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Abstract

An option is defined as a financial contract that provides the holder the right but not the obligation to buy or sell a
specified quantity of an underlying asset in the future at a fixed price (called a strike price) at or before the
expiration date of the option. This paper looked at two different models in finance which are the Constant
Elasticity of Variance (CEV) model and the Black-Karasinski model. We obtained the various Partial Differential
Equations (PDEs) option price valuation formulas for these two models using the riskless portfolio method
through the elimination of the stochastic components from their respective Stochastic Differential Equations
(SDEs). Also, numerical implementation of the derived Black-Scholes Parabolic PDEs options pricing equations
for the SDEs models was carried out using the Explicit Finite Difference method which was implemented using
MATLAB. Furthermore, results from the numerical examples using published data from the Nigeria Stock
Exchange (NSE) show the various effects of increase in the underlying asset value (stock price) and increase in
the risk free interest rate on the value of the European Put Option for these models. From the results, we see that
an increase in the stock price and interest rate both yields a decrease in the value of the option price and hence
guides the holder of the option with quality decision to not exercise his right on the option and may allow the
option to expire.

Key Words: Option price valuation, Explicit Finite Difference method, Partial Differential
Equations, Black-Scholes PDEs, European Put Option.

MSC2010: 60H15, 60H30

1 Introduction

Financial derivatives are financial instruments that are linked to a specific financial indicator or
commodity and through which specific financial risks can be traded in financial markets in their own
right. Transactions in financial derivatives should be treated as separate transactions rather than as
an integral part of the value of underlying transactions to which they may be linked. The value of a
financial derivative is derived from the price of an underlying item, such as an asset or index. Since
the future reference price is not known with certainty, the value of the financial derivative at maturity
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can only be anticipated or estimated. Financial derivatives are used for a number of purposes
including risk management, hedging, arbitrage between markets and speculations. Financial
derivatives enable parties to trade specific financial risk such as interest rate risk, currency, equity and
commodity price risk, and credit risk, etc. to other entities who are more willing, or better suited, to
take or manage these risks, typically, but not always, without trading in a primary asset or commodity.
The risk embodied in a financial derivative contract can be traded either by trading the contract itself,
such as with options, or by creating a new contract which embodies risk characteristics that match, in
a countervailing manner, those of the existing contract owned. We have four main types of financial
derivatives namely: futures, forwards, swaps and options [1].

To value or price financial derivative products such as options is one of the most common problems in
mathematical finance. In order to value an option using the Partial Differential Equations (PDEs)
approach, a set of risky assets is used to form a riskless portfolio that mimics the payoff of the
financial derivative. This corresponds to a portfolio whose stochastic component has been removed,
so the Stochastic Differential Equation driving the portfolio dynamics becomes a PDE. We specify a
boundary condition corresponding to the financial derivative. This PDE can sometimes be solved
using the Feynman-Kac theorem. In other cases it must be solved numerically [2].

However, this paper will be centered on the use of advanced mathematical tools (PDE approach) in
the valuation of options price which is a type of financial derivatives. The advantages of the PDE
approach are that it is generally faster and that it gives the results for all initial prices (and even for all
strikes or all maturities T in some cases).

2 Preliminaries

Definition 2.1 (Self-financing trading strategy). A trading strategy is an N —dimensional
stochastic process a,(t),::-,ay(t) that represents the allocations into the assets at time, t. The
time-t value of the portfolio is TI(t) = YN, a; (t)S(t). A trading strategy is self-financing if the change
in the value of the portfolio is due only to changes in the value of the assets and not to inflows or
outflows of funds. A portfolio is defined as an investment in several assets at the same time. This
implies the strategy is self-financing if

N N

dm=d Z a,(0S (0 | = Z a, (DdS(D),

i=1 i=1

in other words, if

N t
M@ =1+ [ aw dsw
i=1 70

Where S; is the values of the asset at different time intervals. In the case of two assets the portfolio
value is TI(t) = a;(D)S; (D) + a,(t)S,(t) and the strategy (a;a,) is self-financing if dIl(t) = a, ()dS; +
a,(t)dS, (t).

Definition 2.2 (Arbitrage opportunity). An arbitrage opportunity is a self-financing trading strategy
for which TI(t) = 0 and Pr[II(T) > 0] = 1. This implies that the initial value of the portfolio (at time zero)
is zero or negative, and the value of the portfolio at time T will be greater than zero with absolute
certainty. This means we start with a portfolio with zero value, or with debt (negative value). At some
future time we have positive wealth, and since the strategy is self-financing, no funds are required to
produce this wealth.
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We also require that the trading strategy be predictable. This implies that the allocations a;(t) are
stochastic, but revealed at time t. This is reasonable, since the portfolio is rebalanced at time t so the
allocations are known at that time, and at all instants prior. After time tthe allocations are again
stochastic, up until the next rebalancing time. This implies that when we integrate dIli(t) we can write

the individual terms as fot a;(u)ds; (u) rather than as fot d(a;(WS; ().

Definition 2.3 (Options and replication). An option is defined as a financial contract that gives the
holder the right but not the obligation to buy or sell a specified quantity of the underlying asset in the
future at a fixed price at or before the expiration time of the contract. The payoff V; at time T of an
option is a function of a risky asset. Arbitrage is ruled out if we identify a self-financing trading strategy
that produces the same payoff as the option, so that I1,_V; where II, > 0. The trading strategy is then
a replicating strategy and the portfolio is a replicating portfolio. If a replicating strategy exists, then
the option which is a financial contract that provides the holder the right but not the obligation to buy
or sell a specified quantity of an underlying asset in the future at a fixed price (called a strike price) at
or before the expiration date of the option is attainable, and if all options are attainable, the economy
is complete.

In the absence of arbitrage, the trading strategy produces a unique value for the value V; of the
option; otherwise an arbitrage opportunity would exist. Not only that, at every time t the value of the
option, V. must be equal to the value of the replicating strategy, Il,, so that II, = V;. Otherwise an
arbitrage opportunity exists [3].

Definition 2.4 (Self-financing portfolio). A portfolio allocation (§,n¢)r, With price (value) V; given
by

Ve = &S + neAy, teR,
Where A; or B; = Riskless asset is self-financing if and only if the relation
dV; = nedA¢ + §dS,

holds, where &, is the number of shares in S, (could be any real number) and n; is the amount in the
bank. The self-financing condition is not entirely obvious at first, but it helps to think of one’s personal
decision-making in a financial market. Usually, one chooses a portfolio allocation in stock and bonds,
and then allows a certain amount of change to occur in the market before adjusting their allocation. If
one does not remove any cash for consumption and does not inject any cash for added investment,
then the portfolio is self-financing [4].

3 Methods

3.1 Assumptions, Parameters and Variables

3.1.1 Assumptions
The assumptions made in this research are as follows:

i. All assets (stock) considered in this research work are non-dividend yielding stocks.

ii. There exists a risk-free investment that gives a guaranteed return on investment with no
chance of default. Hence, the choice of numeraire (B;) used in this study is the Bank account
or government bond. Numeraire is any asset with a positive price and is an item or commodity
acting as a measure of value or as a standard for currency exchange

iii. There exists no arbitrage in the market which implies a complete market economy.
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3.1.2 Parameters and variables
The value of the option depends on the following parameters:

S(t) or X(t) or S; = The underlying asset (Stock price) at time t
o = The volatility of the underlying asset (Measure of the standard deviation of the returns of the asset)
k = The exercise or strike price
T = Maturity date or time of expiry in years
dt = Time step — size
r = Risk — free interest rate
u = Drift factor (Measure of average rate of growth of the asset)
ds or dx = Change of stock price (Always positive).
We will also introduce some notations and their respective meanings:
u = This is a function of current value of the underlying asset S(t) and time, i.e., u = u(S, t).
& = &(t) = Unit of stock at time t
1 = Unit of options
A, or B; = Riskless asset
V; or V, = Value of portfolio strategy
u(S,t) = Value of the option (Option price)
W, or B; = Brownian motion
[T = Riskless replicating portfolio value
. = Arbitrage free price
a = The elasticity constant
Lemma 3.1: Let (§,ne)ier, be a portfolio strategy with value
Ve = neAe + 5SSt teR,
The following statements are equivalent:
i) the portfolio strategy (§:, no)er, is self-financing,

ii) we have

t
\7t:\70+fzudxu, teR, (3.1)
0
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Lemma 3.2: (lto formula for Ito processes; [5]). For any Ito process (X, Of the form X, =X, +
fot e dt + fot o, dW,, teR,and any feC'?(R, x R) and Z, = f(t,X,) we have

toof toof tof
Z, = f(O,X0)+J; uta(t,xt)dt+foota(t,xt)dBt+J; a(t,Xt)dt
1t 0%
+§f0|0t| ﬁ(t,xt)dt

or in differential form

of of 1 9%f 5
dZt = E (t, Xt)dt + 6_x (t, Xt)dXt + 567 (t, Xt)(dXt)

2

f
2oz (, Xt)oE) dt + (t X))o dW, (3.2)

( (t,Xpdt + (t Xoue +
Proposition 3.1: Let (§,n¢)r, be a portfolio strategy such that
i) GoMoeer, is self-financing
i) The value V, = n A +&S;, teR,, takes the form
=gt Sy
For some ge C12 ((0, %) X (0,0))

Then the function g(t, x) satisfies the Black-Scholes PDE
og 1 62g
rg(t,x) = (t X) + rx (t X)+ - > 0%x? el (t,x), x>0, tel0,T] (3.3)
and & is given by
g
& = &(t; So), teR,

3.2 European put options
In the case of a European Put Option with strike price K the payoff function is given by f(x) = (K—x)*
and the Black-Scholes PDE reads

0 0
rg,(t,x) = %(t,x) + rx%
gp(T,x) = (K—x)*

3.4)

Options are financial tools that give the holder the right, but not the obligation, for a transaction of a
certain asset at a given time for a given price [6]. The buyer pays a price for the right. At expiration, if
the value of the underlying asset(S) < StrikePrice (K); the buyer makes the difference K — S but if the
value of the underlying asset (S) > StrikePrice (K), the buyer does not exercise the right.
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3.3 Derivation of the Model Equations (option valuation equations) by PDEs
Approach

A portfolio is a pair of adapted processes (in other words, processes that at date t only depend on the
past of the Brownian motion up to time t [7].The basic idea of this approach is that we convert a set of
Stochastic Differential Equations (SDE) that govern the price dynamics of the assets (stock, options,
bonds, etc.) into a Partial Differential Equation (PDE) along with a boundary condition. The PDE is not
stochastic and therefore easier to deal with. It is well known that a PDE has infinitely many solutions
unless a set of initial values or boundary conditions are specified. In the case of options, this
boundary condition is the payoff of the option. To price an option under this approach, we set up a
replicating portfolio that is made up of our risky assets, but which itself is riskless. In some cases, the
PDE will have a solution that is available in closed form. In general, however, the PDE will not have a
closed- form solution and will need to be solved numerically, working from the boundary conditions.

We are going to be considering some existing models in financial mathematics and then go ahead to
use the PDE approach to derive their option valuation equations. The models considered in this
research work are the Constant Elasticity of Variance (CEV) model and the Black-Karasinski model.

3.3.1 The Constant Elasticity of Variance model (CEV)

We consider the pricing of European put option in the Constant Elasticity of Variance (CEV) model
introduced by [8]. There are two assets; the bank account B is given by B, = e and the stock X follow
the SDE

dX, = rX,dt + oX¥dW,, X, >0 (3.5)

with constants o > 0 and a > 0, where W, is a standard Brownian motion, t € [0, ], [9]. Applying Ito’s
lemma (Lemma 3.2), the value u = u(X;, t) of the option written on X follows the SDE

du = au+ au+1 220 dt+au *dw 3.6
R T P A o ax 3.6)
The idea is to transform the SDE for u into a PDE, and apply a boundary condition, which will allow a
solution to the PDE. We set up a riskless replicating portfolio m made up of n units of the option and §
units of the stock, and assume the portfolio is self-financing so that

dIl = ndu + &dX

The portfolio thus follows the SDE

att = n [(2 4 20 1 2gryaa T8) e 4 2 gaqw] + gfreat + oxeaw]
=1 5t rxax 50X %2 axcx g[rx 0X

du ou 1 d*u du
==+ x=—+-0%x**— |dt + ncx“&dw + Erxdt + Eox“dW

ot ox 2 0x?
41 = 6u+ 6u+1 22a62u+ dt
[T=ngg tmxge tgnoxgs +ix
du
+ [on“ + nox“ &] dw (3.7)
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Next, we make the following choices 1 =1 and € = —% which enables us to remove the stochastic

component from d[] and renders the portfolio riskless. Since the portfolio is riskless, it earns the risk-
free rate and the return on the portfolio in small time increment dt is

dIl = rlldt

We substitute for € in equation (3.7) and equate with r[][dt, which produces the PDE (Black-Scholes)
for u.

an = [n 2+ au+1 w0 de+ | « 2 4 noxe 2 aw = rmat
gt g +onetx oG — o O e TN O T

du
= [mu + r&x]dt = <mu - rx—) dt

ox
- 6u+ 6u+1 aazu ou ou
Nge TGy N g T g = MU m g
du N ou N 1 62u 0
=n— — -
oo o znc x2 6 — —mu
but n = 1, therefore
6u+ 6u+1 zzazu “o 28
ot T Xox T2 G T ™M T (3.8)

Hence, we are able to set up a riskless portfolio with X and u and end up with a PDE because X and u
are each driven by a single source of uncertainty, namely the Brownian motion W. This makes it
possible to remove the stochastic component and end up with a PDE. We can then proceed to solve
the PDE in equation (3.8) numerically given a boundary condition u(T, X1) = (K —x)*.

3.3.2 Black-Karasinski term structure model
Let us consider another example which is the pricing of a zero coupon bond in the term structure
model of [10].They describe the short rate r by the SDE

d(logr,) = @(u)(logu(u) — logr,)du + o(u)dW,, ro >0 (3.9)

with deterministic functions o, i, 0. The price at time t of a zero coupon bond with maturity T is then

T
E [exp <—J- I's ds) |.‘Ft] =u(try)

by the Markov property of r and we want to obtain the PDE option price valuation formula for the
function u.

Next, we derive the PDE option price valuation formula of the SDE model in equation (3.9), we
consider the risk-neutral measure B and the short rate r is described by the SDE

d(logr,) = @(u)(logu(u) — logr,)du + o(u)dw,, ro >0

where W is B —Brownian motion. Applying Ito’s lemma, the value u = (X, t) of a derivative written on
X follows the SDE

2

du= (2% + o0 togu(®) —logr) 2 + Loz LY dt+< (t)au)dW 3.10
u= {5+ e®ogu(t) —logr) o+ - 0% () o o) o) dW, (3.10)
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Again, the idea is to transform the SDE for u into a PDE, and apply a boundary condition, which allow
a solution to the PDE. We set up a riskless replicating portfolio [ made up of n units of the option and
¢ units of the stock, and assume that the portfolio is self-financing so that

dIl = ndu + &dX
The portfolio thus follows the SDE
dIl = ndu + &dX
dI =1 [a <<p(t) (ogu(t) — logr) 22 + 22t 62—u> dt+ (G(t) 6_u> th]
at ax 2 0x? ax

+&[@(0) (logu(t) —logrydt + o(t)dW,]

du d%u
[ n at+n<10(t)(logu(t) logrt)—+ ncz(t)—+E<p(t)(logu(t) logrt)] dt

+ [no(t) P Ec(t)] dW, (3.11)

The choices of n=1 and ¢ = —Z—z removes the stochastic component from dIl and renders the

portfolio riskless. Since the portfolio is riskless, it earns the risk-free and the return on the portfolio in
small time increment dt is dIl = rlldt. We substitute for € in equation (3.11) and equate with rIldt, we
have

1 2
+n<p(t)(logu(t) logrt) + >No (t)—+E<p(t)(10gu(t) logrt)] dt+[0(t)——0(t) dW,

=0

at

= r[]dt = [rmu + r&x]dt

=>au+ ) t) —1 au+12tazu (1 t) —1 ou_ ou
ot () (logp(t) — logry) 7% 2° ()aXZ ¢@(t)(logu(t) — logr,) g = TU T IS
— 24 o 0gr(®) ~logr) = + 20%(®) v () Qlogu(®) — logry) 2 — ru + s = 0
= g - etloe OBl gx T 20 Wihge — PLL0sH OB g T T X T
du ou 1 9%u
—+rx—+ o} (t)——ru—O (3.12)

ot ox

Hence, we are able to set up a riskless portfolio with X and u and end up with a PDE because X and u
are each driven by a single source of uncertainty, namely the Brownian motion W. This makes it
possible to remove the stochastic component and end up with a PDE. We can then proceed to solve
the PDE in (3.12) numerically given a boundary condition, u(T,Xt) =1, x€ (0, o).

4 Numerical Solutions
4.1 Derivation of the explicit finite difference scheme for derived PDEs

The finite difference scheme for the two different PDEs derived from the given stochastic models
studied in this research paper is as follows:
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J =0 4.1
2 U= (4.1

Which is the PDE for the CEV model.

The Explicit Finite Difference methods for European put options are used to solve the Black-Scholes
Partial Differential Equations with the following initial and boundary conditions for the CEV model [11]
given as

Initial condition: u(x,t) = max(k —x,0)*

Boundary conditions:

u(0,t) = ket
u(x,t) = 0, forx - oo
Hence, we have
Ou _ Hnjer Uiy ) (42)
ot At )
du Upt1j = Un-1j
— = Ax)? 4.
— = (@) (3)
92U Upyqi— 2Up; + Up_q
=t~ Lt g(Ax) (4.4)

ox2 (Ax)?

Substituting (4.2), (4.3) and (4.4) into equation (4.1), we have

Unjt1 " Unj (un+1,j - un—l.j) 4 lczxm (un+1.j —2uni u“‘”) —ru,; =0
At 2% (Ax)?

let At = p and Ax = h, we have

Unj+1 — Unj Unt1,j = Un-1,j 1 Unt1j — 2un,' T Up-q
) ]+rX( ]zh 1)+ 2420 j j ) —ru,; =0

D EO’ X 12

Therefore,

_ Un+1,j = Un-1j 1 2. 2a Uny1,j — 2un,j + Up-1,
Unj+1 = —TPX(—— o ——) =5 Po°X

h2
+ uyi(rp + 1)
- Un-1j) 1 o2x2% Un-1; 2, 2a [ 2Unj
—[rpx( oh ) S Pox (T) + |po°x Tz J 4 Uni(rp + 1)

un+1] 1 2 20( un+1,j
+[ - 7P (55 )]

[Zh(hrpx - po xzo‘)] [pozxzo‘ + h?rp + hz] [Zh(hrpx + po?x?®)
un‘j -

h? 4h3 Hie
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(hrpx — po®x*®)uy,_y; + (pcr2 2%+ h?rp + h®)u,; — (hrpx + po®x*“)upyq

2h2 2h2

Substituting p = Atand h = Ax, we have

((Ax)r(At)x = (M) x*uy_g j + = (AD*x** + (Ax)?r(AL) + (AX)?)up;

1

(A (Ax)?
Z(A 2007 ——— ((A)r(ADx + (ADG? x> Yupyq (4.5)
un,j+1 = aun_]_’j + bun,]- + Cun+1‘j (46)
where,
— [((Ax)r(AD)x — (AD)6*x*)]
= 2007 X X o%x
= @ [((At)o?x2* + (Ax)?r(At) + (Ax)?)]
c=-— Z(Al—x)z [(Ax)r(ADx + (At)o?x%*]

Next, we consider the PDE for the Black-Karasinski term structure model which is given below:

au+ ou +1 tazu 0 4.7
Fri o2(t) ru = 4.7)

The initial and boundary condition for a zero coupon bond for a short rate model such as the Black-
Karasinski model is given as:

Initial condition: u(0,t) = max(K — x, 0)
Boundary condition u(x,t) =1, forx - o

Thus we have that,

Ou  Upjpq — Upj

=2 By oAt 4.8
Tt At + 0(At) (4.8)
ou _ Unt1j ~ Un-q 2
iy e + 0((Ax)%) (4.9

0%U  Upyqpj — 2Upj + Up_q)
— = - . -+ 0(A 4.10
0x? (Ax)? +0(4%) (4.10)

Substituting (4.8), (4.9) and (4.10) into equation (4.7), we have

Upj+1 — Upj brx (un+1,j - un—l,j) + e ( nt1j — 2Upj + Up_q
At 2Ax

LetAt=pandAx=h

un,j+1p— un,]- +rx (un+1'1'2—hun_1']') + %0_2 (t) <un+1,j - 2;11;1] + un—l,j) _ run_j -0
Up+1j — Un-1, 1 Upt1j — 2un,j + Up-1
Upj4q = —TPX (T) - Epoz ® < 2 + prup + Up;
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Therefore,
_ Up+1,j — Up—1,j 1 2 Upt1j — 2un,j + Up-—1
Upj+1 = —TPX (T) - EPG ® 2
+up;(rp + 1)
Uptqj — Up_1;j 1 Uptqj — 2Upj + Upoq
un,j+1 = —rpx (%) — Ep02(t) ( n+1, h;] n ]) _ un_j (rp + 1)
Up_1; Upi1i 1 Up 1 Up i 1 Up_1;
= rpx( ;h ]) - rpx( Zh ]) —Epcz ( r;lz ]) + po? (%) —Epcr2 ( K;lz ]) +u,;(rp + 1)

_ un—1,j _1 2 un—l,j 2 un,j un+1,j _1 2 un+1,j
=[x (555 ~ 09 (57 # oo (5) # wmstrw + 0]+ e (S5329) = 300 (5557
2 2 2
rpx po po rpx po
=(ﬁ‘ﬁ)“m-u+<?+rp“>“m‘(ﬁ*ﬁ)“nm

1 2 1 2 2 2
(hrpx — po“)up_q; + F(pc +h*rp + h*)u,; —

=5z (hrpx + po®)uyyq

1
2h?

Substituting back p = At and h = Ax, we have

Upj41 = 2002 ((Ax)r(At)x — (A)oHuy_q 5 + @ ((A6? + (Ax)*r(At) + (Ax)H)uy;

- ﬁ ((A)r(ADx + (A2 Jupyy (4.11)
Upjpq = alp_q + bun‘j + cupyq (4.12)

where,
a= 2007 (AX)r(At)x — (At)o?)
1 2 2 2
b= @9)2 ((At)o? + (Ax)“r(At) + (Ax)?)
c= ! ((Ax)r(ADx + (At)o?)

T 2(Ax)?

4.2 Numerical Examples

Empirical data obtained from the Nigeria Stock Exchange (NSE) will be used to plot some graphs to
investigate the effect of increase in the underlying asset (i.e. positive correlation) and the increase in
the level of interest rate on the option value (price) for the different financial models examined in this
paper. In order to carry out the above task, the parameters K,x,0,T,t, a, @, 2, 1, Ax, At, xmax as defined
in section (3.1) are assigned some data values as shown in Table, 1. Computer programs coded in
MATLAB were used for solving the systems of the derived finite difference scheme in
equations (4.6) and (4.12) respectively for the two models. The graphs for the various parameter
values for the CEV and Black-Karasinski models in Table 1 are presented in figures 1 -4.
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ases 1 2 3
Parameters

Xmax 150 150 150
K 50 50 50
Ax 1 1 1
X 4 6 8
@ 0.2 0.2 0.2
T 1 1 1
o 0.2 0.2 0.2
At 0.1 0.1 0.1
r 0.2 0.4 0.6
o 0.5 0.5 0.5

Table 1: Parameter Values for Numerical Experiment for the CEV and Black-Karasinski model
Source: Data from the Nigerian Stock Exchange all Share Index (2015) except for xmax, Ax and K.

We shall discuss the result of our numerical experiments carried out by increasing the value of the
underlying assets and risk free interest rate for the Constant Elasticity of Variance (CEV) and the
Black-Karasinski models respectively at various parametric values. The parameter values for the
experiments are shown in Table 1 above. The graphs, plotted using these values, are shown in
Figures 1 — 4 below.

Monte Carlo method (CEV)
[

Put Option Price

Time Stock price
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Fig. 1: Graph of Option Value, Expiration Time and Stock Price using the following Parameter values: x =
4:8; xmax = 150; K=50; Ax= 1; T=1; a=0.2;At=0.1;r = 0.2: 0.6 and ¢ = 0.5 for the CVE model.

177 T T T T T T T

176.5

176

175.5

175

174.5

Put Option Price

174

173.5
173
172.5 r r r r r r r
4 4.5 5 5.5 6 6.5 7 7.5 8
Stock Price

Fig. 2: Graph of Option Value vs. Expiration Time and Stock Price using the following Parameter values: x =
4:8; xmax = 150; K=50; Ax= 1; T=1; a=0.2; At =0.1;r = 0.2:0.6 and o = 0.5 for the CEV model.

Put Option Price

Time Stock price

Fig. 3: Graph of Option Value, Expiration Time and Stock Price using the following Parameter values: x =
4:8; xmax = 150;K=50; Ax=1; T=1; ¢ =0.2; t=10;At=0.1;r=0.2:0.6 ando=0.5 for the Black-

Karasinski model.
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Fig. 4: Graph of Option Value, Expiration Time and Stock Price using the following Parameter values: x =
4:8; xmax = 150;K=50; Ax=1;T=1;¢ =0.2; t=10; At=0.1,r=0.2:06 ando=0.5 for the Black-
Karasinski model.

5 Results and Discussions

Experiment one

Here, we investigate the situation where the underlying asset (stock price) value is x = 4 and the
interest rate, r = 0.2 for the CEV model and the Black-Karasinski term structure model respectively.
The result displayed in Fig. 2 and Fig. 4 showed that the value of the Put Option (Option Price) is
176.9 for the CEV model and 179.1for the Black Karasinski term structure model.

Experiment two

In this experiment, we investigate the situation where the underlying asset (stock price) value is
increased to x = 6 and the interest rate also increased to r = 0.4 for the CEV model and the Black-
Karasinski model respectively. The result displayed in fig. 2 and fig. 4 showed that the value of the
Put Option (Option price) is 175.0 for the CEV model and 178.2 for the Black-Karasinski term
structure model.

Experiment three

Here, we investigate the situation where the value of the underlying asset (stock price) is increased to
the value of x = 8 and the interest rate is increased to r = 0.6 for the CEV model and the Black-
Karasinski model respectively. The result displayed in fig. 2 and fig. 4 showed that the value of the
Put Option (Option price) is 173.0 for the CEV model and 177.25 for the Black Karasinski term
structure model.

6 Conclusion

In this research work, we have reviewed and studied two Stochastic Differential Equation models in
finance which are the Constant Elasticity of Variance (CEV) model and the Black-Karasinski term
structure model. The explicit finite difference method for PDEs was used in the numerical
experiments. From this study, we observed that the PDE approach for the valuation of option price
using the riskless portfolio method eliminates the stochastic component from the SDE, hence making
it easier for obtaining the solution of the resulting PDE. Also, numerical experiments, using published
data show that as the price of the underlying asset (stock price) and risk free interest rate increases,
the value of the option decreases. Hence, the right to sell at a fixed price (Puts) will become less
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valuable and the buyer decides not to exercise the right on the options and may allow the option to
expire.
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