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Abstract

In this research paper, an attractive point problem involving generalized non-expansive map-
ping is studied, using viscosity approximation method with inertia parameters. We established
strong convergence theorem for an attractive point of finite families of generalized non-expansive
mapping in a uniform convex Banach space, which is also a solution of some variational in-
equality problems in a Banach space. Finally, we give a numerical experiment to validate
the performance of our algorithm. Our results improve and extend some recent results in the
literature review.
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1 Introduction

Let X be a uniformly convex Banach space and C' a nonempty and convex subset of X. Let T be
a mapping from C' into itself, the set of fixed point of T is denoted by
FT)={zxeC:Tx=x}. Amapping T : C — C is called

1. non-expansive mapping if | Tz — Ty| < ||z — y|

2. quasi nonexpansive mapping if F(T') # () and
Tz —z|| < |lx—z|Vz e Cand V z € F(T) [1].

3. generalized nonexpansive mapping if

[Tz — Tyl < allz — yl| + 0l|Tx — || + c|Tz — yl| + d||Ty — yl| + €[ Ty — 2| V 2,y € C and
a,b, c,d, e are non-negative constant and a +b+c+d+e <1 [2].
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It was also proved that the above definition (3) is equivalent with

|72 — Tyl < allz—yll +b (T2 — 2| + [Ty — yl) +c(ITa -yl + [Ty — zl) ¥ 2,y € C, where a,b
and c are nonnegative constants such that a + 2b+4 2c¢ < 1. By letting a = 1 and b = ¢ = 0, we
can see that every nonexpansive mapping is a generalized nonexpansive mapping. It is well-known
from [3] that every generalized nonexpansive mapping with a fixed point is a quasi-nonexpansive
mapping.

Many Researchers have been working on attractive point in various directions. The concept of
attractive points was first introduced in Hilbert space in [4]. The introduction was basically mo-
tivated to get rid of the closedness and convexity hypotheses imposed on nonempty subset C' of a
Hilbert space (H) in a celebrated Bailons [5] nonlinear ergodic theorem. They established nonlinear
ergodic theorem without convexity for generalized hybrid mappings in Hilbert spaces. They also
proved an existence theorem for attractive points of some nonlinear mappings without assuming
convexity of its domain. From the definition of sets of attractive points and fixed points A (T)
={ue H:||Tx—u|lxz € C} and F(T) = {u € C: Tu = u}, where C is a nonempty closed convex
subset of a real Hilbert space H and T' : C — H is a nonlinear mapping, it is easily seen that
neither an attractive point is a fixed point nor conversely. However, [1] gave the relation between
the two in the following lemmas.

Lemma 1.1. Let H be a real Hilbert space, and let C be a non-empty closed convexr subset of H.
Let T : C — C be a mapping. If A(T) # 0, then F (T) # 0.

Lemma 1.2. Let H be a real Hilbert space, and let C' be a nonempty subset of H. Let T : C — H
be a quasi-nonexpansive mapping ||[Tx — z|| < ||z — z||,z € F (T),x € C. Then A(T) U C = F(T).

The concept of attractive points for nonlinear mapping in Banach spaces was first introduced in
[6]. Subsequently, in [7] they proved convergence theorems for attractive points of some generalized
non-expansive mappings in uniformly convex Banach spaces. Since then, the theory of attractive
points has attracted considerable attention, and various authors have investigated the concept using
different analytical techniques: see, for example [8], [9], [10]. In 2018, [11] further extended the
concept of attractive points to the setting of two mappings in Hilbert spaces. Let 71,75 : C — H,
where C' is a nonempty closed convex subset of H. The set of all common attractive points for T}
and Ty is denoted by A (T1,7T%) and defined as
AT, T2) = {u € H : max (||Tix — ul|, [|[Tox — u||) < ||z — ul|,Vz € C}.

A(Ty,Ty) = A(Th) N A(T) and the common attractive point for finite family of nonlinear mappings
is denoted by A (T;), for each i =1,2,3,...,n

A(ﬂ){u € H: max (ITsx — u||) < ||z —ul|,Vz € C}.

The authors [12] proved a convergence theorem for common fixed points of the Mann’s iteration
for two generalized non-expansive mappings in uniformly convex Banach spaces.

{xl €C (1.1)

Tp4l = QpTp + BnTlxn + 'YnT2xn Yne N

On, By Yn € (07 1) and ap, + B + vp = 1.

The viscosity approximation was introduced by [13], which is defined as follows: For : z; € C
Tpa1 = an [ (x0) + (1 —ap) Tay, V¥ n € N where o, € [0,1] and f is a contraction mapping
under some suitable control conditions and proved that x,, converges strongly to a fixed point of T,
where T is a nonexpansive mapping. The authors, in [14] introduced a new accelerated algorithm
for finding a common fixed point of an infinite family of non-expansive mappings T; in Hilbert space
based on the concept of Inertia forward and backward of Mann’s viscosity algorithm.

Most recently, [15] they proved strong convergence theorems for common attractive points of
two generalized nonexpansive mappings without assuming the closedness of the domain. Using
iterative (1.1) in uniformly convex Banach space. They obtained strong convergence by imposing
compactness assumption on the domain and using the so called condition A, that is, there exists a
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non-negative non-decreasing function A : [0,00) — [0, 00) with A(0) = 0 and h (0) > 0 for any r > 0
such that h (d(xn, A (T1,T32))) < ||zn — T1ixs]|| or h(d(zn, A(T1,T2))) < ||2n — Tox,||.

Inspired and motivated by the above results, it is our purpose in this paper to extend and generalize
the result in [15] from two generalized nonexpansive mappings to finite family and furthermore,
we introduce a viscosity and inertia parameter to prove strong convergence theorem to common
attractive points of the said mappings.

2 Preliminaries

Definition 2.1. A Banach space X is called uniformly convex Banach space if for any e € (0,2]
there exist § = 0(€) such that for all z,y € X with ||z|, ||ly]| <1 and
Iz =yl > € then | =52 <1-5.

Definition 2.2. 1. Demiclosed aty, € C, if for any sequence {x,,} in C' which converges weakly
to x, € C and Tx, — Yo, it holds that Tz, = y,.

2. Semicompact, if for any bounded sequence {x,} in C such that

lim ||z, — Tx,|| = 0. There exist a subsequence {x,, } C {zn} such that z,, — z* € C as
n— oo
kE — oo.

The following lemmas will be needed in the proof of the main results.

Lemma 2.3. [16] Suppose T: C — C is a nonexpansive mapping. Let (x,,) be a sequence in X and
u be a fized element in X. If x,, = u and ||z, — Tx,| — 0 as n — oo then u € A(T;).

Lemma 2.4. [17] Let X be a uniformly convex Banach space. For arbitrary r > 0,

let B.(0) = {z € X : |z|| <r}. Then there exists a continuous strictly increasing convex function
g:[0,00) = [0,00) with g(0) =0 such that

1A+ iy + 122 < Mzl + wllglP+ A2l A g glllz =) Yoy € Bo(0) and A, iy 7y € [0,1]
with A\ + p+vy=1

Lemma 2.5. [18] Let X be a uniformly convex Banach space and B,.(0) with arbitrary r > 0 be a

closed ball of X. Then for any given sequence {x,} C B(0) and for any A\; € [0,1],j=1,2,...s
s

with > A\j = 1 there exists a continuous strictly increasing convex function g : [0,00) — [0, 00)
j=1

with g(0) = 0 such that for any j,i,k € {1,2,...S} with j < i,k the following inequality holds
5 s

132 Nl < 30 Mlagl® - Aideg (i — znll)-
j=1 j=1

Lemma 2.6. [19] Let {S,} and {b,} be sequences of non-negative real sequence, {o,} a sequence

in [0,1] and {t,} be a sequence of real numbers such that
Sn+1 < (L —0,) Sy + optn + by. If the following hold

1. Y 0,=00
n=1

2. > b, < 00,
n=

3. lim supt, < 0 then lim S, =0.
n—oo

n—oo

Lemma 2.7. [20] Let {®,,} be a sequence of real numbers that does not decrease at infinity in the
sense that there exists a subsequence {®y,} of {®yn} which satisfies ®,, < @, for all i € N. Let
{T(n)}n>n, be a sequence of integer, defined as follows:

7(n) :=max{s <n: Py < Pyyq},
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where ng € N such that {s <ng: Ps < Pgy1} # 0. Then the followings are satisfied:
1. 7(ng) < 7(np+1) <... and 7(n) = oo,

2. Oy < Prinyg1 and D, < Driyy4, for all m > ng.

3 Main Results

In this section, we prove strong convergence theorems for finite family generalized nonexpansive
mapping in real uniformly convex Banach space.

Theorem 3.1. Let X be a uniformly Convexr Banach space. Suppose {T;} is a finite family of
generalized nonexpansive mapping and T; : X — X for each i = 1,2,..., N be a finite family of
N

generalized nonexpensive mapping with (| A(T;) # 0. Let {x,} be a sequence defined by

i=1

To,x1 € X
Zn = Tn + 0, (T — Tp_1) n>1
N+1 (3.1)

Yn = D Yn,ili-1%n vV 1=1,2,3,.,N+1
=1
Tn+1 = Anf (Tn) + Bnn + Qnyn vV n>1

where f : X — X is a contraction mapping with K € [0,1), T, is identity mapping (T, = I) with
(o), (Bn)s (), (Yn,i) are sequences in (0,1). Then sequence {x,} converges strongly to the com-

N
mon attractive points u € (| A(T;) provided that the following conditions holds:
i=1

1=

1. o+ 8, +Q,=1 Vn>1

oo
2. lim «, =0 and S a, =00
n— o0 n=1
3. lim 0, ||zn — xp-1] =0 and lim % Tp — Tp-1] =0
n—o0 n—oo n
N+1
4’ Z Tn,i = 1
i=1

5.0<a<pfB,<b<l

6.0<c<Q, <d<]1.
Proof. We divide the proof into the following lemmas:
Lemma 3.2. Let X be a Uniformly convex Banach space. Suppose {T;} is a finite family of
generalized nonexpansive mapping and T; : X — X for each i = 1,2,3,..., N with f\f] A(T;) # 0.
Let {x,} be a sequence generated by (3.1), this implies {x,,} is bounded. -

Proof:
Let u € ﬁl A(T;). From the scheme (3.1) above, we have:

1=

l2n — ull = [|[2n + O (T — Tn—1) — ul|.
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Hence

20 =l < 12 — ull + Gl — 2ol (3.2)

Also
N+1

g —ull = | S YniTic120 — ul
=1
N+1

S Z H’Yn,z (Crz’flzn - U)
i=1
N+1

< Z Ynillzn — ull
i=1

[yn —ull <lzn = ull.

Using (3.2), we have

[yn = ull < llen = ull + Onllen — zpa]l (3.3)
Now from (3.2), (3.3), and scheme (3.1), we have

[#n41 = ull = llanf (#n) + Bran + Qnyn — ul

= [low (f (@n) — u) + B (20 — u) + Qn (yn — u) ||

< anlf (@n) = ull + Bullzn — ull + Qnllyn — ull

= anl|lf (zn) = f () + f (u) — ull + Bullen — ull + Qnllyn — ul|

< anllf (2n) = f (W) | + anllf () — ull + Bullzn — ull + Qnllyn — ul

<o K||zn —ull + Bullzn — ull + Qn (lzn — ull + Onllzn — zn-al]) + anllf (u) — ull
= apKl|zn —ul + (Bn + Q) [z — ull + Qubnllzn — zaoa || + anllf (w) — ufl

= apK||zn —ul + (1 — an) |20 — ull + Qubnllzn — Ta_a || + anllf (w) — ul|

= (anK +1—ap) [|zn — ull + Qubnllzn — zp_all + an|| f (w) — ull

1—a,(1- ))”xn —ull + Qubn|zn — 1| + anllf (w) — ull

( (1

(1 —an (1— )>||xn — | + m {Qnonm — || + ol f (u) — ull]
( (1

_|_

Q, 0,
1~ o, (1~ >)||xn—u||+an<1—K>_1_Kxa—nxnxn—xn_ln
x || f —u
tee R O]
[ d 0, 1 () — ]
< _ _ _ _ _n _
_(1 an (1 K))||:cn ull+ (U= 1) | 7 0 % o = |+ B .

By condition (3), we have Z—" |€n — n—1]] = 0 as n — oo that is 3 a positive Constant
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M; > 0 such that z—“ |xn — Zp-1]] < M1 Vn > 1.

d _
s =l < (1= (1= ) ) = ]+ g (1 = ) [ 20 L0l
= (1= (1= 8 Jllon = ull +an (1 - {dMﬁllfg? —u||]
§(1ozn(lK))max{||xnu|’dM1+1||f )—u||}

+ anp (1 —K)max{”xn _“Ha dM; + ||f(u) —u||}

1-K
= max < ||z, — ul| dMy + ||f (u) — ull
n s T K
_Oén(l—K)max{Hxn_u'7dM1+1||i"(I1(L)—u||}
+an(1K)max{||xnu|’dM1 15 () u”}

dMy + ||f (u) — ul| }

o =l < max { = uf, 51

dM, + ||f (u) — u]|
1-K

Therefore {x,} is bounded. It follows that {z,}, {yn}, {f (zn)}, {Tizn} {Tizn} are all bounded.
(

< max{”xo —ul, (3.4)

Lemma 3.3. Let {x,} be a sequence in Lemma 3.2, (an), (Bn), (), (n.:) are sequences in (0, 1)
N

that satisfied the conditions in (3.1), then {z,} converges strongly to a point u € () A(T;) which
i=1

solves the variational inequality

N
(f (W) —uj(u—2)>0 Vze[)AT). (3.5)
i=1
Proof. By the definition of z,, and y,,, we have
Iz — u||2 = [lzn + On (0 — Tp-1) — uH2

2
< ( |27 — ull + Onl|z, — xn—lu) .
Hence, we have
lzn —ull? < ll2n —ull® + 20020 — Znoallllzn — ull + 03|20 — 20| (3.6)

Also, we have
N+1

lyn = wl® = 1 D~ YniTi120 — ul®
i=1
N+1

| Z Vi (Tim12n — ) ||2
N+1
(Z ’ynz z lzn_u”>

2
< (Hxn - u” + Gonn - xn—l”) .

IN
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Therefore,

l[yn — u||2 < flon = uH2 + 20,20 — 2ol — ull + 0721”5571 - $n71||2' (3.7)
From (3.3), (3.7), and scheme (3.1), we have
[Zns1 — u||2 < lanf (z0) + Bazn + Qnyn — “”2
= llen (f (2n) = w) + Bp (0 — ) + Qu (yn — u) ||
— Yo (F Gn) — £ (0) + F () =)+ B (n — ) + Do (g — ) |
= ||an( (zn) — f(u)) + an( (u) — U) + B (2 — ) + Qp (g — w) ||?
= ||0‘n( (zn) — f(u)) + B (20 — 1) + (0 — ) || + 2<an(f( ) — U)v] (Tn+1 — u))
< anllf (@n) = f (W) |* + Ballzn —ul® + 2 [Hxn —ul® + 20020 — 1 |||l — ull
62— 1 2] + 200 (F () — ), (ns1 — ).
Consequently, we have
[2nt1 = ull* = anllf (@a) = f () 1* + Ballzn — ull* + Qullzn — ull?
+ 2200 |20 — pa |0 — ul + Qb3 |2 — 2pa | + 2an<(f (u) = u),] (Tnt1 —u))
= aulf (@) = f (@) I + (B + Q) 2 — ul®
+ Qnon”xn - xn—ln [QHIn - u|| + en”mn - In—lu] + 201n<(f (u) - u),] (xn+1 - u)>
= apllf (@) — f(u) H2 + (1= o) llzn — u||2 + Qb — 20|
20120 = ull + Onllzn — za-1ll] + 20n((f (u) =), j (Tnt1 — u))
<o K|z, — u||2 +(1—ay) Hxn - u||2 + Qb [|zn — xn,1|| [2Hxn —ul| + gonn
+ 200 ((f () = 1), j (Tns1 — u))
= (anK +1—ay) |z, — u||2 + Qb |y — 2p 1| [QHxn —ul|| + On ||z, — xn—ln]
+ 2an<(f (u) — u),j (Tpg1 — u)).

By condition (3) we have 6,, ||z, — ,—1]] — 0 as n — o0, there exists a positive constant M > 0
such that 0, ||z, —zp_1|| < My Vn>1

- wn71||]

[Zn41 —ul® < (1= an (1= K))|lzn —ull® + Qbpllzn — 21 || [2]|2n — ul] + M)
+ 2an<(f (u) — u),j (Tpg1 — u)).
Now 2||z,, — u|| + M2 < 3max {||x,, — ul|, M2} by taking M5 = max {||z, — u|, M2}, we have
[@nt1 —ull® < (1-an(1-K))lz, - ull® + Qb zn — zn_13Ms
+ 2an<(f (u) — u),] (Tpt1 —uw))

1-K)
—(l—ay(1-K _yp 4 20 =K — 21 |3M
( an ( ))Hwn ul|” + an(1—K) |: nOn || — 2n_1]|3M3

#2001 ) = .5 s = )]

= (1= an (1= K))[|lzn —ul* + n (1 - K)

—3M Qn en n -~ 4n— n .

D ollrn—aall () ). s — )|
<(1—an(l=K))|z, —ul® +an (1 - K)

[3dMs  Op||Tn — T .

j’_; y || anx 1]] + 1_2K<(f(u)u),](xn+1u)>]

i1 —ull? < (1= an (1= K))|lzn —uf? +a, (1 - K)
[3dMs  Op||Tn — T .
s s ol = tactl (70 =) s — )
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Comparing with Lemma 2.6, we have

Snt1 = [|[Tny1 — UH2
sp = |lzn — “H2
3dM3 en Ty — xn_1|| 2 .
= 20 Dnlltn = tnal g 27 ) ) s — ),

Then, we obtain
Sn+1 < (1 —0y) Sp + ontn¥n > 1.

We proceed in two cases.

In the first case, we suppose that there exists ng € N such that the sequence {||z, —ull},,, is

nonincreasing. Since the sequence {z,,} is bounded, it follows that {||z,, — u||} is a convergence
o0

sequence. Using condition (2) we get Y o,=00.
n=1
We next claim lim sup((f (v) — u),j (zn41 —u)) < 0.
n— oo
Coming back form the definition of y,, we have

N+1

lyn = wll> = 11> yniTic120 — ul®
=1

N+1 2
= (l Z ’Yn,iTiflzn - u”) .
=1

By Lemma 2.5, we have

N+1

lyn —ull? < 3 Yo

=1

= Hzn - ’U,||2 - ’Yn,l’Yn,zg(HZn - i712n||)~

|Zn - U||2 - 'Yn,l’Yn,ig<HZn - 711—175n||)

‘We obtain

lym =l < llzn = ul® = Ynavmig(l2n — Ticrzall).- (3.8)
Using the scheme (3.1), we have
||xn+1 - U||2 - Hanf (xn) + /ann + Qnyn - UH2
< apllf (2n) = ull? + Bullzn — wll? + Qnllyn — ul*.
Using (3.8), we have

|Tni1 — u||2 <anllf (zn) — “H2 + Bnlln — u||2 +Q, [Hzn - UH2
—%,wn,ig(llzn— 171Zn|m
< anllf (@) — UH2 + Bnllzn — u||2 + 2 [Hxn - U”2 + 20|20 — Tp-1|
”xn - UH + ergz”mn - $n71||2] - Qn’Vn,an,ig(Hzn - iflzn”)
= OLan (xn) - UH2 + (5n + Qn) ”fEn - U||2 +Qy [29n‘|xn - xn—1||||xn - UH
+ eillxn - l‘n—1||2} - Qn'le'Yn,ig(Hzn - i—lznll)
= an| f (zn) — “H2 + (1 —an) [lzn — u||2 + Qb llzn — n—1|
[2”%1 - UH + O l|zn — xn,1||] - Qan’l’Yn,ig(Hzn - Tzflan)
= an| f (zn) — UH2 + llzn — u||2 — anllzn — u||2 + Qb |lzn — p_a|
[2”5% —ull + On||zy — mn—ln] - Qn’Yn,l'Yn,ig(HZn - Ti—lan)
41 —ul® < an(”f () —ul)® = [l — u||2) + [l — ull? + Qubpl|zn — ol

2llzn — ull + Onllzn — 2n—1ll] = QuVn1vm,i9 (20 — Tim12al))-

o1
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Consequently, we have

QnVn’l’Vn,ig(”Zn - Tiflan) < an(”f (rn) — uH2 = [|n — u||2) — [Tyt — “”2 +[|zn — UH2
+ Q| — Ty [2||37n —ull + On 7y — xnflll]
= an(I|If (zn) = ull® = llzn — ul?) = (|2ng1 — ull® = [lzn —u|?)
+ Qb ||Tn — 21| [QHxn —ull + 0|z, — wn71||]~
Then, we have
~ tim (enss — ul® = o — ul?)
+ lim Q,0,|zn — 2pn_1]] [2||J;n — || + Opllzn — xn_lH].
n—oo

It follows from the conditions (2), (6) and the convergence of the sequences {||z, —u||} and of
{0n||xr, — xn—1|}, and the boundedness of y,,1 ¥n: and by virtue of the properties of the function

”

g”, we conclude that

nh—>I20 llzn — Ti—12n]] = 0. (3.9)
Also, we obtain
2n — znll = |5 + On (T — Tn—1) — Tnl|

S en”xn - xnle
lim ||z, — 2,| < lim 60,||z, — 2p_1]-
n—oo n—oo
By assumptions (3), we have

lim ||z, — .| =0. (3.10)

n—oo
Again, we have
||1‘n+1 - UH2 = Hanf (In) + Bnn + Qpyn — u||2
= [lan (f (Tn) = u) + Bn (25 — u) + Qn (yn — ) ”2
Applying Lemma 2.4 and (3.7), we have
2041 = ull® < @nllf (@) = ull® + Bullzn — ull® + Qullyn — ull* = Bang (I2n — ynll)
< ol f (zn) — u||2 + Bnllzn — u||2 +Qy [”xn - UH2 +20n |20 — Tp_alll|Tn — ull
+ einn - xn—lnz] - ﬁnQnQ(Hxn - ynH)
= apl|f (zn) — u||2 + (1 —ay)l|zn — u||2 + Qnbnl|Tn — Tp—1|
[2”%71 - u|| + en”xn - xnle] - 5n9n9<”xn - yn”)
Consequently, we have
ﬁnﬂng(”xn - yn”) < an(”f(xn) - “”2 —|zn — UHQ) - (Hanrl - u||2 - Hmn - u||2)
+ Qun |y — Ty [2||$n —ull + Onlln — 201 H]
Hence, we have
nh_{r;o ﬂnQnQ(Hxn - ynH) < nh_{go an(”f (xn) —ul® = [l — qu)
— lim (Jnss — ol = 2, — ulf?)

+ lim Q,0,||xn — Trn-1]| [2||xn —ul| + Onllzn — zn_1||].
n—oo
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By condition (2), (5) and (6), the convergence of the sequences {||x,, — u||} and of {0, ||z, — Tn-1]},
and by the property of ”¢g”, we have

Jim g(flzn = ynll) = 0.
Hence, we have
nh—>néo lzn, — yn|l = 0. (3.11)

Also, we have
yn = 20l = Yn — T + Tn — 24|
< lyn — znll + |z — 20l
nlggo yn — znll < nlggo lyn — znll + nlgrolo lzn — 2nl|-

By (3.10) and (3.11), we have

lim ||y, — 2| = 0. (3.12)

n—oo

Again, we have

||$n+1 - ZnH = Han.f (gjn) + ann + Qnyn - Zn“

Hm |21 — 20l < Um ap||f (2n) — 2zo|| + lm Bullzn — 2ol + lm |y, — 24|
n—oo n— oo n— o0 n— oo

By condition (1), (3.10) and (3.12), we have

lim ||2p4+1 — 2] = 0. (3.13)
n—oo
Also, we compute
|Tni1 — 2nll = [ Tny1 — 2n + 20 — 20|
< znt1 = zall + |20 — 20l

. _ < 1 _ . ol
nll_{rolo [Zn41 — 2nll < nh—>Holo [Zn+1 — 2nll + nh—>Holo |2n — @l
Using (3.10) and (3.13), we obtain
nh_}rrgo |€nt1 — zpn] = 0. (3.14)

We suppose
b= <(f (U) - u)a.] (xn+1 - u)>
Since z,, is bounded, there exists a subsequence z,, of z,, such that x,, — z and
b= {(f(u) = u),j (Tn, 41 —w)).
Using (3.9), (3.10), (3.13) and (3.14), we have
||xn - i—lan = ”xn — Tp41 + Tn+l — Zn +2zp —dj—12n + E—lzn - i—lzn”

S Hxn - xn-{-l” + ||xn+1 - Zn” + Hzn - i—lan + ||Ti—lzn - T’i—lxnn

lm ||, — Tic12,| < lim |2, — Tppa || + Im |[2p41 — 26|l + lim ||z — Ti—1 24|
n—oo n—oo n—oo n—oo

+ lim ||z, — x|
n— oo
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Hence, we have

nhHH;O |xn — Tic12zp] =0 (3.15)
Since lim ||z, — T;—1x,]|| = 0, we conclude that
n—oo
lim ||, — Tyz,| = 0. (3.16)
n—oo

We show that the solution of the variational inequality is unique.

Assume u, z € ﬂ A(T;) are the solution of the variation inequality of (3.5). Then

(w—=f(u),j(z=u) =0 (z=f(2),j(u—2))=0.
Adding the two equations, we have
2 (u—f(u),j(u—2))+(f(2) = 27j(u—2)
=(u—f(u)+f(z) —2ju-2z)
=(u—z—(f(u) = f(2),j(u—2))

=(u—27ju=2)={f(u) = f(2),j(u-2)
> lu—z* = [{f (w) = f(2) 5 (u—2))|
> lu—z* = If (u) = £ (2) lu— 2| (3.17)

> flu—z)* = Kllu = 2|l[|u — 2|
= flu—z||* = Kllu - 2|
= (1= K)|z—ul
= |z — ulf?
0=|z—u

We obtain z = u so the solution is unique.

Since T is a generalized nonexpansive mapping then by Lemma 2.3 and (3.16),

we have z € ﬂ A(T;). From (3.5), the following holds:

=1

(f(u) —u,j(z—u)) <0.
Now, we have

limsup(f (u) — u,j (zp+1 —w)) = limsup(f (u ,J (@pg1 — Ty + 2y — w))

n—oo n—oo

2J (@1 =) + 5 (20 — )

n—o0

(
= limsup(f (u
(

< lim sup(f

n—roo

) =
) —

w) =, j (Tnt1 = n))
(

+ limsup(f (u) —u,j (z, — u)).

n—oo

Since by (3.17) then there exist a subsequence z,, of x,, such that z,, — z. We have
lim sup( (u) = 1, (1 — ) < Jim (f (u) = 0, (g1~ 70,))

+ lim (f (u) —u,j (T, —u))

k— o0

= (f () —u,j (2 = 2)) + (f (w) —u,j (2 — )
limsup(f (1) — , j (@ns1 —w) < (f () —u,j (z — ) <O0.

n—oo
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Hence
limsup(f () — u, j (X1 —u)) <O0. (3.18)
n—oo
By (3.18), with lim Z—”Hxn — Zp—1| =0, we have lim sup ¢, < 0. Hence we conclude that {z,}
n—oo %n n—oo

N
converges strongly to u € (| A(T;).
i=1
In the second case, we assume that there exists a subsequence {®,,} of {®,} such that

D, < D,, 41 for all t € N. Then, we define 7: {n:n >ng} = N as follows:
7(n) :=max{s € N:s<n,®; < Dy41}.

Obviously, 7 is a nondecreasing sequence. Then, by Lemma 2.7, we have ®,(,) < ®, ()41, that is
|Zr(n) — ull < ||Tr(n)+1 — ul| for all n > ng. Using similar argument as in the first case, we can
obtain everything proved in the first case by taking 7(n) instead of n. So we have

limsup ||, () — ul|* < 0.
n—roo

Therefore, we get
|Zr(n) —ull = 0 and [[2(ny41 —ul| =0 as n — oo. (3.19)
So, it follows from (3.19) and Lemma 2.7 that
lzn —ul| < |2y —ull =0 as  n— oo.
N

Therefore, {z,} converges strongly to u € (| A(T3).

=1

4 Numerical Example

In this section, we present a numerical example to illustrate the behavior of the sequences generated
by the iterative scheme (3.1). The numerical implementation is done with the aid of MATLAB
R2017a programming on a PC.

Example 4.1. Let X = R with the usual norm (X, |.|). Suppose
T, =X — X, for everyi=1,2,..., N be defined by

Ti(x)_{g; if w<l1

1 1 1
We take an = 55,—7: Bn = 5001 @ =1 —n — Bn, Yn = 55, On = 7og and f () = 5, where f

is a contraction mapping with K € [0,1) then all the conditions are satisfied. Then from (3.1) we
get

Zo, X1 € X
zn:antn%ﬂ(xnfmn_l) n>1
N+1 (41)

Yn = > 37 (Tim12n) vV i=1,2,3,..,N+1
=1

Tntl = 50;71 (Iz) + (5054) Tn + (ggﬁj) Yn vV n>1

We test the iterative methods for the following initial points:

1. 0 =1.00 and ;1 = 0.5
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2. g = 0.50 and z; = 3.00

3. xg =2.00 and 1 = 2.5

4. 9 = 10.00 and 7 = 9.00

5. x¢g = 0.488 and x7 = 0.288

The values of {z,,} for different initial guesses

Ition case 1 case 2 case 3 case 4 case 5
Nno.x,
1 0.50000 3 2.50000 9.00000 0.288
2 0.22627 2.437239 1.59414 4.96631 0.16746
3 0.07888 0.710028 0.43441 1.28574 0.06538
4 0.01558 0.13168 0.07836 0.22662 0.01334
5 0.00162 0.01344 0.00793 0.02274 0.00140
6 9.41738 x 10~° 7.7463 x 10~ 4.55134x 104 0.00130 8.17196x 10~°
7 3.46596x 1076 2.84413x 107° 1.66918x 10~° 4.76948x 1075 3.01099x 1076
8 9.66689x 1078 7.92763x 1077 4.65120x 1077 1.32868x 10~ 8.40043x 1078
9 2.36056x 107° 1.93567x 1078 1.13562x 1078 3.24391x 1078 2.05140x 1077
10 5.40122x 10~11 4.42898x 1010 2.59839x 10~10 7.42232x 10710 4.69384x 10~ 11
N
It is evident from Table above that {z,} — 0 € (| A(T;).
i=1

Evolution of iterates o, under generalized scheme

LMy, a0y
050, a0y
3 (M, sy
LOhAMD, g
040, oy

EkkkE

.54
3.H)
2,00
oAHE
.20

56

<1 5

[53 I a8

Iteration



 https://doi.org/10.5281/zenodo.20385237

C,! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

IJMSO 12(1), 2026, PAGEs 44 - 58
HTTPS://D0OI.0RG/10.5281/zENODO. 20385237

5 Conclusion

We have studied the convergence of attractive points of finitely many families of generalized non-
expensive mappings using viscosity approximation method together with inertia parameters in the
setting of uniformly convex Banach space. Our theorem extends the results of [15] from two to
finitely many families of the said mappings. We have also established strong convergence theorem
without the so called condition A and compactness assumption on the domain.
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