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Abstract

In the present paper, the authors study certain subclasses of analytic p-valent functions f(z)"
defined by T(A, B,w, a, A\, 7,1) and T°(A, B,w, a, A, 7,1) with respect to other points in the
open unit disk D = {z:|z| <1} . Bounds on the first two coefficients |ap+1| and |apy1| and
their connections with the Fekete-Szego functional |apq2 — paf,H\ were obtained while several
other corollaries follow as simple consequences.
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1 Introduction

Let T'(w) be the class of functions which are analytic and univalent in the open unit disk D =
{#z :]z| < 1} and of the form

p(z) = (z—w) + 3 an(z — w)* (L1)
k=1

satisfying the conditions
p(0) =0, |p(z)] >1, z€ D.

Also, let S(w) denote the class of functions h which are analytic and univalent in the open unit disk
D and normalized with h(w) =0 and h'(w) — 1 = 0 such that

h(z) = (z—w)—i—Zak(z—w)k. (1.2)
k=2
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where w is an arbitrary fixed point in D.

It is noted here that several authors have studied the subclasses w-starlike and w-convex of analytic
functions h(z) and several interesting results were obtained.

The aforementioned subclasses were defined respectively, as

ST(w) = S*(w) = {h(z) € Sw) : %{W}} >0, z€D

and

AYNA
OV (w) = 8°(w) = {h(z) € S(w) : %{1 + W}} >0, 2€D
where w is an arbitrary fixed point in D (see Acu and Owa [1], Kanas and Ronning [2], Oladipo [3]
just to mention but few).
However, Wald [4] established that if p(w) C p(class of Carathoedory functions ) and p(z) is given
by

p(z) =1+ pr(z —w)" (1.3)
k=1
then,
2
< >1 =
|pk:| = (1+d)(1—d)k7 k_ and |LU| d

(see [1,3,5,6]). Also, we note that if A and B are arbitrary fixed integers and —1 < B < A < 1,
then we have

|pk|§( A-B k>1 and |w|=d (1.4)

1+ d)(1—d)F’

(See also [7]).
Now, let S,(w) be the class of p-valent functions f(z) such that

F) = (=) + 3 apin(z Wt pke N, (15)
k=1
Suppose that for real 7 (7 > 0), we write
> T
G = [P + Y aplz w0t (16)
k=1

Then from (1.6), we have that

T

f(z)7 = [(z —w)P +apt1(z — w)Pt 4 apta(z — w)Pt? 4 apt3(z — w)Pt3 4 }

=(z—w)™ [1 + api1(z — W) + apya(z —w)? + apy3(z —w)® + ] .
Further expansion gives
fR)T=Ez-w [1 +7 [ap_H(Z — W)+ apra(z —w)? + apy3(z —w)® + }

+¥ {apﬂ(z —w) + apia(z — w) apys(z —w)’ + }
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r(r = 1)(r—2) ) s, |
+# pt1(z —w) + apya(z —w)* +apys(z —w)° + .| + ...
This later yield
o) t
=(z—w)™® [1 + ZTt (apﬂ(z — W)+ apya(z —w)? +apr3(z —w) + ) } ) (1.7)
t=1
where
T(t—1 T(r—1)(r—2
S ) N V]
Hence,
(27 = )P+ Y cprk(T)(z — w) PR, (1.8)
k=1
where

2 3
Cpt+1 = T1Gpt1, Cpir2 = T1Gpy2 + T2lpi1s Cp+3 = T10p+3 + 272ap+1ap+2 + T30y 415 oo

(see [8, 9] among others).
Using Aouf et al derivative operator discussed in [10], we write for functions f(z)” € Sp(w,7) as
follows:

IEP(A,Z)JC(Z)T _ (1 + )\(II:__Z 1) + l) Z . Tp + Z (]. + )\ Tpl':—kl_ ].) l) Cp+k(7')(z . w)Terk.(]-.g)

In view of (1.9), we give the following definitions.
Definition 1.1:
(i) Let S¥(w,7) denote the subclass of S,(w,7) consisting of functions (1.8) and satisfying the

condition: )
. { (=~ I, (A DS ()]
Imp()‘v l)f(Z)T - Iqu(Av l)f(iz)T
This class of functions shall be called w-starlike with respect to symmetric points and w is an
arbitrary fixed point in D.

(ii) Let S} (w, ) denote the subclass of S, (w, 7) consisting of functions given by (1.8) and satistying
the condition:

}>O,z€D.

ol Commoner | oo

12, (A DF(2)T + 17, (A D f(2)7

This class of functions shall be called w-starlike with respect to conjugate points.
(iii) Let S¢(w, T) denote the subclass of Sy, (w, T) consisting of functions given by (1.8) and satisfying
the condition:

N I e Euil
[, D) = Tz, D f(-2)7]

This class is called w-convex with respect to symmetric points and w is an arbitrary fixed point in
D.

>0,z € D.
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(iv) Let SS(w, 7) denote the subclass of S, (w, 7) consisting of functions given by (1.8) and satisfying
the condition:

[z = )iz, 0 D771

[, D7 ()7 + Tz, DT )|

This class is called w-convex with respect to conjugate points.

The above subclasses of analytic functions can also be defined in terms of subordination as follow:
Definition 1.2:

(i) Let S¥(A, B,w, A, 7,1) denote the subclass of S,(w, T) consisting of functions given by (1.8) and
satisfying the condition:

e~ B MDY 14 AG-w)
Im ()\,l)f(z)’r—Igfp()\,l)f(fz)’r 1+ B(z —w)’

w,p

R >0,z€D.

—-1<B<A<1l,z€eD

and w is an arbitrary point in D.
(ii) Let S} (A, B,w, A, 7,1) denote the subclass of S,(w, T) consisting of functions given by (1.8) and
satisfying the condition:

2(Z_W)[IEP(M_< 1+A(Z—w)
I, (DS + I, DTGy LBl —w)

-1<B<A<1l,zeD

and w is an arbitrary fixed point in D.
(iii) Let SS(A, B,w, A, 7,1) denote the subclass of S, (w, 7) consisting of functions given by (1.8) and
satisfying the condition:

(-0 nfE@T] 1 ae—w)

[Igfp(’\? Df(z) — Ijjjp()\, l)f(—z)T}/ 1+ B(z —w)

,—1<B<A<1,z€eD

and w is an arbitrary fixed point in D.
(iv) Let SS(A, B,w, A, 7,1) denote the subclass of S,(w, T) consisting of functions given by (1.8) and
satisfying the condition:

(=, DFE@T] s AW

7 <
[I&’fp(% DFG) + I,y LT B(z — w)

and w is an arbitrary fixed point in D.
Also the authors wish to introduce respectively, the classes T*(A, B, a,w, A\, 7, 1) and T°(4, B, a,w, A\, 7, 1)
which consist of analytic function f(z)” of the form (1.8) and satisfying

,—1<B<A<1,zeD

2(z — w)[IT, (N D F(2)7] + 20z — w)? 17, (A D £(2)7]" L 1+AGE-w)
(1= ) [Im, (A D f(2)7 = Iy (A D f(=2)7] + alz — w)[Im, (W D f(2)7 = Im, (WD f(—2)7]" 1+ Bz —w)

)

—-1<B<A<1,z€¢eD
and
2(z —w) T, (AN D f(2)7) + 20z — w)2 10, (A\ D) f(2)7)” L1+ AG-w)
(1—a)[Im (D F(2)7 + Im (A DF(2)7) + alz — w) I, (WD ()7 + I, (W D f(z)7) 1 H B —w)
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~1<B<A<1,z€D

where w is an arbitrary fixed point in D (see [6, 11]). With various choices of «, 7 and w, these
classes of functions could give rise to those classes earlier defined.
By the definition of subordination, it follows that v € T*(A, B, a,w, A, 7,1) if and only if

2(z — w)[lgfp(/\, D) +2a(z — w)Q[IL’fp()\, Dfz)T)" _ 1+ Ah(w(z))
(1= ) [I, (A D) F(2)7 = I, (A D) f(—2)7] + oz — w) I, (A D f(2)7 — I, (A D f(—2)7] 1+ Bh(w(2))
=p(z), z,he€D. (1.10)

Also, u € T°(A, B,a,w, A\, 7,1) if and only if

2(z —w) L7, (N D f(2)7) + 20z — w)? 17, (A, l)f(z)T]”— _ 1+ Ah(w(z))
(1—a)[Im (A DF(2)7 + Im (A DF(2)] + alz —w)[Im (A D F(2)7 + I, (LD f(z)7] L+ Bh(w(2)
=p(z), 2 h€D, (1.11)
where -
p(z) =1+ > pr(z —w)"
k=1
and

A-B

Ip(2)] < Axdd—aF k>1, |w=d. (1.12)

2 Coefficient Inequalities

Theorem 2.1: Let f € T*(A,B,a,w, A\, 7,1), thenfor 0 < a <1, -1<B<A<1, A>0,1>
0, 7,p € N and m € Ny = NU {0}

2(A - B)(mp)by
(51T1b2¢’0(1 — d2)’

’aPH’ <

2(Tp)(A — B)bl |:(517'12b%(138 ((51(1 + d) + (Tp)gl (A - B)Q) — 2(7‘]))(527‘2()11)3(1)1(14 — B)2
5%(527’?1)3()3@%@1(1 — d2)2

‘azﬂr?‘ <

and for real g

2
p+2 — Ay ‘

_ (A - ) {1720303 (511 + d) + (p)g1 (A = B)) = 2(rp)Smabiba®1 (A — B) } — 4u(7p)252m1 1301 (A — B)?

5%527’13173173(1)3@1(1 — d2)2

where

bh=[1+alrp—1], bo=[1+arp], bs=[1+a(tp+1),bs =[1 + a(rp+2)], ...
g =[1— (D", gp=[1—(=1)7""?], g3 = [1 - (=1)""*?], ...
01 = [2(rp+2) — mpg1], 02 = [2(7p +4) — Tpga], 03 = [3(7p) — Tpgs3], ...
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and

T+ Arp+7)+1\" .
o, = =0,1,2,... .
J <1+/\(7'p1)+l J T

Proof: From (1.3) and (1.10), we have that

1+i(7p+k)“+a(m+k‘1” <1+)\(7’p+k—1)+l

(tp)[1 + a(tp — 1)] l+a(rp—1)+1 ) Cp+k(2 - w)k

k=1

21— (—1)Ptk o(T - T - "
<1+Z (L= ()™ +alrp+ k= 1)) <1 AP k=) + l) cp+k(zw)k> . <1+p1(zw)+p2(zw)2+p3(zw)3+
k=1

214+ a(rp —1)] l+a(rp—1)+1
(2.1)
It is easily verified from (2.1) that
01ba®ocpt1 = 2(7p)bip: (2.2)
and
0102b3P1cpro = 2(T)bip1 (51;02 + (Tp)glp%) (2.3)
But we recall that c,41 = T1ap41 and cpy2 = Tiapy2 + 7'2a12)+1 then
9162PoTiap1 = 2(TP)bips (2.4)
and
5%527’?()31)3@3@1%” = 2(7p>b1 [617125%‘1)(2) ((51])2 + (Tp)glp%) — 2(527‘2(7‘]))[)1[)3(1)1]9% (25)
where
bh=[1+alrp—1)], bo=[14+arp], bs=[1+a(rp+1)],bs =[1 + a(tp + 2)], ...
== (=), g2 =1 (=), g5 = [1 - (-1)7""7,
01 =[2(rp+2) — pg1], 02 = [2(7p +4) — Tpg2], 3 = [3(Tp) — Tpygs], ...
and m
1 )
= (LAt N o
1+ Amp—1)+1
Using (1.12) in (2.4) and (2.5), then we obtain the required bounds on ap41 and apq2.
Now appealing to (2.4) and (2.5), we can write that for real u
2 [5rf3ad (i + (rp)aid) — 2ama(ra)iiba®int] ()2
Ap+2 — Hapi g = : K - (2.6)

6%(527’?()%()3@%‘1’1 5%b%q)g

Applying (1.12) in (2.6) we obtain the desired bound on the Fekete-Szego functional |2 — ua12,+1’
and this completes the proof of Theorem 2.1.

Now suppose that p =1 in Theorem 2.1, then we obtain the following corollary.

Corollary 2.2: Let f € T*(A,B,a,d, A\, 1,]) thenfor 0 < a <1, -1<B<A<1,A>0, [>0
and m € Ny =NU{0}.

(A—B) ( 1+1 )m’

<
ool S ST B A T \TF 41
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(A—B)(1+d) 141 m
|ag| < 2(1+2a)(1—d2)2(1+2>\+1)

and
|az — paj]
AfB)[Q(lJra)z(l+d)(1“+l)2mf (AfB)(lJrQa)(””*l)m}
<( T+ H T+ ( 1+1 >2m( 1+1 )m
- 41 4+ )2(1 + 2a)(1 — d?)? 1+A+1 1+20+1
Corollary 2.3: Let f € T*(A, B,a,d,1,1,0) then for 0 < a<1,and -1<B<A<1

2(A - B) (1)”1’

<
jaz] < 4( 2

1- @)1+ a)

(A—B)(1+4d) (1)7”

las| < 3

= 2(1 4 2a)(1 — d?)?
and
|az — paj|
2m m
(A— B) [2(1+a)2(1+d)(2> —M(A—B)(1+2a)(3) } 1n2m 1\m
< - -) .
- 4(1+ a)?(1 4 2a)(1 — d?)? (2) (3)
Corollary 2.4: Let f € T*(A,B,«,d,1,1,0) thenfor 0 < a <1, - 1< B<A<landm=1

la |<&
a1 -1 +a)

(A— B)(1+d)
(1+2a)(1 — )2

las| < 5
and
(A— B) [8(1 +a)2(1+d) — 3u(A — B)(1 +2a)
48(1 + )?(1 + 2a)(1 — d?)?

Suppose that m = p =1 in Theorem 2.1, then we obtain the following corollary.
Corollary 2.5: Let f € T*(A, B,0,0,1,1,0) then for -1 < B< A<1

jag — uad] <

(A-B)
4 )

(A-B)
6

las| <

las| <
and
(A— B) [8 — 3u(A— B)

48
Suppose that m = p = 1 in Theorem 2.1, then we obtain the following corollary.
Corollary 2.6: Let f € T*(A,B,1,0,1,1,0) then for - 1< B< A<1

|as — paj3| <

(A-B)
8 i

(A-B)
18

las| <

las| <
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and
(A—B)[32 — ou(a - B)}
3.4.48

Suppose that m = p = 1 in Theorem 2.1, then we obtain the following corollary.
Corollary 2.7: Let f € T*(1,—1,0,0,1,1,0). then

lag — pa3| <

—_

|a’2| < 57
1
|a3| < 3
and
(=
12 '
Suppose that m = p = 1 in Theorem 2.1, then we obtain the following corollary.
Corollary 2.8: Let f € T*(1,—1,1,0,1,1,0). then

las — pa3| <

1
|a’2| < Z»
1
|a3| < §
and
oo
_ <t 4
jas — pa3] < L

Suppose that p =1 and m = 0 in Theorem 2.1, then we obtain the following corollary.
Corollary 2.9: Let f € T*(A,B,«a,d, A\, 1,1) then for 0 <a <1, -1<B<A<1,A>0,and
>0

2(A — B)
= =y
0 < A=BIA+d)

=21+ 20)(1 - d2)?

and
(A— B) [2(1 +a)2(14+d) — p(A— B)1+ za)}

4(1+ o)?(1 + 2a)(1 — d?)?

Corollary 2.10: Let f € T*(A,B,a,0,A\, 1,{) then for 0 < a <1, -1<B<A<LI, A>0,
[>0and m=0

lag — pa3| <

A-B)
a2 < 21+ a)’
(A-B)
Jas] < 2(1 + 2a)

and
(A B) [2(1 +a)? — pu(A— B)(1+2a)

414 a)?(1 + 20)
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Corollary 2.11: Let f € T*(1,—1,,0,,1,1) then for 0 < a <1 and m =0

1
(1+a)

las| <

1

< -
jas] < 1+ 2a)

and

1+ a)? — p(1 4+ 2a)
(14 a@)?(1 4+ 2a)

Corollary 2.12: Let f € T*(1,—1,0,0,A\,1,]) then for 0 < a <1, -1<B<A<1,\>0,
[>0and m=0

las — paj| <

laz| <1,
|a3| S 1

and

|az — paj| < |1 —pl.
Theorem 2.13: Let f € T°(A, B,a,w,\,7,0), thenfor 0 < a <1, - 1< B<A<1, A>0,1>
0, 7,p € N and m € Ny = NU {0}

(A—B)(tp)b
< M2 2)NVP)PL
|Clp+1| - leg‘bo(l — dQ)’

(rp)(A — B [FI3®3((1 +d) + (rp) (A — B)) — 2(4 — B)(rp)rabibsy
30303 PP, (1 — d?)?

|ap+2| <

and for real p

2
oy - |

(rp)br (A = B) {720303((1 + d) + (p)(A — B)) = 2(A = B)(rp)rabibs®: } — 2u(7p)>rib3bs 1 (A — B)*

<
- 273b3b3 P3P (1 — d?)?
where
bh=[1+alrp—1)], o =[14+arp], bs =1+ a(tp+1)],bs = [1 + a(Tp + 2)],
and

L+ Xrp+j)+1\" .
d; = =0,1,2,... .
! <1+)\(7‘p—1)+l 7=052

Proof: From (1.3) and (1.11), we have that

1+Z (tp+k)1+alrp+k—1)) <1+)\(Tp+/€—1)+l)mcp+k(z_w)k

2 ()1 +alrp— 1)] Ia(rp—1)+1

(4 S (LD ).t

2.7)
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Equating the like powers of (z — w) and (z — w)? in (2.7), we obtain

ba®oTiap+1 = (Tp)bip1 (2.8)
and
277b3b3 @3 P1ap 12 = (Tp)by {begq)g (pz + (TP)P%> — 273(7p)b1b3P1p} (2.9)
where
by =[14+alrp—1)], ba=[1+4arp], bg=[1+a(rp+1)],by =[1 + a(rp+2)], ...
and

14+ A N\
o, =+ (rp+J) + j=0,1,2,.. .
1+ Arp—1)+1

Using (1.12) in (2.8) and (2.9), then we obtain the required bounds on a,4+1 and apta.
Now appealing to (2.8) and (2.9), and for real u we have that

(Tp)b1 [712634% (pz + (Tp)p?) - 272(Tp)b1b3<1>1pﬂ (7p)2b2p? )10
Oy ~ My = 27030, 030, “h ey (210

Applying (1.12) in (2.10) we obtain the desired bound on the Fekete-Szego functional |a,.2 — pa +1
and this completes the proof of Theorem 2.13.

Now suppose that p =1 in Theorem 2.13, then we obtain the following corollary.

Corollary 2.14: Let f € T°(A, B,«,d, A, 1,1), then for 0 <o <1, A >0, > 0 and m € Ny

(A- B) 141 \m
1—d2)(1+a)(1+>\+1) ’
(A-B)(1+d)+(A-B)]; 1+1 \m

2(1 — d2)2(1 + 2a) (1+2)\+l)

’a2| S(

as| <

and for real

2
’a3 B /’[’CLQ‘

2m m
(A-B)[(1+aPl0+d)+(A-BI(MEF) - 24— B)(1+20) (52| ((Lttym ity
2(1 —d?)2(1 + a)2(1 + 2a) 1+ A+1 1+22+1/
Corollary 2.15: Let f € T¢(4, B, «,d,1,1,0), then for 0 < o < 1, and m € Ny
(A-B)
<
jaz] < 2m(1— 2)(1+a)

(A= B)[(1+d)+ (A— B)
2.3m(1 — d2)2(1 + 2a)

<

] <

and for real p

(A— B) [(1 +a)?[(1+d) + (A — B)|2™ — 2u(A — B)(1 + 2a)3™
92m+13m (1 — d2)2(1 + o)2(1 + 20)

’a3 - NCL%’ <

Corollary 2.16: Let f € T(A, B,a,d,1,1,0), then for 0 < a <1, and m =1
(A-B)
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(A= B)[(1+d)+ (A— B)]
6(1— d®)2(1 + 2a)

|613| <
and for real

(A B) [(1 +a)?[(1+d)+ (A—B)] - 3u(A - B)(1+ 2a)}
12(1 — @)2(1 + @)2(1 + 2a)

‘a3 - Wl%’ <
Corollary 2.17: Let f € T°(A, B,«,d,1,1,0), then for 0 < o <1, and m =0

(A-B)
T an)

(A= B)[(1+d)+ (A— B)
21 — d)2(1 + 2a)

’a?)‘ <
and
(A—B) [(1 +a)?[(1+d)+ (A—B)] - 2u(A— B)(1+ Qa)]
2(1—d?)2(1+ @)?(1 + 2«) '
Corollary 2.18: Let f € T¢(A4,B,0,0,1,1,0), then for 0 < a <1, and m=1

‘a:s wm%] <

az| < (A;B)7
las| < (A-B)[1+ A-B|
- 4

and

(A—B)[1+A—B} —3M(A—B)}
12 '
Corollary 2.19: Let f € T°(1,—1,0,0,1,1,0), then for 0 < a < 1,and m =0

‘03 */Jag‘ <

|a2‘ 327

] <3

and
‘as *Ml%’ < |3 —4pl.

Corollary 2.20: Let f € T¢(1,—1,0,0,1,1,0), then for 0 < o <1, and m =1

’G;Q‘ S 17

’a3‘ <

N | W

and
9 1
‘CL3 —uag‘ < §|1 —2,u|.

Corollary 2.21: Let f € T¢(A4,B,1,0,1,1,0), then for 0 < a < 1,and m =1

(A-B)

|a2’ S 4 )
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(A—B)[1+A- B
12

] <

and

(A— B) [4[1+A—B} —9N(A—B)}
48 '
Corollary 2.22: Let f € T°(1,—1,1,0,1,1,0), then for 0 < a <1, and m =1

‘113 —uag‘ <

and
9 1
‘a3 - Maz‘ < Z'Q — 3.

Corollary 2.23: Let f € T¢(A4,B,1,0,1,1,0), then for 0 < a < 1,and m =0

az| < (A;B)7
o < A= BL+A- B
- 6

and
(A— B) [4[1 +A— B] - 6u(A - B)}

8
Corollary 2.24: Let f € T°(A, B,1,0,1,1,0), then for 0 < a < 1,and m =0

‘03 *uag‘ <

|a2| Sla

o] <1

and
Ja — pa3| < 31— .

For relevant results on the classes of analytic functions with respect to other points (see [12,13,14])
among others.
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