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Abstract

The unsteady free convection boundary layer flow past a vertically translating circular cylinder
embedded in a saturated anisotropic porous medium is investigated under simultaneous thermal
and solutal stratifications with a first-order homogeneous chemical reaction. The porous resis-
tance is modelled with a tensor-based Darcy–Brinkman formulation in which the permeability
is represented by a symmetric positive-definite second-order tensor, and wall suction/injection
is permitted. Using boundary-layer scaling and similarity transformations, the governing PDE
system is reduced to a seventh-order nonlinear two-point boundary value problem. The reduced
system is solved by an adaptive Lobatto IIIa collocation scheme, selected for its A-stability and
reliable performance on stiff boundary-layer equations. The solver reproduces the Crane flat-
plate exact solution to six decimal places and matches published stretching-cylinder data to
within 2%. The results show that porous drag and transverse curvature govern wall shear and
heat transfer, the Schmidt number and chemical reaction strength govern mass transfer, and
thermal stratification enhances the Nusselt number through boundary layer thinning. Global
sensitivity analysis using Latin Hypercube sampling identifies the Prandtl number as most
influential for heat transfer, the Schmidt number for mass transfer, and the porous drag pa-
rameter for skin friction. The main contribution is the unified treatment of anisotropic tensor
permeability, chemical reaction, and dual stratification for an unsteady translating cylinder,
together with quantitative ranking of parameter influence under a single consistent modelling
framework. The results are relevant to geothermal energy extraction, contaminant transport
in stratified aquifers, and catalytic processes in enhanced oil recovery.
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1 Introduction
Unsteady laminar free convection flow past a circular cylinder arises in a variety of engineering and
geophysical contexts, including nuclear reactor cooling, geothermal energy extraction, catalytic pro-
cesses in crude oil recovery, and contaminant migration in underground aquifers. Although natural
convection over cylindrical geometries has been extensively studied, the simultaneous interaction of
anisotropic porous permeability, first-order chemical reactions, and dual thermal-solutal stratifica-
tions in an unsteady framework for a moving cylinder remains largely unexplored in the literature.
The present work addresses this gap.

Anisotropic porous media appear naturally in geological formations where layered soils, sedi-
mentary rock strata, and fibrous composites exhibit direction-dependent permeability. The per-
meability of such a medium is characterized by a symmetric positive-definite second-order tensor
¯̄K ∈ R2×2

sym whose eigenvalues and eigenvectors govern the directional resistance to flow. Degan
et al. [1] analysed convective heat transfer in a vertical anisotropic porous layer, and the same
group later examined similarity regimes in cylindrical geometries [2]. Vajravelu and Prasad [3]
studied mixed convection in an anisotropic porous layer with oblique principal axes. Nakayama
et al. [4] and Roper et al. [5] investigated flow through anisotropic rod arrays and microlattice
structures, respectively. The effects of rotation and radiation on convection in anisotropic porous
media were examined by Slimi et al. [6] and Bhadauria et al. [7]. More recent contributions in-
clude the smoothed particle hydrodynamics study of Aly and Ahmed [8] for non-Darcy anisotropic
media and the correlations of Iasiello et al. [9] for open-cell metal foams. Ali et al. [10] examined
double-diffusive convection in an anisotropic porous layer under rotational modulation, and Garg
et al. [11] analysed triply diffusive thermo-bio-convection in an anisotropic porous medium with
internal heating. Keshavarzian and Sayehvand [12] recently assessed the validity of the boundary
layer approximation for natural convection around cylinders in porous media. The monograph of
Nield and Bejan [13] provides a theoretical treatment.

In many environmental and engineering settings, the ambient fluid exhibits non-uniform temper-
ature or concentration distributions. Cheng [14,15] conducted systematic studies of double-diffusive
natural convection along vertical wavy surfaces in stratified porous media. Earlier similarity anal-
yses for thermally stratified environments were developed by Kulkarni et al. [16] and Angirasa
and Srinivasan [17]. For cylindrical geometries, Deka and Paul [18] treated flow past infinite ver-
tical cylinders with dual stratification, and Jha and Musa [19] examined the combined effects of
anisotropy and stable stratification in vertical annuli; this was later extended by the same group
to asymmetric heating [20] and buoyancy-driven Couette flow [21] in anisotropic porous channels.
Adigun et al. [22] investigated dual stratification with MHD slip-flow over a stretched inclined cylin-
der in a porous medium. Thebault et al. [23] and Srinivasacharya and RamReddy [24] explored
stratification effects in finite channels and non-Darcy micropolar fluids, respectively.

First-order chemical reactions within the concentration boundary layer consume or generate
solute, steepening the near-wall concentration gradient and modifying its coupling to the velocity
and thermal fields. Mansour et al. [25] and Kandasamy et al. [26] analysed first-order chemical
reactions combined with thermal stratification in MHD free convective flows. Ibrahim et al. [27]
studied radiation and chemical reaction effects on unsteady MHD free convection past a permeable
plate. Chamkha et al. [28] investigated chemical reaction effects on natural convection in porous
media, while Mahdy [29] considered variable-viscosity double-diffusive convection with chemical
reaction. Sudarsana Reddy and Sreedevi [30] and Zhang et al. [31] examined the combined effects
of radiation and chemical reactions on nanofluid flows. Singh and Chauhan [32] recently studied
chemical reaction effects on nanofluid flow from a permeable stretching cylinder in a porous medium
with convective boundary conditions. Badday and Harfash [33] analysed double-diffusive convection
with chemical reaction and magnetic field effects in bidispersive porous media, and Zegeye et al. [34]
studied the combined non-linear effects of Joule heating and binary chemical reaction past an
unsteady stretching cylinder in a Darcy–Forchheimer porous medium. Isede et al. [35] conducted
an analytical study on entropy optimization and heat transfer of MHD heat-generating flows through
anisotropic porous media. Gbadeyan et al. [36] examined the influence of Dufour and Soret effects on
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unsteady MHD convective heat and mass transfer in a non-Darcy porous medium. Nguyen et al. [37]
studied unsteady reaction-driven flow from anisotropic cylinders, and Rashad [38] investigated
anisotropic slip effects on unsteady nanofluid flows over inclined surfaces.

Despite the extensive body of work reviewed above, very few studies have treated anisotropic
porous permeability, homogeneous chemical reaction, dual thermal–solutal stratification, and un-
steady cylinder translation within one unified boundary-layer framework. In particular, the present
model combines tensor-based permeability representation with global sensitivity quantification in
the same formulation. The similarity reduction approach adopted here builds upon the work of
Crane [39] on stretching sheets, extended to cylindrical geometry by Wang [40]. Recent Darcy–
Brinkman studies of stretching cylinder flows include Znaidia et al. [41], who employed a Brinkman–
Maxwell–Garnett model for drilling nanofluids. Benchmark heat transfer results for stretching
cylinders were established by Ishak et al. [42], Bachok and Ishak [43], and Elbashbeshy [44], while
related double-diffusive studies on vertical cylinders include Chen and Yuh [45] and Khan et al. [46].

The novelty of the present study is the unified formulation and analysis of these four coupled
effects for a vertically translating circular cylinder in an anisotropic porous medium, together with
a similarity reduction to a seventh-order boundary value problem and a benchmarked parametric
and sensitivity study of the resulting transport behaviour.

The remainder of the manuscript is organised as follows. Section 2 presents the mathematical
model, governing equations, similarity transformation, and the associated dimensionless parameters
and transfer metrics. Section 3 describes the numerical method and verification procedure. Section 4
discusses the parametric and sensitivity results. Finally, Section 5 summarises the main findings,
practical implications, and limitations of the study.

2 Mathematical formulation

2.1 Problem statement and governing assumptions
Consider the unsteady, two-dimensional, laminar free convection boundary layer flow of an in-
compressible fluid past a semi-infinite vertical circular cylinder of radius a. The cylinder translates
axially with prescribed velocity Uw(z, t) and is embedded in a saturated anisotropic porous medium.
The medium is characterised by principal permeabilities k1 and k2, with the k1-axis inclined at an-
gle θ∗ to the cylinder axis. A cylindrical coordinate system (z, r) is adopted, with z along the
vertical axis and r the radial distance from the axis of symmetry.

The following assumptions are adopted throughout. The Boussinesq approximation holds, so
ρ = ρ∞[1− β(T − T∞)− β∗(C − C∞)], valid for |∆T |/T∞ ≪ 1. The porous resistance follows the
Darcy–Brinkman formulation with anisotropic permeability tensor ¯̄K. A first-order homogeneous
chemical reaction of rate constant Kr acts on the excess concentration (C − C∞). The ambient
temperature and concentration vary linearly with height, characterised by stratification parameters
S1 and S2, respectively. Wall suction or injection is imposed through a prescribed radial velocity
Vw at the cylinder surface.

The physical configuration and coordinate system are depicted in Figure 1. As illustrated, a ver-
tical circular cylinder of radius a translates upward with velocity Uw through a saturated anisotropic
porous medium whose permeability tensor ¯̄K = R diag(k1, k2)R

⊤ has its k1-axis inclined at an-
gle θ∗ to the cylinder axis. The cylinder motion is aligned with the gravitational body force in the
aiding buoyancy configuration, so that both thermal and solutal buoyancy forces assist the flow
along the positive z-direction. Velocity, thermal, and solutal boundary layers develop simultane-
ously along the curved surface. The ambient temperature and concentration vary linearly with
height as T∞(z) and C∞(z), respectively, while a first-order chemical reaction of rate constant Kr

acts on the excess concentration within the boundary layer. Wall suction or injection is permitted
through a prescribed radial velocity Vw at the cylinder surface.
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Figure 1: Schematic of the physical configuration and coordinate system.

2.2 Governing equations and porous medium model
Under the above assumptions, the conservation equations for mass, momentum, energy, and species
concentration take the form:

∇ · v = 0, (2.1)

∂v

∂t
+ (v · ∇)v = νeff ∇2v + g

[
β(T − T∞) + β∗(C − C∞)

]
êz − ν ¯̄K−1 v, (2.2)

∂T

∂t
+ v · ∇T = α∇2T, (2.3)

∂C

∂t
+ v · ∇C = Dm ∇2C −Kr (C − C∞), (2.4)

where v = (u, v) is the velocity vector with u and v the axial and radial velocity components,
respectively, êz is the unit vector along the cylinder axis, and −Kr(C − C∞) models the first-
order homogeneous reaction. Stratification enters through the ambient gradients: decomposing
T = T∞(z) + ∆T and C = C∞(z) + (C − C∞) introduces advection terms u (dT∞/dz) = S1 u and
u (dC∞/dz) = S2 u, as shown in the boundary layer equations Equations (2.19) and (2.20).

The symmetric positive-definite permeability tensor for an anisotropic porous medium with
principal permeabilities k1 and k2, with the k1-principal axis inclined at angle θ∗ to the z-axis, is
obtained by a standard rotation of the diagonal representation diag(k1, k2) [1, 13]:

¯̄K = R(θ∗) diag(k1, k2)R
⊤(θ∗) =

(
K11 K12

K12 K22

)
, (2.5)

where R(θ∗) is the planar rotation matrix and

K11 = k1 cos
2 θ∗ + k2 sin

2 θ∗, (2.6)

K22 = k1 sin
2 θ∗ + k2 cos

2 θ∗, (2.7)
K12 = (k1 − k2) sin θ

∗ cos θ∗. (2.8)
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The off-diagonal elements involve the factor (k1−k2), which follows directly from the similarity
transformation of a diagonal matrix. In the isotropic limit k1 = k2, the off-diagonal entries vanish
identically, as required by physical consistency.

Defining the permeability ratio k∗ := k1/k2, the effective directional permeability parameter
that arises upon projecting the Darcy resistance along the axial direction within the boundary
layer approximation is

Ka := k∗ sin2 θ∗ + cos2 θ∗. (2.9)

One verifies that Ka = 1 when k∗ = 1 (isotropic limit, for any θ∗) or when θ∗ = 0 (the k1-axis
aligned with the flow direction, for any k∗). When θ∗ = π/2, Ka = k∗ and the axial flow resistance
is governed entirely by k2.

2.3 Initial and boundary conditions, stratification, and boundary layer
equations

t ≤ 0: u = 0, T = T∞, C = C∞ for all r, (2.10)

t > 0: u = Uw, v = Vw, −k ∂T
∂r

∣∣∣∣
r=a

= qw, C = Cw at r = a, (2.11)

u→ 0, T → T∞, C → C∞ as r → ∞. (2.12)

Following Jha and Musa [19], the thermal stratification parameter is defined as

S1 =
dT∞
dz

+
g

Cp
, (2.13)

where dT∞/dz is the vertical temperature lapse rate and g/Cp ≈ 10 ◦Ckm−1 is the dry adiabatic
lapse rate. The atmosphere is stably stratified when S1 > 0, neutrally stratified when S1 = 0, and
unstably stratified when S1 < 0. The solutal stratification parameter is defined analogously:

S2 =
dC∞

dz
. (2.14)

Following Bachok and Ishak [43], Elbashbeshy [44], and Adigun et al. [22], the temperature and
concentration differences are expressed as

T − T∞ =
qw
k

√
νz

Uw
θ(η), qw =

qw0

l (1− λt)
zn, (2.15)

C − C∞ = (Cw − C∞)ϕ(η). (2.16)

Applying the standard boundary layer scalings (v ≪ u, ∂/∂z ≪ ∂/∂r) to Equations (2.1)
to (2.4) yields, in cylindrical coordinates (z, r):

∂(u r)

∂z
+
∂(v r)

∂r
= 0, (2.17)

∂u

∂t
+ u

∂u

∂z
+ v

∂u

∂r
= νeff

(
∂2u

∂r2
+

1

r

∂u

∂r

)
+ g

[
β(T − T∞) + β∗(C − C∞)

]
− Ka ν

k1
u, (2.18)

∂T

∂t
+ u

∂T

∂z
+ v

∂T

∂r
= α

(
∂2T

∂r2
+

1

r

∂T

∂r

)
− S1 u, (2.19)

∂C

∂t
+ u

∂C

∂z
+ v

∂C

∂r
= Dm

(
∂2C

∂r2
+

1

r

∂C

∂r

)
−Kr(C − C∞)− S2 u. (2.20)
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2.4 Similarity transformation
We introduce the similarity variable and stream function following Bachok and Ishak [43]:

η =
r2 − a2

2a

√
Uw

νz
, ψ = a

√
ν Uw z f(η), (2.21)

together with the dimensionless temperature and concentration:

θ(η) =
k

qw

√
Uw

νz
(T − T∞), ϕ(η) =

C − C∞

Cw − C∞
, (2.22)

where the axial surface velocity is

Uw(z, t) =
b z

1− λt
, b =

U

l
. (2.23)

The stream function satisfies
u =

1

r

∂ψ

∂r
, v = −1

r

∂ψ

∂z
, (2.24)

so that the continuity equation (2.17) is satisfied identically.
For clarity, the similarity reduction is based on three standard assumptions. First, the boundary-

layer ordering v ≪ u and ∂/∂z ≪ ∂/∂r is applied, so axial viscous diffusion and higher-order
streamwise derivatives are neglected relative to radial diffusion. Second, pressure-gradient terms
are omitted in the transformed momentum equation because the flow is buoyancy-driven with
prescribed wall motion in the boundary-layer limit. Third, all dependent variables are scaled with
the wall velocity and imposed thermal/solutal driving scales in Equations (2.21) and (2.22), which
yields the dimensionless groups in Equations (2.35) to (2.39).

We now outline the key steps of the transformation. From Equations (2.21) and (2.24), the
velocity components become

u = Uw f
′(η), v = −a

r

√
ν Uw

z
f(η). (2.25)

Noting from Equation (2.21) that

∂η

∂r
=
r

a

√
Uw

νz
,

∂η

∂t
=

λ

2(1− λt)
η, 1 + 2γη =

r2

a2
, (2.26)

the chain rule gives ∂/∂r = (rσ/a) d/dη, where σ :=
√
Uw/(νz). Applying this to the cylindrical

diffusion operator in Equation (2.18) yields

νeff

(
∂2u

∂r2
+

1

r

∂u

∂r

)
= γ̄

U2
w

z

[
(1 + 2γη) f ′′′ + 2γ f ′′

]
, (2.27)

where the (1 + 2γη) factor arises from (r/a)2 = 1 + 2γη and the 2γ term from the cylindrical
curvature contribution (1/r) ∂u/∂r.

The temporal, convective, buoyancy, and Darcy resistance terms transform as

∂u

∂t
= A

U2
w

z

(
f ′ + 1

2 η f
′′) , u

∂u

∂z
=
U2
w

z
(f ′)2, v

∂u

∂r
= −U

2
w

z
f f ′′, (2.28)

g
[
β(T − T∞) + β∗(C − C∞)

]
=
U2
w

z
λT (θ +Nr ϕ),

Ka ν

k1
u =

U2
w

z
KaDaf

′. (2.29)

Substituting Equation (2.27)–Equation (2.29) into Equation (2.18) and dividing throughout by
U2
w/z yields the momentum ODE Equation (2.30) below. The energy and species equations Equa-

tions (2.31) and (2.32) follow analogously; the (1 + 2γη) curvature structure in the diffusion terms
and the A/2 unsteadiness grouping arise identically in each equation.
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Under the similarity transformation Equation (2.21)–Equation (2.24), the boundary layer prob-
lem Equation (2.17)–Equation (2.20) reduces to the following system of coupled nonlinear ordinary
differential equations:

γ̄
[
(1 + 2γη) f ′′′ + 2γ f ′′

]
+ f f ′′ − (f ′)2 −A

(
f ′ + 1

2 η f
′′)

+ λT
(
θ +Nr ϕ

)
−KaDaf

′ = 0,
(2.30)

1

Pr

[
(1 + 2γη) θ′′ + 2γ θ′

]
+ f θ′ − n f ′ θ − A

2

(
θ + η θ′

)
− S f ′ = 0, (2.31)

1

Sc

[
(1 + 2γη)ϕ′′ + 2γ ϕ′

]
+ f ϕ′ − f ′ ϕ− A

2

(
ϕ+ η ϕ′

)
−K ϕ− F f ′ = 0, (2.32)

subject to the boundary conditions

f(0) = fw, f ′(0) = 1, θ′(0) = −1, ϕ(0) = 1, (2.33)
f ′(η) → 0, θ(η) → 0, ϕ(η) → 0 as η → ∞, (2.34)

where fw > 0 corresponds to suction and fw < 0 to injection.
It is worth noting that the unsteady term in Equation (2.32) contains both ϕ and η ϕ′, and the

convective terms are f ϕ′ − f ′ ϕ. These arise from the chain rule applied to the material derivative
DC/Dt and must be retained for consistency with the momentum and energy equations.

2.5 Parameters of Engineering Interest
The 14 independent dimensionless parameters appearing in the ODE system Equation (2.30)–
Equation (2.32) are defined below. The groups Rez, Grz, Gcz, and λC are intermediate quantities
used in the derivation but are absorbed into the independent parameters λT , Nr, γ, and Da.

A =
λ

b
, Rez =

z Uw

ν
, Grz =

g β qw z
4

k ν2
, Gcz =

g β∗(Cw − C∞) z3

ν2
, (2.35)

λT =
Grz

Re
5/2
z

, λC =
Gcz
Re2z

, Nr =
λC
λT

, γ̄ =
νeff
ν
, (2.36)

Pr =
ν

α
, Sc =

ν

Dm
, Da =

ν z

k1 Uw
, γ =

1

a

√
νz

Uw
, (2.37)

S =
S1 z k

qw

√
Uw

νz
, F =

S2 z

Cw − C∞
, K =

Kr z

Uw
, (2.38)

Ka = k∗ sin2 θ∗ + cos2 θ∗, fw = −Vw
Uw

√
z Uw

ν
. (2.39)

Here A is the unsteadiness parameter, γ̄ is the viscosity ratio (νeff/ν), γ is the transverse
curvature parameter, λT and λC are the thermal and solutal buoyancy parameters, Nr is the buoy-
ancy ratio, Da is the porous drag parameter, with larger values indicating stronger flow resistance
through the porous matrix, Pr is the Prandtl number, Sc is the Schmidt number, S and F are the
thermal and solutal stratification parameters, Ka is the anisotropic permeability parameter, fw is
the suction/injection parameter, and K is the chemical reaction parameter, where K > 0 denotes
a destructive reaction and K < 0 a generative one. The heat flux exponent n characterises the
spatial variation of the surface heat flux; the baseline value n = 1 corresponds to a linearly varying
flux along the cylinder axis, while n = 0 yields a uniform flux.

Under the prescribed heat flux condition (θ′(0) = −1), the relevant engineering quantities are:

Cf Re
1/2
z = −f ′′(0), Nuz Re

−1/2
z =

1

θ(0)
, Shz Re

−1/2
z = −ϕ′(0). (2.40)

Since the surface heat flux is prescribed, the surface temperature, characterised by θ(0), is
determined as part of the solution. The local Nusselt number is therefore Nuz ∝ 1/θ(0), rather than
the usual −θ′(0) encountered under prescribed temperature conditions. A smaller θ(0) indicates
enhanced heat transfer.
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3 Numerical method and verification

3.1 Solution procedure
The third-order momentum equation Equation (2.30) and the two second-order equations Equa-
tions (2.31) and (2.32), together with seven boundary conditions Equations (2.33) and (2.34),
constitute a well-posed two-point boundary value problem (BVP) that we solve on the truncated
domain [0, ηmax].

Setting y = (y1, y2, . . . , y7)
⊤ = (f, f ′, f ′′, θ, θ′, ϕ, ϕ′)⊤, the system becomes:

y′ = F (η,y;p), η ∈ [0, ηmax], (3.1)

where p denotes the parameter vector and F : [0, ηmax]× R7 → R7 is defined explicitly by

y′1 = y2, (3.2)
y′2 = y3, (3.3)

y′3 =
1

γ̄(1 + 2γη)

[
y22 − y1y3 +A

(
y2 +

1
2η y3

)
− λT (y4 +Nr y6) +KaDay2 − 2γ̄γ y3

]
, (3.4)

y′4 = y5, (3.5)

y′5 =
Pr

1 + 2γη

[
n y2 y4 − y1 y5 +

A

2
(y4 + η y5) + S y2

]
− 2γ

1 + 2γη
y5, (3.6)

y′6 = y7, (3.7)

y′7 =
Sc

1 + 2γη

[
y2 y6 − y1 y7 +

A

2
(y6 + η y7) +K y6 + F y2

]
− 2γ

1 + 2γη
y7. (3.8)

The boundary conditions take the separated form:

g
(
y(0),y(ηmax)

)
= 0 ∈ R7. (3.9)

The BVP Equation (3.1)–Equation (3.9) is solved using the scipy.integrate.solve_bvp rou-
tine [47], which implements a collocation method based on the fourth-order Lobatto IIIa formula, a
fully implicit, A-stable Runge–Kutta scheme with superconvergent nodal accuracy of order O(h4),
where h is the local mesh spacing. The solver employs adaptive mesh refinement to satisfy a
prescribed relative tolerance of 10−8 on the residual.

The far-field boundary is set at ηmax = 10, verified a posteriori by confirming that the asymptotic
decay conditions f ′(ηmax), θ(ηmax), ϕ(ηmax) < 10−6 are met. The initial mesh consists of N = 200
uniformly spaced nodes. An exponentially decaying initial guess is employed:

f (0)(η) = fw + 1− e−η, θ(0)(η) = 1
2 e

−η, ϕ(0)(η) = e−η, (3.10)

with derivatives chosen consistently.
In implementation, the profiles in Equation (3.10) are evaluated at the initial mesh nodes and

supplied to solve_bvp as the initial iterate for the collocation unknowns. The Lobatto IIIa scheme
then applies Newton corrections to this initial profile under adaptive mesh refinement until the
residual tolerance is satisfied. Thus, the exponentially decaying functions are not used as a separate
time-marching Runge–Kutta trajectory; they initialise the nonlinear collocation solve.

3.2 Verification
To verify the numerical implementation, we compare with published benchmark data in several
limiting cases.
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Exact solution verification. In the flat plate limit (γ = 0) with no porous medium, chemical
reaction, stratification, buoyancy, unsteadiness, or suction (Da = Ka = K = S = F = λT = Nr =
A = fw = 0, γ̄ = 1), the momentum equation reduces to the classical Crane [39] stretching sheet
problem:

f ′′′ + f f ′′ − (f ′)2 = 0, f(0) = 0, f ′(0) = 1, f ′(∞) = 0, (3.11)

which admits the exact closed-form solution f(η) = 1−e−η, yielding f ′′(0) = −1 exactly. Our solver
reproduces f ′′(0) = −1.000000 to six decimal places, confirming the correctness of the momentum
equation implementation.

Comparison with published benchmarks. Table 1 compares f ′′(0) and θ(0) with the pub-
lished results of Elbashbeshy [44], Bachok and Ishak [43], and Ishak et al. [42] for the limiting
stretching cylinder problem. The fundamental axisymmetric flow was first studied by Wang [40].
Three values of the curvature parameter (γ = 0, 0.5, 1) are considered.

Table 1: Comparison of f ′′(0) and θ(0) with published benchmarks.
θ(0) f ′′(0)

γ Pr [44] [43] Present [39] Present

0 0.72 1.2253 1.2367 1.236649 −1.0000 −1.000000
1 1.0000 1.0000 1.000000 (exact) −1.000000

6.7 – 0.3333 0.333303 −1.000000
10 0.2688 0.2688 0.268769 −1.000000

0.5 0.72 – – 1.005806 – −1.180665
1 – – 0.846980 −1.180665

6.7 – – 0.313686 −1.180665
10 – – 0.255784 −1.180665

1 0.72 – 0.8701 0.853168 – −1.353302
1 – 0.7439 0.738933 −1.353302

6.7 – 0.2966 0.296835 −1.353302
10 – 0.2442 0.244307 −1.353302

Table 1 shows close agreement with the benchmark data for γ = 0 (flat plate limit). For γ = 1,
the deviations of order ∼ 2% relative to Bachok and Ishak are attributable to differences in far-field
truncation and mesh resolution.

Beyond the tabulated benchmark comparisons, the predicted directional trends with respect to
curvature and effective transport parameters are also consistent with more recent porous-cylinder
and anisotropic-porous studies reported in the literature (e.g., [12, 41]), providing an additional
qualitative verification layer for the present implementation.

Several physical consistency features are worth noting. The wall shear stress f ′′(0) depends
solely on γ and is independent of Pr, as expected from the one-way coupling of the momentum
equation in this limiting case. Increasing the curvature parameter from γ = 0 to γ = 1 increases
|f ′′(0)| from 1.0000 to 1.3533, reflecting the enhanced velocity gradient near a curved surface.
For each γ, θ(0) decreases monotonically with increasing Pr, consistent with a thinner thermal
boundary layer at higher Prandtl numbers.

Grid independence. Grid independence was verified by varying the number of mesh nodes N
and the far-field truncation ηmax. Increasing N from 200 to 400 altered the engineering quantities
by less than 10−5, while extending ηmax from 10 to 15 produced changes smaller than 10−6. The
decay conditions f ′(ηmax), θ(ηmax), ϕ(ηmax) < 10−6 were confirmed for all cases.
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4 Results and discussion
The BVP Equation (2.30)–Equation (2.34) is solved for a range of governing parameters. Unless
otherwise stated, the baseline values are:

A = 0.3, γ̄ = 0.3, γ = 1, Da = 6, λT = 3, Nr = 0.8, Ka = 0.5,

P r = 0.71, n = 1, S = 0.5, Sc = 0.22, K = 0.6, F = 0.5, fw = 0.5.

4.1 Tabulated engineering quantities

Table 2: Engineering quantities for varying A, γ̄, γ, and Da.
A γ̄ γ Da f ′′(0) θ(0) −ϕ′(0)
0.3 0.3 1.0 6 −1.7873 0.5274 1.1182
0.5 −1.9159 0.5283 1.1236
0.7 −2.0417 0.5288 1.1291
0.3 0.1 −2.5964 0.5367 1.1118

0.2 −2.0206 0.5315 1.1153
0.4 −1.6527 0.5239 1.1206
0.3 0.4 −1.3647 0.6118 0.8811

0.6 −1.5152 0.5801 0.9623
0.8 −1.6553 0.5522 1.0411
1.0 8 −2.3998 0.5580 1.0977

10 −2.9416 0.5845 1.0812
12 −3.4298 0.6078 1.0676

From Table 2, the following trends are observed. Increasing A monotonically increases |f ′′(0)| and
produces a mild increase in both θ(0) and −ϕ′(0), reflecting the role of temporal inertia in modifying
the velocity gradient at the wall. Decreasing γ̄, corresponding to weaker effective viscosity, increases
|f ′′(0)| substantially, from 1.65 at γ̄ = 0.4 to 2.60 at γ̄ = 0.1, confirming that the wall shear stress
is highly sensitive to the effective viscosity within the porous matrix. The curvature parameter γ
reduces θ(0) significantly: increasing γ from 0.4 to 1.0 lowers θ(0) from 0.6118 to 0.5274, a 13.8%
decrease consistent with enhanced radial diffusion at higher curvatures. Meanwhile, −ϕ′(0) increases
from 0.88 to 1.12 over the same range, indicating that the stronger radial spreading steepens the
concentration gradient. The porous drag parameter Da increases |f ′′(0)| monotonically from 1.79
at Da = 6 to 3.43 at Da = 12, reflecting the growing porous resistance; simultaneously, θ(0) rises,
indicating weaker heat transfer, while −ϕ′(0) slightly decreases, showing that the porous resistance
retards convective mass transport.
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Table 3: Engineering quantities for varying Sc, K, and F (with A = 0.1).
Sc K F f ′′(0) θ(0) −ϕ′(0)

0.22 0.6 0.5 −1.6560 0.5261 1.1128
0.60 0.6 0.5 −1.7961 0.5639 1.6896
0.78 0.6 0.5 −1.8495 0.5758 1.9205
0.22 0.0 0.5 −1.6257 0.5156 0.9939
0.22 0.3 0.5 −1.6415 0.5211 1.0557
0.22 0.6 0.5 −1.6560 0.5261 1.1128
0.22 1.0 0.5 −1.6736 0.5321 1.1830
0.22 0.6 0.2 −1.6440 0.5224 1.0657
0.22 0.6 0.5 −1.6560 0.5261 1.1128
0.22 0.6 0.8 −1.6676 0.5298 1.1587

Table 3 isolates the solutal transport parameters. Increasing Sc from 0.22 to 0.78 increases
−ϕ′(0) from 1.11 to 1.92, a ∼ 73% increase that reflects the classical thinning of the concentration
boundary layer at higher Schmidt numbers. The chemical reaction parameter K produces a mono-
tonic increase in −ϕ′(0): from 0.994 at K = 0 to 1.183 at K = 1.0, confirming that the destructive
reaction consumes species within the boundary layer and steepens the wall concentration gradi-
ent. This ∼ 19% increase shows that chemical reaction controls mass transfer rates. The solutal
stratification parameter F also produces a monotonic increase in −ϕ′(0), since higher stratification
reduces the effective concentration driving force and promotes a steeper near-wall gradient.

4.2 Parametric study
To improve readability, the discussion below is organised by parameter families (inertial/viscous,
buoyancy/stratification, transport-property, and porous-medium controls), with emphasis on the
governing mechanisms and engineering implications rather than repeated curve-by-curve narration.

4.2.1 Effect of the unsteadiness parameter A.

Figure 2 displays the velocity, temperature, and concentration profiles for several values of A.
Increasing A suppresses the velocity field within the momentum boundary layer; physically, a larger
A introduces additional temporal inertia through the terms Af ′ and 1

2Aη f
′′ in Equation (2.30),

which oppose the buoyancy-driven acceleration. The corresponding reduction in convective intensity
produces thinner thermal and solutal boundary layers, as evident in the θ(η) and ϕ(η) profiles. From
Table 2, |f ′′(0)| increases from 1.79 to 2.04 over A ∈ [0.3, 0.7], indicating that the steeper velocity
gradient near the wall is a consequence of the stronger inertial retardation of the outer flow.
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Figure 2: Effect of A on velocity, temperature, and concentration profiles.
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4.2.2 Effect of the viscosity ratio γ̄.

Figure 3 shows the influence of the viscosity ratio γ̄ = νeff/ν, which measures the effective viscous
diffusion within the porous matrix relative to the clear-fluid viscosity. A higher γ̄ amplifies the
diffusion operator γ̄[(1 + 2γη) f ′′′ + 2γ f ′′] in Equation (2.30), allowing momentum to diffuse more
readily across the boundary layer. Consequently, the velocity profile flattens and the peak velocity
weakens with increasing γ̄. The reduced convective transport produces lower thermal and solutal
gradients at the wall. From Table 2, decreasing γ̄ from 0.4 to 0.1 increases |f ′′(0)| from 1.65 to 2.60,
a 57% rise, showing that wall shear stress is sensitive to the effective viscosity in porous media.
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Figure 3: Effect of γ̄ on velocity, temperature, and concentration profiles.

4.2.3 Effect of the chemical reaction parameter K.

The chemical reaction parameter K appears as the sink term −K ϕ in the species equation Equa-
tion (2.32), where K > 0 corresponds to a destructive first-order chemical reaction. As shown
in Figure 4, increasing K reduces ϕ(η): the reaction progressively consumes the diffusing species
within the boundary layer, driving the concentration toward zero more rapidly and producing a
steeper wall gradient. From Table 3, −ϕ′(0) increases monotonically from 0.994 at K = 0 to 1.183
at K = 1.0, a ∼ 19% increase in mass transfer. The velocity field is mildly retarded because the
solutal buoyancy contribution Nr ϕ in Equation (2.30) weakens as the concentration decays faster
under stronger reaction. Temperature profiles are also slightly affected through the velocity–energy
coupling.
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Figure 4: Effect of K on velocity, temperature, and concentration profiles.

4.2.4 Effect of the thermal buoyancy parameter λT .

Figure 5 demonstrates that increasing λT accelerates the fluid, as expected from the positive cou-
pling term λT (θ + Nr ϕ) in Equation (2.30). A larger λT amplifies the buoyancy force generated
by both the thermal and solutal concentration fields, producing a fuller velocity profile. The higher
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convective velocities carry heat and species away from the surface, steepening the near-wall gradi-
ents in θ(η) and ϕ(η). The temperature profiles thin noticeably because the advection term f θ′

grows with f , while the solutal profiles respond similarly through f ϕ′.
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Figure 5: Effect of λT on velocity, temperature, and concentration profiles.

4.2.5 Effect of the solutal stratification parameter F .

The solutal stratification parameter F enters the species equation Equation (2.32) through the
source term −F f ′, which accounts for the linear variation of the ambient concentration with height.
Increasing F (Figure 6) reduces the effective concentration difference between the surface and the
far field, causing the concentration distribution ϕ(η) to decay more rapidly. The resulting thinner
concentration boundary layer produces a steeper wall gradient and hence a higher Sherwood number,
consistent with the monotonic increase of −ϕ′(0) from 1.066 to 1.159 over F ∈ [0.2, 0.8] in Table 3.
The velocity field is only weakly affected because F does not appear directly in the momentum
equation; however, the solutal buoyancy coupling Nr ϕ provides an indirect influence.
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Figure 6: Effect of F on velocity, temperature, and concentration profiles.

4.2.6 Effect of the buoyancy ratio Nr.

The buoyancy ratio Nr = λC/λT quantifies the relative strength of the solutal buoyancy force to
the thermal buoyancy force. Increasing Nr (Figure 7) adds a larger solutal contribution to the
momentum equation through the term λT Nr ϕ, which accelerates the flow. The resulting higher
convective velocities enhance both thermal and solutal transport: the thermal boundary layer thins
because the advection term f θ′ intensifies, and the concentration boundary layer responds simi-
larly through f ϕ′. Since the buoyancy ratio couples directly with the concentration field through
λT Nr ϕ, the effect on ϕ(η) is strongest.
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Figure 7: Effect of Nr on velocity, temperature, and concentration profiles.

4.2.7 Effect of the thermal stratification parameter S.

The thermal stratification parameter S represents the linear increase of the ambient temperature
with height and appears as −S f ′ in the energy equation Equation (2.31). Increasing S (Figure 8)
weakens the effective temperature difference between the heated surface and the far field, reducing
θ(η) and thinning the thermal boundary layer. Since the Nusselt number is proportional to 1/θ(0)
under the prescribed-flux boundary condition (see Section 2), the decrease in θ(0) implies enhanced
heat transfer. The velocity field is indirectly affected through the thermal buoyancy term λT θ in
Equation (2.30): a smaller θ weakens the buoyancy driving force, slightly decelerating the flow.
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Figure 8: Effect of S on velocity, temperature, and concentration profiles.

4.2.8 Effect of the Schmidt number Sc.

The Schmidt number Sc = ν/Dm measures the ratio of momentum to mass diffusivity. Increasing
Sc (Figure 9) reduces the mass diffusivity, causing the concentration boundary layer to become
much thinner than the momentum or thermal boundary layers. The sharper drop in ϕ(η) near
the wall produces a steeper wall gradient and a higher Sherwood number. From Table 3, −ϕ′(0)
increases from 1.11 at Sc = 0.22 to 1.92 at Sc = 0.78, a ∼ 73% enhancement. The velocity field
is also affected: a higher Sc concentrates the species near the surface, strengthening the solutal
buoyancy coupling Nr ϕ in the near-wall region and slightly increasing |f ′′(0)|.
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Figure 9: Effect of Sc on velocity, temperature, and concentration profiles.

4.2.9 Effect of the anisotropic permeability parameter Ka.

The anisotropic permeability parameterKa = k∗ sin2 θ∗+cos2 θ∗ quantifies the directional resistance
of the porous medium; a larger Ka implies greater flow resistance along the cylinder axis. Increasing
Ka intensifies the drag term KaDaf

′ in Equation (2.30), which directly opposes the fluid velocity.
As shown in Figure 10, the velocity profile is suppressed, and the resulting reduction in convective
intensity produces thicker thermal and solutal boundary layers. The orientation of the anisotropy
principal axes relative to the flow direction is therefore a control parameter: even moderate changes
in Ka produce noticeable alterations in all three transport fields.
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Figure 10: Effect of Ka on velocity, temperature, and concentration profiles.

4.2.10 Effect of suction/injection fw.

The parameter fw controls the transpiration velocity at the cylinder surface: fw > 0 corresponds to
suction (fluid removal) and fw < 0 to injection (fluid blowing). Figure 11 shows that suction thins all
three boundary layers by removing warmer and more concentrated fluid from the near-wall region,
which steepens the velocity, temperature, and concentration gradients at the surface. Conversely,
injection (fw < 0) thickens the layers by advecting fluid outward, reducing wall gradients. The
contrast between the fw = −0.5 and fw = 0.5 profiles is large, confirming that surface transpiration
controls heat and mass transfer rates in stratified porous systems.
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Figure 11: Effect of fw on velocity, temperature, and concentration profiles.

4.2.11 Effect of the Prandtl number Pr.

The Prandtl number Pr = ν/α determines the relative thickness of the momentum and thermal
boundary layers. Increasing Pr (Figure 12) reduces the thermal diffusivity, producing a thinner
thermal boundary layer that lies well inside the momentum layer. The steeper temperature gradient
at the wall directly enhances the local Nusselt number (Nu ∝ 1/θ(0)). At Pr = 7 (water),
the thermal boundary layer is markedly thinner than at Pr = 0.71 (air), and θ(0) is reduced
accordingly. The concentration and velocity profiles are only weakly affected because Pr does not
appear explicitly in the species or momentum equations; the influence propagates indirectly through
the buoyancy term λT θ.
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Figure 12: Effect of Pr on velocity, temperature, and concentration profiles.

4.2.12 Effect of the curvature parameter γ.

The curvature parameter γ = (1/a)
√
νz/Uw measures the relative importance of transverse curva-

ture in the diffusion operators. For a flat plate, γ = 0 and the curvature terms vanish; for a slender
cylinder, γ is large. Higher γ enhances the effective radial diffusion through the (1+2γη) factor that
multiplies the second derivatives in Equations (2.30) to (2.32), plus the additional first-derivative
terms 2γ f ′′, 2γ θ′, and 2γ ϕ′. As shown in Figure 13, all three boundary layers thin monotonically
with increasing γ. From Table 2, θ(0) decreases from 0.612 (γ = 0.4) to 0.527 (γ = 1.0), a 13.8% re-
duction in the surface temperature that corresponds to a 16.0% enhancement in the Nusselt number
(Nu ∝ 1/θ(0)) over this range.
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Figure 13: Effect of γ on velocity, temperature, and concentration profiles.

4.2.13 Effect of the porous drag parameter Da.

The porous drag parameter Da = νz/(k1Uw) quantifies the ratio of viscous drag to the porous
medium permeability; a larger Da implies stronger resistance to flow through the porous matrix.
Figure 14 shows that increasing Da suppresses the velocity field progressively, because the drag
term KaDaf

′ in Equation (2.30) grows linearly with Da. From Table 2, |f ′′(0)| nearly doubles
from 1.79 at Da = 6 to 3.43 at Da = 12, reflecting the strongly retarded near-wall flow. The re-
duced convective velocities weaken advective transport of heat and species, causing θ(0) to increase,
corresponding to a lower Nusselt number, and −ϕ′(0) to decrease slightly, corresponding to a lower
Sherwood number. These trends demonstrate that the porous medium resistance acts as a strong
damping mechanism on all three transport processes simultaneously.

0 1 2 3 4 5 6

0.0

0.2

0.4

0.6

0.8

1.0

f′ (
)

(a) Velocity
Da = 2
Da = 4
Da = 6
Da = 8

0 1 2 3 4 5 6

0.0

0.1

0.2

0.3

0.4

0.5

(
)

(b) Temperature
Da = 2
Da = 4
Da = 6
Da = 8

0 1 2 3 4 5 6

0.0

0.2

0.4

0.6

0.8

1.0
(

)

(c) Concentration
Da = 2
Da = 4
Da = 6
Da = 8

1.2 1.3 1.4 1.5 1.6
0.34

0.36

0.38

0.40

0.42

Figure 14: Effect of Da on velocity, temperature, and concentration profiles.

From an application perspective, these trends indicate distinct design levers across target sys-
tems: in geothermal extraction, reducing effective porous resistance helps preserve convective heat
transport; in enhanced oil recovery, tuning reaction intensity and suction/injection can selectively
strengthen species removal without proportionally increasing thermal losses; and in groundwater
contaminant transport, stratification parameters and Schmidt-number-controlled diffusivity regu-
late plume thickness and near-boundary mass flux.

4.3 Global sensitivity analysis
To quantify the relative influence of each governing parameter on the engineering quantities, a global
sensitivity analysis is performed using Latin Hypercube Sampling (LHS). The sampled parameter
ranges are chosen to span physically admissible values used in the computational study and in
related porous-convection literature: A ∈ [0, 0.6], γ̄ ∈ [0.1, 0.6], γ ∈ [0, 2], Da ∈ [1, 12], λT ∈ [0.5, 6],
Nr ∈ [0.1, 1.5], Ka ∈ [0.2, 1], Pr ∈ [0.3, 7], n ∈ [0.5, 2], S ∈ [0, 1], Sc ∈ [0.1, 2], K ∈ [0, 1.5],
F ∈ [0, 1], and fw ∈ [0, 1]. A total of 500 LHS samples is used as a compromise between statistical
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coverage and BVP computational cost; in practice, the ranking of dominant parameters remained
stable under additional trial runs with nearby sample sizes. For each sample, the BVP is solved and
the quantities f ′′(0), θ(0), and −ϕ′(0) are recorded. The Spearman rank correlation coefficient rs
between each parameter and each output is then computed; its absolute value measures the strength
of monotonic association, while its sign indicates the direction. The normalised percentage influence
is defined as %i = 100 |rs,i|/

∑
j |rs,j |.

Because Spearman analysis measures monotonic dependence, two limitations should be noted: it
does not capture strongly non-monotonic interactions and it does not by itself provide causal direc-
tion. Therefore, the sensitivity rankings are interpreted together with the physics-based parametric
trends discussed in Section 4.

Table 4: Spearman rank correlations and normalised percentage influence (500 LHS samples).
θ(0) −ϕ′(0) f ′′(0)

Parameter rs % rs % rs %

Pr −0.762 33.9 −0.017 0.7 −0.268 9.6
Sc +0.011 0.5 +0.861 36.5 −0.138 4.9
fw −0.159 7.1 +0.212 9.0 −0.286 10.3
S −0.508 22.6 −0.033 1.4 −0.044 1.6
λT −0.098 4.4 +0.143 6.1 +0.376 13.5
Da +0.152 6.7 +0.002 0.1 −0.450 16.2
γ −0.034 1.5 +0.404 17.1 −0.086 3.1
Ka +0.097 4.3 −0.071 3.0 −0.389 14.0
Nr −0.102 4.5 +0.064 2.7 +0.362 13.0
γ̄ −0.144 6.4 +0.032 1.4 +0.252 9.0
K +0.068 3.0 +0.265 11.2 −0.000 0.0
F −0.024 1.1 +0.134 5.7 +0.070 2.5
n +0.074 3.3 −0.104 4.4 +0.005 0.2
A −0.011 0.5 −0.016 0.7 −0.061 2.2

Table 4 reveals three distinct groups of dominant parameters, visualised in Figure 15:
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Figure 15: Normalised percentage influence of each parameter on the engineering quantities.

For the temperature field θ(0), the Prandtl number is the single most influential parameter
(rs = −0.762, 33.9%), followed by the thermal stratification parameter S (rs = −0.508, 22.6%).
The strong negative correlations indicate that higher Pr and S both reduce θ(0), corresponding
to enhanced Nusselt numbers. The suction parameter fw contributes 7.1%, while the remaining
parameters each account for less than 7%.

For mass transfer −ϕ′(0), the Schmidt number dominates overwhelmingly (rs = +0.861, 36.5%),
reflecting the direct role of species diffusivity in controlling the Sherwood number. The curvature
parameter γ ranks second (17.1%), followed by the chemical reaction parameter K (11.2%) and the
suction parameter fw (9.0%).

For skin friction f ′′(0), the porous drag parameter Da (rs = −0.450, 16.2%), the anisotropic
permeability parameter Ka (14.0%), and the thermal buoyancy parameter λT (13.5%) are the three
most influential parameters, all of comparable magnitude. The buoyancy ratio Nr (13.0%), suction
parameter fw (10.3%), and Prandtl number (9.6%) provide secondary contributions.

A noteworthy outcome is the cross-coupling structure: the unsteadiness parameter A has uni-
formly weak influence (< 2.5%) on all three quantities, indicating that steady-state solutions provide
reasonable approximations under the conditions studied. In contrast, the suction parameter fw ap-
pears consistently in the top-five most influential parameters for all three engineering quantities,
underscoring its practical importance as a boundary control mechanism.

5 Conclusions
The combined effects of a first-order chemical reaction and anisotropic porous permeability on
unsteady free convection boundary layer flow past a vertically translating circular cylinder have
been investigated under simultaneous linear thermal and solutal stratifications. The governing
PDEs were reduced to a seventh-order coupled nonlinear ODE system via similarity transformations
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and solved numerically by the Lobatto IIIa collocation method, with verification against published
benchmarks.

The principal findings are as follows. Increasing the unsteadiness parameter A suppresses all
three boundary layer profiles, with |f ′′(0)| rising from 1.79 to 2.04 over A ∈ [0.3, 0.7] due to
stronger temporal inertia. The chemical reaction parameter K exerts a monotonic effect on the
concentration field: increasing K from 0 to 1.0 enhances the Sherwood number −ϕ′(0) by ∼ 19%,
confirming that the destructive reaction steepens the wall concentration gradient. Higher Schmidt
number thins the concentration boundary layer and increases the surface mass transfer rate, with
−ϕ′(0) rising by ∼ 73% over Sc ∈ [0.22, 0.78]. Surface suction simultaneously reduces all boundary
layer thicknesses and enhances the skin-friction coefficient, Nusselt number, and Sherwood number,
while injection has the opposite effect. Thermal stratification suppresses the temperature field but
enhances the Nusselt number through boundary layer thinning, consistent with the prescribed-
flux interpretation Nu ∝ 1/θ(0). The anisotropic permeability parameter Ka and the porous drag
parameter Da govern momentum diffusion; |f ′′(0)| nearly doubles from 1.79 to 3.43 as Da increases
from 6 to 12, while porous drag simultaneously suppresses convective heat and mass transport. The
viscosity ratio γ̄ has the greatest influence on the wall shear stress: decreasing γ̄ from 0.4 to 0.1
increases |f ′′(0)| from 1.65 to 2.60, a 57% rise.

These results bear directly on transport processes in stratified porous environments. In petroleum
reservoirs, the combined influence of chemical reactions and anisotropic permeability controls species
migration during enhanced oil recovery; the quantitative relationships betweenK, Ka, and the Sher-
wood number provide a basis for optimising catalytic transport in layered reservoir formations. In
geothermal systems, anisotropic permeability is a property of sedimentary rock formations; the
parametric trends identified here, particularly the sensitivity of the Nusselt number and wall shear
to γ̄, γ, and Da, are relevant to the design of extraction and reinjection systems. In environmental
engineering, the interplay of solutal stratification, chemical reaction, and surface suction governs
contaminant dispersion in groundwater systems.

Several modelling assumptions bound the applicability of these results. The similarity trans-
formation requires specific power-law forms for the wall velocity Uw(z, t) and the surface heat flux
qw(z, t); arbitrary wall conditions would necessitate a non-similar solution. The analysis is restricted
to laminar, axisymmetric boundary layer flow, so transition to turbulence or three-dimensional in-
stabilities at higher Grashof numbers is not captured. The Boussinesq approximation limits valid-
ity to small temperature and concentration variations relative to their reference values, excluding
large-gradient regimes. A first-order irreversible chemical reaction is assumed; higher-order kinetics,
reversible reactions, or multi-step mechanisms may alter the concentration field qualitatively. Ther-
mal radiation, viscous dissipation, and Soret/Dufour cross-diffusion effects are neglected, and their
inclusion could modify the energy and species balance in high-temperature or high-concentration
applications.

Extensions to non-Newtonian rheologies, higher-order chemical kinetics, and three-dimensional
geometries are the subject of ongoing work.
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6 Nomenclature

Dimensional quantities

Symbol Description (SI unit)

a Radius of the circular cylinder (m)
b Velocity constant, b = U/l (s−1)
C Species concentration (kgm−3)
Cw, C∞ Wall and ambient species concentrations (kgm−3)
Cp Specific heat at constant pressure (J kg−1 K−1)
Dm Mass diffusivity (m2 s−1)
g Gravitational acceleration (ms−2)
k Thermal conductivity (Wm−1 K−1)
k1, k2 Principal permeabilities (m2)
K11, K12, K22 Components of the permeability tensor (m2)
¯̄K Symmetric permeability tensor
Kr Chemical reaction rate constant (s−1)
l Characteristic length (m)
qw, qw0 Surface and reference heat flux (Wm−2)
r, z Radial and axial coordinates (m)
R(θ∗) Planar rotation matrix
S1, S2 Dimensional stratification parameters
t Time (s)
T, Tw, T∞ Fluid, wall, and ambient temperatures (K)
v Velocity vector, v = (u, v) (ms−1)
u, v Axial and radial velocity components (ms−1)
U, Uw, Vw Reference, surface, and suction/injection velocities (ms−1)

Greek symbols

Symbol Description (SI unit)

α Thermal diffusivity, k/(ρCp) (m2 s−1)
β, β∗ Thermal and solutal expansion coefficients (K−1, m3 kg−1)
λ Temporal decay constant (s−1)
ν, νeff Kinematic and effective kinematic viscosities (m2 s−1)
ρ, ρ∞ Fluid and ambient densities (kgm−3)
θ∗ Inclination angle of anisotropic principal axis (rad)
ψ Stream function (m2 s−1)
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Dimensionless variables and parameters

Symbol Description

η Similarity variable
ηmax Far-field truncation point
f, f ′, θ, ϕ Dimensionless stream function, velocity, temperature, concentration
A Unsteadiness parameter (λ/b)
n Heat flux exponent
Ka Anisotropic permeability parameter
k∗ Permeability ratio (k1/k2)
Da Porous drag parameter
F, S Solutal and thermal stratification parameters
K Chemical reaction parameter
Nr Buoyancy ratio
Pr, Sc Prandtl and Schmidt numbers
Rez Local Reynolds number (zUw/ν)
Grz, Gcz Local thermal and solutal Grashof numbers
fw Suction/injection parameter
γ Curvature parameter
γ̄ Viscosity ratio (νeff/ν)
λT , λC Thermal and solutal buoyancy parameters

Engineering quantities

Symbol Meaning

Cf Skin-friction coefficient
Nuz Local Nusselt number
Shz Local Sherwood number
f ′′(0) Dimensionless wall shear stress
1/θ(0) Dimensionless surface heat transfer rate
−ϕ′(0) Dimensionless surface mass transfer rate
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