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Abstract

In this study, we show the existence of fixed points of enriched contractions and enriched
¢-contractions of Hardy-Rogers type using Krasnoselskii’s iterative process. Furthermore, we
show that our results imply related fixed-point results for enriched contractions and enriched ¢-
contractions of Banach, Kannan, Chatterjea and Reich types. Our results are novel for convex
b-metric spaces and generalize several established results in convex metric spaces.
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1 Introduction and Preliminaries

In [1] it was demonstrated that Picard’s iterative scheme may fail to converge to fixed points of non-
expansive mappings. To address this weakness, iterative schemes, such as Krasnoselkii’s iterative
scheme developed in [2], were formulated. However, the convergence of such iterative schemes
depends on the convexity of the ambient space.

In order to adapt convexity-dependent iterative methods for applications to problems in metric
spaces, [3] defined convex structures in metric spaces. Metric spaces in which such convex structures
are defined are called convex metric spaces. ( [3]): Let (X, d) be a metric space and W : X x X X
[0,1] — R be a mapping such that for all u,z,y € X and X € [0, 1],

d(u, W(z,y; X)) < Ad(u,z) + (1 — N)d(u, y).

Then W is called a convex structure on X and (X, d, W) is called a convex metric space.

The existence of fixed points of certain contraction mappings in convex metric spaces was shown
in [3] and [4]

[0] defined b-metric spaces which are extensions of metric spaces, and [6] defined convex b-metric
spaces, thereby extending the notion of convexity to b-metric spaces. The respective definitions
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are as follows: ( [5]): Let X be a non-empty set, s a positive real number, and d : X — [0,00) a
mapping satisfying the following properties Vz,y,z € X.

() dy(,y) =0 = o=y

(iil) dp(z,y) < s[dp(z, 2) + dp(2,9)]-

Then (X,dp) is called a b-metric space with coefficient s.

([6]): Let (X,dp) be a b-metric space and W : X x X x [0,1] — X be a mapping such that

db(u7 W(x7y§ A)) < )‘db(u7x) + (1 - )‘)db(ua y)v (1)

V(u,z,y,\) € X x X x X x[0,1], then (X, dy,, W) is called a convex b-metric space, and W is called
a convex structure on (X,d,). The existence of fixed points of certain contraction mappings in
convex b-metric spaces was shown in [6] and [7]

To generalize the contraction mapping in [8], [9] and [10] gave definitions of new contraction-type
mappings and proved related fixed-point results for them.

Theorem 1.1. ([9]): Let (M,d) be metric space and T a self-mapping of M satisfying the following
forx,ye M

d(Tx,Ty) < ad(x, Tz) + bd(y, Ty) + cd(x, Ty) + ed(y, Tz) + fd(x,y), (2)

where a,b,c,e and f are nonnegative. Let o« = a+b+c+ e+ f, then if M is complete and a <1, T
has a unique fized point.

( [10]) Let (X,d,W) be a convex metric space. A mapping T': X — X is said to be an enriched
contraction if there exists ¢ € [0,1) and X € [0,1] such that

d(W(z, Ta; ), W(y, Ty; A)) < ed(z,y), (3)

for all z,y € X A mapping satisfying (3) is called a (¢, A)-enriched contraction.
From the following lemma, it is clear that a (0, ¢)-enriched contraction is a Banach contraction(d(Tz, T'y) <
cd(z,y),c€0,1))

Lemma 1.2. ( [10]) Let (X,d,W) be a convex metric space. For each z,y € X and X € [0,1], we
have the following.

() Wiz, \) = 7

(it) W(z,y;0) = y;

(iii) W(z,y;1) = x.

From what has been discussed thus far, it can be seen that an enriched contraction is defined
in a metric space only if a convex structure is defined therein. This is because for any metric
space, an enriched contraction in the space is defined in terms of an upper bound on the metric
distance between the images of any two points in the metric space under the mapping defined by
the convex structure. This fact makes iterative methods for which iterative steps are defined in
terms of convex structures ideal for proving the existence of fixed points of enriched contractions.
The krasnoselskii’s iterative scheme is such a method.

The following is a fixed-point result in [10] for (), ¢)-enriched contractions in metric spaces.

Theorem 1.3. ( [10]) Let (X,d,W) be a complete metric space and let T : X — X be a (A, ¢)-
enrinched contraction. Then,

(i) Fiz(T) = p, for some p € X;

(i) The sequence {x,} obtained from the iteration process

Tpi1 = W(xp, Top; A), n>1, (4)

converges to p, for any xg € X.
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The sequence defined by (4) is the Krasnoselskii’s sequence.

Also, [10] defined enriched ¢-contractions using a comparison function ¢,and establish a related
fixed-point result. ( [L0]): A mapping ¢ : R. — Ry is said to be a comparison function if it satisfies
the following conditions:

(i¢) ¢ is nondecreasing;

(tig) {@"(t)} convergences to 0 V¢ > 0;

(tiig) o(t) < t, for ¢ > 0.

Theorem 1.4. ([10]): Let (X,d,W) be a complete metric space and let T : X — X be an enriched
¢-contraction, i.e., a mapping for which there exists a comparison function ¢ such that for some
A€ 0,1),

d(W(z, Tz; A), W(y, Ty; A)) < o(d(z, w)),

Ve,y € X. Then:

(1) fiz(T) = {p}, for some p € X;
(ii) The sequence {x,} obtained from the Iterative process

Tnae1 = W(xp, Tepy; N), n>1,
converges to p, for any xo € X.

In this work, we generalize the results in [10] and [6] by showing the existence of fixed points
of enriched contractions and enriched ¢-contractions of Hardy-Rogers type. Furthermore, we show
that special cases of our results generalize established results for several other contractions.

2 Main Results
Theorem 2.1. Let (X,dy, W) be a complete convexr b-metric space with constant s > 1 and X\ €
[0, 5-]. Then the sequence {x,} defined by
Tnt1 = W(xp, Tz N), xo € X,
converges to a unique fized point of a mapping T : X — X satisfying the following condition for
any x,y € X
dy(W(z, Ty A), dy(W (y, Ty; ) < ady(2,y) + bdy(z, Tx) + cdy(y, Ty) + edy(z, Ty) + fdy(y, T)

, where a,b,c,e,and [ are non-negative numbers such that

1
a+b+c—|—23€+2sf+)\<2—.
s

Proof: First, we show that the Krasnoselskii’s sequence associated with the mapping is Cauchy.

db(x'r“u xn—&-l) = db(xna W(xn; Txy; )\)
< Adp(xn, 2n) + (1 = N)dp (2, T2yp)
< (1= XNdp(xn, Txy) < dp(xpn, Tzy). (5)

dp(Tp, Txy) = dW (2p—1,Txn_1; ), Txy)
< s[dy(W (2n—1, Ton—1;A), W (Tp, TTp; N)) + dp(W (2, Tz N), Ty,
< slady(zp—1,2n) + bdp(Xp—1, Txpn_1) + cdp(zp, Tzy)
+edy(xp, Txn_1) + fdp(xpn-1,Txy)
+ Mp(xn, Txy) + (1 — N)dp(Txp, Ty
= sladp(Xpn—1,2n) + bdp(Tn—1,TTpn-1) + cdp(xn, Txy)
+edy(xp, Txp—1) + fdp(Tn-1,Txy) + Adp(zp, Tzy)] (5%)
= (1 —=s(c+ N)dp(xn, Txy) < sladp(xn—1,Tn) + bdp(Xp—1,TTp_1)
+ edy(Tn, TTn—1) + fdp(Tpn-1,TTn)]. (6)
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db(l‘nflz xn) = db(xnfla W(mnfh Txnfl; )\>
S )\db(xnflvxnfl) + (]- - )\)db(xnflaTnfl)

= (1 - )\)db(xn—laTIn—l) S db(xn—laTIn—l)- (7)
db(xanxnfl) < ( (xnvxnfl) + db(xnflaT{Enfl)
< 5( («In—laTxn—l) + d(xn—laTxn—l)
=2s d (l‘n_l,T.’L‘n_l). (8)
db(xn—laTxn) < S[db(xn—hxn) + db(mnaT-rn)]
< sldp(xn—1,Txn-1) + dp(xp, Txy)]. 9)

substituting (7),(8) and (9) into (6), we obtain

(1 —s(c+ f+an))dy(wn, Tr,) < (sa + sb+ 2s%e + s f)dp(xn_1, TTn_1)

sa + sb+ 2s%e + s f
= d an n) <
o(@n, Ton) 1—s(e+f+ N

dp(Tn—1,TTp_1). (10)

sa+sb+2s2ets f
Let k = s N then since

sa + sb+ 2es® + s f
< -<
1—s(c+f+ N s~

it follows that k < 1

From (10)
db(xnaTxn) < kndb(zn—thn—l) < kn-kn—ldb(xn—ZaTxn—2>
- < [ kid(xo, To). (11)
i=1
from (11) and (5),
dy(2n, Tni1) < [ [ Ridy (2o, Txo) (12)
i=1
n+p—1
= dy(Tnip-1,Tnap) <[] kidy(zo, To). (13)

=1

where p € Z
from (12), (13) and repeated applications of the triangle-inequality property, we get

(T, Tny1) + sdp(Tpya, xn-i—p)

dy(zp, Tntp) < sd
< sdp(Tn, Tnt1) + Sde(anrl, Tpt2) + Sgdb(xn+27 Tpip)
< sd

d

S b(mna xn+1) + 52db(xn+17 xn+2)

+ 33 b(xn+2a xn+3) +...+ Spdb($n+p71; $n+p)
n+1 n+p—1
< dy(z0, Txo) Hk +32Hk+ 45" I kil - (14)
=1

146


 https://doi.org/10.5281/zenodo.20467595

Cv! : INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES AND
OPTIMIZATION: THEORY AND APPLICATIONS

UMSO 12(1), 2026, PAGEs 143 - 150
HTTPS://D0I.0RG/10.5281/ZEN0ODO. 20467595

n+k
Let Up, = s [] ki, where k is a non-negative integer such that 0 <k <p—1
i=1

Un
lim —** = lim k, =k < 1.

n—o0 n n—oo

By ratio test, Z U,, is convergent, and it follows that the sequence {U,, } converges to 0. Ac-
cordingly, as n —> 00, the RHS of (14) tends to 0 . Therefore

nhﬁrr;() dy(zp, Zryp) = 0.

This shows that {z,,} is a Cauchy sequence in the space and so converges to a point, say x*, in the
space, since the space is complete. Therefore, lim dy(x,,z*) = 0. Using a similar argument and
n—oo

j—1
taking v; = [] ki, we get li_>m dp(xpn, Tzy) = 0 from (11). Thus,
i=0 n—>00

lim dp(xn,2*) = lim dy(zp,T,) = 0. (15)

n—oo n—oo

Next, we show that x* which is the limit of the sequence generated by the iterative process is a
fixed point of T.

dp(x*, Tx™) dy(x*, Txy) + dp(Txp, Ta™))

(
(2", Txy) + dp(w(zy, Tzp; 0), w(z™, Tz*;0)]

[s(dp(z*, xpn) + dp(@n, Txy)) + ady(z*, ) + bdp(xp, Txy) + cdp(a™, Ta™)
+ edp(zn, Tx") + fdp(z*, Txy)]
< s[s(dp(x™, @) + dp(@n, Txy)) + adp(x™, ) + bdp(Tn, Txy) + cdp(z™, Tx™)

(Tp, ®) + dp(x™, Tx™)) + sf(dp(x*, x4) + dp (@0, Txy))]- (16)
Taking limit as n — oo, (16) becomes

d(z*,Tx*) < (sc+ s%e)dy(z*, Tx*)
— (1 — (sc+s?e))dy(z*, Tx*) < 0. (17)

From hypothesis, ¢ + se <1 = sc+s%e <1 = 1— (sc+ s%¢) > 0. Hence (17) 1mphes that
dp(x*,Txz*) < 0. But db(x T ) > 0, therefore dy(z*,Tz*) =0 = Taz* = z*. Hence, z* is a
fixed point of T in the space. Next, we show the uniqueness of z* as a fixed point of T. Let y* be
a different fixed point of T in the space, then dy(x*,y*) > 0.

dy(z",y") = dp(Tox, Ty") < dp(w(z™, T2";0), w(y", Ty";0))
< ady(x*, yx) + bdy (xx, Tax) + cdy(y*, Ty") + ed@™, Ty*) + fdo(y™, Tx™)
= (1 (at+e+ f))dp(z",y") <0. (18)

From hypothesis, it follows that a+e+f < 1. Hence (18) implies that dj(x*,y*) < 0, a contradiction.
Therefore z* is a unique fixed point of T in the space. O

Remark 2.2. In Theorem 3.1,

(i) taking a £ 0 and b =c=e = f =0, we get a result for enriched Banach-type contractions
in convex b-metric spaces. This generalizes the related result in the work of [10];

(i) takingb=c #0, and a = f = e =0, we get a result for enriched Kannan-type contractions
in convexr b-metric spaces. This generalizes the related result in the work of [12]

(iii) taking e = f # 0 and a = b = ¢ = 0, we get a result for enriched Chatterjea -type
contractions in convex b-metric spaces. This generalizes the related result in the work of [15].

(iv) taking e = f = 0, and a # 0,b # 0,and ¢ # 0 we get a result for enriched Reich -type
contractions. This generalizes the related result in the work of ( [11]).
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Theorem 2.3. Let (X,dy, W) be a complete conver b-metric space with constant s > 1 and X\ €
[0,5-]. Then the sequence {x,} defined by

Tpgp1 = W(xpn, Tan; N), x0 € X, 20 # T,

converges to a unique fized point of a mapping T : X — X satisfying the following condition for
any x,y € X

dp(W (2, Tz; N), dp(W (y, Ty; N)) < plady(x,y) + bdy(x, Tx) + cdy(y, Ty) + edyp(z, Ty) + fdp(y, Tx),]

where a,b,c,e,and f are non-negative numbers such that
1
a+b+c+2se+2sf+ A< 2%
s

and (maz{c, f},maz{a,b,e, f}) € Z, X Z.

Proof: First, we show that the Krasnoselskii sequence associated with the contraction mapping
is Cauchy. From (5),

Ap(Xn, Tpt1) < dp(xn, Txy). (19)
Using the same technique through which (5*) was derived, we get

db(zna T‘Tn) S 5[¢[adb(xn—la In) + bdb(xn—la Txn—l) + Cdb(xny Tzn)
+edy(Tn, Txn-1) + fdp(zn—1,Txn)] + Adp(Tn, Txy). (20)

substituting (7),(8) and (9) into (20), we get:
Ay (T, Tn) < B[(s(c+ £)dp(wn, Tzn) + (sa + sb+ 2s%e + % f)dp(Tp—1, TTn_1)

+ sAdp(xp, Ty)]- (21)
Clearly,
s(c+ fdp(zn, Txn) + (sa + sb+ 2s%e + s f)dy(vn_1, Txn_1) > 0. (22)
Suppose
s(c+ f)dy(xn, Tx,) + (sa + sb+ 2s%e + s f)dyp(xn_1, TTn_1) = 0. (23)
Now,

(i) ¢ = f = 0 contradicts the hypothesis that maz{c, f} > 0;
(ii) dp(xp, Txy) =0 Vn € Zy = dy(xo,Txp) = 0, which contradicts the hypothesis that
xo # Txo;
(iii) @ = b = e = f = 0 contradicts the hypothesis that maz{a,b,e, f} > 0;
(iv) dp(zpn—1,T2pn—1) = 0 VYn € Zy = dp(x0,Tx9) = 0, which is a contraction to the
hypothesis that Tzq # xg
Hence (23) does not hold and from (22) we get that

s(c+ fdp(zn, Txn) + (sa + sb + 25%e + s f)dy(vn_1, Txn_1) > 0. (24)
Let t be the LHS of (24), then we have ¢t > 0, and from property (iiiy) of ¢, this implies that
o(t) < t. (25)
Substituting (25) into (21) gives

dp(Tn, Txy) < s(c+ fd(xn, Txy,) + (sa+ sb+ 2s%e + s2f)db(mn,1, Tx,—1)
sAdy (@, Tay)

ey Tx)<sa+sb+2s2e—|—82f)
b\&Ln, n

- 1—s(e+f+ N dp(Tr—1,TTp—1). (26)
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(26) and (10) in Theorem 3.1 are similar, and so showing that z,, — z*, where 2* € X, and
lim dy(xy, Tx,) = 0 follows from the same argument used to prove (15) in Theorem 3.1
n—oo

Accordingly, it now suffices to show that x* is a fixed point of T and a unique one at that.

dy(x*, Tx™) dy(x*, Txy) + dp(Txp, Ta™))
¥, Txy,) + dp(w(Tp, Tay; 0), w(a*, Ta™;0)]
Ty Tay)) + Olady(z™*, xy,) + bdy (2, Txy) + cdp(z*, Tx™)

¥, Txy,)]]. (27)

(
(

from (25), (27) becomes

dp(x*, Ta*) < s[s(dp(z*, x) + dp(zp, Txy)) + adp(z™, zp,) + bdy(20, Tay) + cdp(z™, Tx™)
+ se(dp(xn, %) + dp(x*, Tx™)) + sf(dp(xx, zp) + dp(zn, Txy))]. (28)

As n — oo, (28) becomes

d(z*,Tx*) < (sc+ se)dy(z*, Tx*)
= (1 — (sc+s%e))dy(z*, Tz*) < 0. (29)

From hypothesis, ¢ + se < 1 = sc+s%¢ <1 = 1— (sc+ s%¢) > 0. Hence (29) implies that
dp(z*,Tx*) < 0. But dp(z*,Tz*) > 0, therefore dy(z*,T2*) = 0 = Tz* = z*. Hence, z* is a
fixed point of T in the space.

Next, we show the uniqueness of z* as a fixed point of T. Let y* be a different fixed point of T
in the space, then dy(z*,y*) > 0.

dy(z*,y") = dp(Txx, Ty") < dyp(w(x*, Tz";0), w(y", Ty";0))
< @lady(x, y*) + bdy (x*, Tax) + cdy(y*, Ty*) + edx™, Ty*) + fdy(y*, Tx")]
< ady(zx, y*) + bdy (%, Tax) + cdp(y*, Ty") + edx™, Ty*) + fdp(y", Tx™) (from(25))
= (1—(a+e+ f))dp(z*,y") <O0. (30)

From hypothesis, it follows that a+e+ f < 1. Hence (30) implies that dy(z*, y*) < 0, a contradiction.
Therefore z* is a unique fixed point of T in the space. O

Remark 2.4. In Theorem 3.2,

(i) by taking a # 0 and b=c=e = f =0, we get a result for enriched ¢-contraction of Banach
type in convex b-metric spaces. This generalizes the related result in the work of [10].

(i) by taking b = ¢ # 0, and a = f = e = 0, we get a result for enriched ¢-contractions of
Kannan type in b-metric spaces. This generalizes the related result in the work of [12].

(iii) by taking e = f # 0 and a = b = ¢ = 0, we get a result for enriched ¢-contractions of
Chatterjea-type in convexr b-metric spaces. This generalizes the related result in the work of [15].

(iv) by takinge = f =0, and a # 0,b # 0,and ¢ # 0 we get a result for enriched ¢— contactions
of Reich type in convex b-metric spaces. This generalizes the related result in the work of [11]

Conclusion:

We have established fixed-point results for enriched Hardy-Rogers contractions and an enriched
¢—Hardy-Rogers contractions in convex b-metric spaces. Also, we have shown that our results
imply similar results for other enriched contractions in the same framework.
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