex and lower semi-continuous
functions, ∇a : H1 → H1 and ∇′

b : H2 → H2 be finite families of continuous monotone maps,
fa : H1 ×H1 → R and gb : H2 ×H2 → R be finite families of bifunctions satisfying (B1) − (B4),
a = 1, 2, ..., l, b = 1, 2, ...,m. Let B : H1 → X and B′ : H2 → X be bounded linear maps
with adjoints B∗ and B′∗, respectively. Let {(xn, yn)}∞n=1 be a sequence in H1 × H2 generated by
Algorithm 1. Suppose Ω is nonempty and tn is such that for δ > 0 (small enough),

δ < tn ≤ min
{
ρ,

∥B′w′
n −Bwn∥2

∥B∗JX(Bwn −B′w′
n)∥2 + ∥B′∗JX(Bwn −B′w′

n)∥2
}
, ∀n ∈ Γ,

where Γ := {n ∈ N : B′w′
n ̸= Bwn}, otherwise take tn = min{t, ρ} (t is any positive number), where

ρ = min{1 − η, 2γ}, γ = min{γ1, γ2}, γ1 = min{γd : d = 1, 2, ..., p}, γ2 = min{γh : h = 1, 2, ..., q},
η = max{η1, η2} and δn > 0 is such that δn < 2γ, then {(xn, yn)}∞n=1 converges strongly to some
point in Ω.

Proof. Define Tx =
∞∑
i=1

ζiTix and Sx =
∞∑
i=1

ζiSix where {ζi}∞i=1 is a sequence in (0, 1) such that
∞∑
i=1

ζi = 1. Then, by Lemma 2.11, T and S are quasi-nonexpansive, (I − T ) and (I − S) are

demi-closed at zero, F (T ) = ∩∞
i=1F (Ti) and F (S) = ∩∞

i=1F (Si). Hence, the conclusion follows from
Theorem 3.1 and Theorem 3.2.

4 Discussion and conclusion
Although the result of Ofoedu and Araka [9] is a unification and generalization of a host of important
recent results, however, it is worth noting that in order to implement their algorithm, one needs to
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compute first the norms of A and A′, which in general, is a much more difficult task than solving
the original problem. We have constructed an iterative algorithm with a step-size independent of
the norm of the operators that approximates a common point in: the set of solutions of SEFPP
involving η-demimetric maps, the set of common zeros of finite families of inverse strongly monotone
maps, the set of common solutions of systems of generalized mixed equilibrium problems, and the
set of common fixed points of infinite families of quasi-nonexpansive maps.The diversity of life calls
for different ways of Problem solving and our Algorithms and Theorems have provided for feasibility.
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