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Abstract

Studies on the estimation of population proportions have been around at improving the accu-
racy and efficiency of survey designs. A number of studies have been carried out on estimation
of population proportion without non-response under optimality, however,non-response remains
a significant challenge , often introducing bias and reducing reliablity. This study examined
the impact of non-response on sample size, bias, variance and relative efficiency using the ra-
tio estimation. Simulations study has been performed using R-Sofware to compare empirical
estimator of the population proportion. Results indicated that an increase in the non-response
rate leads to a larger sample size, increased MSE and reduced bias and variance. Graphical
analysis confirmed that the MSE increased the sample size, highlighting the limitations of large
samples in the presence of non-response. From the results it was confirmed that the ratio esti-
mators were reliable method for proportion estimation provided non-response adjustments and
optimal sample allocation are implemented.

Keywords: Ratio estimation, Optimality, Population proportion, Study variable and auxiliary
variable.
MSC2010: 35Q20.

1 Introduction

A proportion is a ratio of the values of subset to the values of a set. Estimation of proportion has
been discussed from the perspective of various sampling plans ( [1],( [2] ). According to [3] he pre-
sented estimators for a proportion using the logistic regression estimator. The study demonstrated
that logistic models efficiently facilitated a better modelling of the survey data. Pierre [3] estimated
proportion using various sampling plans that were Bernoulli and Stratified sampling designs. The
empirical results showed that applying four sampling plans to real data set improved the efficiency
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of estimators through the appropiate use of auxiliary variables and model selection. However, the
study did not focus on obtaining the optimal value of the estimators, leaving a gap in achieving the
best possible estimator performance.

Martinez [4] explored the problem of estimating the population proportion for categorical variable
using the calibration framework. The study investigated auxiliary information and theoreical prop-
erties, leading to the defination of a new class of calibration-base optimal estimators. A simulation
study evaluated the performance of the proposed calibration estimator via empirical relative bias
and emprical relative efficiency ,yielding favorable results. However, the study did not establish an
optimal value for the estimator, highlighting a gap in determining the best estimator performance..
Alvarez [5] estimated the population proportion in the presence of missing data and using auxiliary
information at the estimation stage. The sudy proposed a general class of estimators that efficiently
utilized availbale information and the theorical properties of these estimators were analyzed and
it gave them the best estimator. Despite these contributions , the study did not explicity address
optimality in the presence of non-response, leaving room for further research on efficiency improve-
ments.

Adeyemi [6] did a study on properties of exponential pareto distribution, this study investigated
the stochastic ordering properties, moments of order statistics and some distributional properties.
The computational results from higher moments of order statistics provides some characterizations
for the exponential Pareto distribution, variability ordering was obtained for equal and unequal
sample sizes and the results strenghtened some stochastic ordering existing in the literature. The
study did not focus on population proportion, hence the research gap.

In survey sampling, usually it is assumed that all the observations are correctly measured for the
characteristic under study. But in practice, this assumption is not met for a variety of reasons,
such as non-response which may occur due to the refusal of respondents to give some information.
Usually measurement and non-response error are computed separately using a known auxiliary or
additional information. In reality, both measurement and non-response error occur simultaneously
in survey sampling. Most, information is not obtained from all the units during surveys resulting
to non-response errror as a common problem during sampling.

In survey sampling, the estimation of population mean of a variable of interest in the presence
of non-response, when the auxiliary information available was widely considered by [7]. Also [3]
suggested an improved class of estimators of finite population mean in the presence of measurement
and non-response error under stratified random sampling. By use of simulation study and real life
data sets it was confirmed that the proposed class of estimators performed better than the global
estimators. Nevertheless, neither study explicitly addressed the optimization of thes estimators
under non-response conditions, which is a key research gap.

Garg [9] proposed an estimator on calibration estimation of population proportion in probability
proportional to size sampling in presence of non-response. They addressed the problem of estima-
tion of finite population under the probability proportional to size(pps) sampling techniques,when
the complete information is unavailable due to presence of non-response. They developed calibrated
estimators of population proportion under PPS in the presence of non-response based on the avail-
ability of auxiliary information. The study did not focus on achieving optimality, leaving a gap in
identifying the best calibration estimator under non -response.

On issue estimation, Okafor [10] did a study on the maximum likelihood estimation of hidden
markov model where estimation was done for infectious disease progression. In the study a hidden
markov model was formulated to estimate the rate of infectious disease. This study focused on
estimation using markov chain but not estimation using population proportion and hence the gap
in the literature.

Kumar [11] proposed a class of estimators for the population mean under different sampling designs
in presence of non-response. In their proposition, non-response was computed separately using
auxiliary variables. Anekeya [12] proposed estimation of the domain mean using double sampling
with a non-linear cost function in the presence of non-response. They proposed estimation of the
domain mean using auxiliary information and the mean square errors of the proposed estimators
was obtained. Optimal stratum sample sizes for the given set of non-linear cost function was also
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developed. The proposed class of estimators of sample sizes decreased as the sub-sampling fraction
together with the number of auxiliary variables increased. However, these studies did not address
the proble of achieving an optimal estimator that balances efficiency and accuracy in non-response.
The use of study variables and auxiliary variables in ratio estimation is essential for achieving op-
timal estimates of population proportions, particularly in the presence of non-response. However,
the accuracy of ratio estimation can be compromised in the presence of non response, which is
a common problem in surveys. Therefore, developing methods to improve the accuracy of ratio
estimation in the presence of non response is crucial for obtaining accurate estimates. Secondly,
non-response introduces bias into survey estimates and reduces the efficiency of estimation. This
can have significant implications for policy making, as inaccurate estimates can lead to incorrect
decisions. Therefore, it was important to develop methods to address non response bias and to
improve the efficiency of estimation. This study aims to bridge the identified research gaps by ex-
ploring ratio estimation of population proportion with optimality in the presence of non-response,
an important research area with the potential to enhance the accuracy and efficiency of survey
estimates and advance our understanding of social phenomena.

2 Materials and Methods

Ratio estimation of the population proportion using simple random sampling was developed and
sub-sampling of the study variable and the auxiliary variable was employed, further the effect of
the cost function on the optimal sample size was also considered.

2.1 Formulation of Population Proportion Estimator

Define a population of size IV, divide the population size IV, into two disjoint groups of Np;
comprising of the responding group and N,s0f the non responding group. Further define y,; and
Zpi to be the study and the auxiliary attribute for the i*" unit of the population proportion such
that i =1,2,..., Np.

Define the study variable y,; as

Ypi = 1, If ith unit belongs to N_pl
0, If ith wunit belongs to N p2

Let

2

P

<

P = Ipi
Y .le

K2

be the proportion of the population possessing attribute Y} such that Zf\il Ypi = Zp. This can
further be expressed as

Z
p,==t
) Np
1—P,=Q, =1— 2 Define
Nivpi
P 1= Eizl — @
Y Ny Ny

to be the proportion of the units responding and possessing attribute Y, and

P = Zi:lNzﬂym o Zp2
Y2 — T At — AT

Ny Ny
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be the proportion of the non responding population possessing attribute Y.

Population of size n,, is drawn from the population of size N, using simple random sampling
without replacement method (SRSWOR) from which attribute of size ny; respond and those n,2
do not respond ,such that ,

Np1 + Np2 = 1y
Sub-sampling is further carried out and a sample of size r, from npy, non responding units and
Np2
_ e o Dp
MpTp = Np2;Tp = ——, My > 1
myp

The estimation of the population proportion of the study variable is defined as follows using the [13]
technique.

Tip1 Np2

P, = n—pPyl + n—pP;Tp (2.1)
such that
Py = %ly’” is the proportion of the sample possessing the attribute y from n; non responding
P
Zizlrpypi

sample of the population of size ny. pj,, = is the proportion of the unit possessing the
attribute y, from the r, sub sub-sampled sample proportion from 7,2 non respondents.

Similarly the estimate for the population proportion of the auxiliary variable is given by

Tp

D _ Np1 Np2 5«

where P,; and P, are the sample proportion from the population that respond and non respondent
respectively. Define the weights of the responding units as follows

N1
|/l/ 1 P 7p
p N,
and
Nyo
pr— 71)
Vp2 N,

respectively. The estimated weights are further defined as

A n 1

_ _ "
Wpl = wpl = —

Tp

and

~ n 2

P
ng = Wp2 = —

Tp

respectively. In estimating the population proportion in the presence of non response ratio estima-
tion is used

Pr, =2 P, =R,P, (2.3)
with the assumption that
B Ay] =P,
E[P,] = P,
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2.2 The Unbiased Estimator of the Population Proportion.
2.2.1 Proposition 1

The unbiased estimator of the population proportion of the study and auxiliary variables P, and
P, for the variables Y and X respectively are given by

y = nplpyl + Np2Pyrp (24)
Ny
and
Pp = Np1Pz1 + Np2Parp (25)
Np
Proof
The equation (4) is given by
~ Np1 Np2
p = Tp2
y np Py1 + iy Pyrp

finding the expectation on both sides we have

~ TNp1 Np2
EIP] = B[~ _p= ”
[Py] [nppy1+ nppy »)

but wy1 = 22 and wyy = “22 then
P P
By Es[wp, py1 + wpapyrp)

expanding the above equation we have

Er[wp1py1 + wpapyy]
Wp1Py1 + WpaPyo

P, (2.6)

Similarly to the equation (5).

2.3 Bias of the population ratio estimator PRy = ;’—me

2.3.1 Proposition 2

The bias of the population proportion ratio estimator PRy = %pw is given equation (8)
Proof

BmS(PRy) = Py[E(EPO) - E(Epl) + E(e;%l) - E(epofpl)]

since E(epo) = E(ep1) =0
Therefore

>
[ V)

Bias(P,) = Py[E(e2;) — E(epo€p1)]

-1 P, N, —
P Wabar 1 — () Q] (2.7)

Np —np P2
y[prl(bw—i_(Npgfl)( ny P,
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But ¢w = %Zv ¢m2 = %322

Therefore,
Np np Np mp -1 ng
Py[( N, —1 )ba (Np2 — 1)( n, )Wp2¢w2 P,
Np —ny
(m)@y@ﬂ
N,—n, Q N, my — 1 Q2 Pra
2 2 p\ Yz 2 P x2 22
y[( Np_]. )Px (sz_l)( ny )WPQ Px Px
Np —np
(F)Qsz]
Ny, —ny Py N, my — 1 P, Pyo
= N, —1 )Psz - (sz —7) n,, )WWPI(‘Q“"2 P,
N,_n
P P P -
Ny —mny N, mp — 1 P,o
= N, 1 YRy Qo + (Np2 — 1)( n YWpaeRp Qoo P,
(Np_n,, )Py QyQ
N, -1 y <y
N, —n N, my, — 1
= (ﬁ)Rpr +(5 ; - 7 I;l JRyWp2du2 Pro —
p p p
Np —ny,
v~ "p\p N
ST
. . N, —n N, my, — 1
Bias(Pry) = (S ) RyQu + (5 ) ("B ) Ry WiaduaPaa ~
P P P
N, —n
p
where R, = g—:

2.4 MSE of the population proportion ratio estimator
2.4.1 Proposition 3

The mean square error (MSE) of the proportion ratio estimate If’Ry = Z—%’P_qc is given by equation

(9)
Proof

MSE(Pr,) = E[Pr, — Pr,)*

but py, = Py(epo + 1) .pz = Pr(€p1 + 1) Substituting the above in the expression it becomes

pylepo +1)

(epl +1) - Py]2

:E[
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€0+ 1
= E[Py(pi) - 1}2
€p1 + 1

(€po +1) = (ep1 +1)

= P’FE
Y [ 6;01 + 1

]2

(epo +1) — (€p1 — 1)]2

=PE
€pl +1

2 1 (€p0 — €p1)
_ yE[ D! P 2
(6p1+1)

= PjE[(epo —ep1)(epr + 1)1

2 172
= P/[(epo — ep1)(1 + €p1) ]
By Taylor series and approximation the expression becomes

= PyQE[(GPO —ep1) (1 — €p1 + €7 + )]

2 2
= P, Elepo — €p0€p1 + €p0€p1 — €p1 +

621 - 621 + ]2
= P;[GPO — e’
= PEEI(E) + (e)* — 2600601
=P Eley + €51 — 26p0€p1]

Y

= Py l(ego) + Ele)* = 2B (cpoepn)]

Using ratios the expression is then simplified to

N—nQ N2 m—1P2Q2W2
:P2 p P\ xY + D. D Yy Yy p +
G e e IR e B
(B =ty Ce
Np—1"p;
NP2 mp — 1 Pa:QQxQ Np — Ny
(A
(Np—l)( ny ) P2 Wp2 [( Np— 1 )QyQacH
N, —n N, my, — 1
= (= )QPy + (2 () PeQuaWoa +
p p P
N,—n P, Ny mp—1, 5
(M)priy‘k( £ )(pi)R PﬂcQQw2W2_
N, -1 VP, TN, 1" m, P g
N, —n
2(ﬁ)Py2Qny
p
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By simplification we have

Np —ny Np —ny

(Np—l)Qy y+(Np_1)RpQ y T+
Npa y mp =1 Npo \mp =1, 5
B ProQuaWpo —
(sz—l)( o ) J2Q92WP2+(NP_1)( VR, PraQuoWio
N, —n
2 p P :EP2
N, —n N, m, — 1
= (1) + RpQu Py — 2P Q,Qq + (% P2 () PaQya W + R2P,2Qa Wy
P P2~ np

On factorization and the simplification the expression reduces to

N, —n Noo m, — 1
= (ﬁ)Py(Qy + RpQr — 2Py QyQr + (szp_ 1)( ];% IWp2(Py2Qy2 +
R?)PxQQr2)
Np —ny Npa(my — 1)
= (-2—2)P,Qp + L W,00 2.9
( Np—]. ) ysopl np(sz—l) p2°Ep2 ( )

Where Q1 = Q, + RyQx — 2P,QQq . Qo = PaQy2 + R2Pi2Quo

2.5 Optimum allocation in estimate of population proportion.

In optimal allocation a sample size , the precision is minimized against a given cost or a finite cost
is minimized against precision. In developing the optimal sample size define the cost function as

Cp = cpnyp + cpinp1 + cpamy, (2.10)

where C), -is the overhead cost sample.

¢p - cost of identity sampling target population n,

cp1 -cost of measuring a unit in the response sample ny;.

Ccp2 - represents the cost of measuring amount observed under sub-sample m,, from n,s.

In computation of the optimal allocation of the sample size the variance is minimized against a
given cost or cost is minimized over a given variance. Define,

mPQTpg = TLp
np1 = Wpiny

n Wp2T Np2
My = P s Mpg = ps"p _ P
’I”pg Tpg T’pg

n
. p
Cp = cpnyp + cp1 Wpiny, + Cp?”zﬂr )
p

”]32
Cp=cpnyp + np(cprwpr + cp2 , 2’)
p
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2.5.1 Proposition 4
The variance of the estimated population ratio estimator If’Ry is minimum for the specified cost C,,

when
. — Np2Wp2Qp2 (Np — 1)(1 — mypo)
! PyQpl
roo — Np2Wp2Qp2 (Np — 1)(1 — myo)
P2 — 2
mp2prp1
Proof
N,—n N, 2(m 2 — 1)
O(wy) = (2—L)p, Q1 + L2 L2 2W 500 +
(p) (Npil)yp np(NpQ*I) p P
CpoNpWa
Meon, + n,co1 W, +M
[p D pCplVVpl T'p2 — NpCyp
but
p
Moy = —P
P2 T2
N, —n N, 2(m 2 — 1)
O(wy) = (F—L)py Q1 + T Wpo Qo +
( P) (pr ) Yy="p 'I/Lp(szfl) P 4

Alepnp + npep1 Wit + epampaWpa — nycp)
Taking partial derivative with respect to my2 and it equates to zero.

90 (Wy) Np2
W,oQ2 AepaWhe =0
8(mp2) npr2 . p23Ep2 + Cp2 VWV p2

Np?Wp2Qp2
————= = = _\c, o W,
np(Npp —1) P22
NPQQPQ
==
np(Np2 — 1) vz

Tp
N2
P27 p2 == )\Cpg — )\CPQN 2
Tp
Np20
Aep2 — epaNp2) = =
Np
N5
)\Cpg(l — Np2) = p2°p2
p
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NP2QP2

npcp2(1 — Np2)

A:

Npr2
— 2.11
P )\CpQ(]. — Npg) ( )

Np —np Npa(mpz — 1)

d(W,) = Q W20
(W) (Np l)py p1 T np(Npz — 1) p2iip2 +
Aepnp + npcp1 Wyt — npcpi]
But
Np = Mp2Tp2
N, — n N, Q(T)’l 2 — 1)
B(W,) = (——2)py 1 + L wpaQpo
p Np—]. Y= p np(NPQ_]-) D. p
+
Almparp2[cp1 + cprwpr — ¢p] + cpamys] (2.12)
Next the partial derivative with respect to n, is obtained by

0p(Wy) PySlp Np2(mp2 — 1)

= - — Wyoflpe =0

ny N,—1 n2(Njp-—1) P
Npg(mpg — 1)77,12)(Np2 — 1) Q . _prple -1
w p2 P2 =
= Npa(mpz2 — 1)Wpallpa(Np — 1) = —prplnf)
= (Np2mpz — Np2)WpaQpa (Np — 1) = _pyﬂplng
= NpampaWpoQpa(Np — 1) — NpoWioQpa (N — 1)
= —pyQpin (2.13)

NpampaWpaSpa (Np — 1) — NpoWpoQpa (N — 1) = _prpn?)
NpampaWipaQpa (N, — 1) +prp1n12> = NpaWpaQp2(Np — 1)
= pyQp1npz = NpoWpaQpa (Np — 1) — Npampa Wi Qe (N — 1)

prpln;% = Np2WpaQp2 (Np — 1)[1 — myp]

n = Npa Wi Q2 (Np — 11— mp2]
P prpl
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N, Qo(N, — 1)1 —
np = \/ p2 W2 p2( 6 i mp2] (2.14)
py pl
but

NpoWioQo(N, — 1)(1 —m
Tp2 = p2VV p2 P2(2 P a )( P2> (215)
MpaPysipl

By determining the most efficient allocation of resources to different strata or sub-population,
researchers can maximize the precision of their estimations while considering non-response issues.

3 Results and Discussion

3.1 Tabular representation of the results

Some of the results of the MSE , Bias and the optimal value to obtain a minimum cost function
was obtained as at the table (1)below:

Table 1: Results of the MSE,Bias Variance and Relative efficiency under Optimal Values

Non-response | Sample size MSE BIAS Variance | Relative Efficiency
1.25 334.2394 29.61859 | 0.2276875 | 0.2405688 0.8122223
1.50 472.6859 41.7345 | 0.1806078 | 0.1906567 0.4568001
1.75 578.9197 51.03659 | 0.1444822 | 0.1523579 0.2985268
2.0 668.4789 58.8761 | 0.1140269 | 0.1200704 0.2039375
2.25 747.2821 65.78287 | 0.08719529 | 0.09162464 0.1392834
2.50 818.7161 72.02706 | 0.06293763 | 0.0659067 0.09150404

3.2 Graphical representation of the MSE and Sample size and MSE and
Non-response rate
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MSE vs Sample Size
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Figure 1: A line graph between the MSE and the Sample size
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Figure 2: A line graph between the MSE and Non-response rate

3.3 Discussion

From the table above an increase in the non-response rate increased the sample size, with a subse-
quent increase in the MSE and a decrease in the Bias and variance. This implies that its sampling
error of the population proportion is reduced for a large sample size.

An analysis of the efficiency of the computed estimates was determined using the Mean Squared
Error (MSE), Bias, and the relative efficiencies. The Bias of the estimates was derived using Tay-
lor’s Series expansion. It was established that as the sample size n, increased, the Bias of the
population proportion decreased significantly. This implies that with an increase in the sample
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size n,, efficiency increases because the sampling mean becomes more normally distributed with
reduced variability, leading to more accurate and reliable estimates of the population parameter.
It was observed in the graphical representation that the MSE increased significantly with an in-
crease in the sample size, implying that the model error increased significantly. This illustrates
that the estimates could no longer represent the entire population due to non-response bias. Cost
analysis was used to determine the optimal sample size n,, which increased significantly with an
increase in the non-response rate.

The MSE decreased significantly with a significant decrease in the Non-reponse rate and typically
an increse in the MSE increases the Non-response rate. Alvarez [5] did not address the optimality
in the presense of non-reponse which was the identified in this study and from the results itmeans
that that a lower non-response rate corresponds to a larger effective sample size, reducing variability
and bias in the estimator as shown above.

It was also notable that there was a decrease in the variance (dispersion without auxiliary), which
means that the estimates became more precise and reliable because they were based on more data
points. An increase in the MSE (variation in the presence of auxiliary) meant that while there was
reduced sampling variability (variance) due to the increased sample size, there was an introduced
bias through the use of auxiliary information.

4 Conclusion

The main objective of the study was to estimate the population proportion with optimal allocation
in the presence of non-response. The ratio estimation method is a valuable approach for estimat-
ing population proportions, even in the presence of non-response. This method utilized auxiliary
variables that are correlated with the variable of interest, to produce an unbiased estimate of the
population proportion. The ratio estimator was efficient when the auxiliary variables are highly
correlated with the variable of interest and the response rate is high.

However, non-response may introduce bias into the ratio estimator, which can be reduced by apply-
ing the non-response adjustment technique or imputation methods. To ensure optimality, we chose
the auxiliary variables carefully, considering their correlation with the variable of interest, and the
sample size were selected to achieve the desired level of precision in the estimate. In summary, the
ratio estimator was reliable and powerful for estimating population proportions since its bias was
reduced and its variability reduced and it can be further improved in the presence of non-response
by using non-response with optimality.
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