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Abstract

In the present paper, the authors investigated a subclass Ty Dx (e, 3, &, p; p : n) of analytic

functions in the open unit disk U. Using Ruscheweyh operator R"f,(z) and a generalized
Salagean differential operator DY , f-(z) involving modified Sigmoid function, a class of nor-
malized analytic function given by:

DY, fy(z) = DX L fy(2) + (1 — w)R" f1(2); A,w >0, p€[0,1], ne€ No, z€U

was established.
Some geometric properties of the subclass Ty Dy o («, 8, &, u;p : n) were investigated. The
results extended and generalized some earlier results.

Keywords: Univalent functions, Sigmoid function, Differential operator, Fekete-Szego inequality,
Starlikeness, Convexity, Close-to-convex funtions.
MSC2010: 30C45

1 Introduction and Preliminaries

Special functions are particular mathematical functions whose names and notations are due to
their importance and applications in mathematical analysis, physics and other fields of science and
engineering. Some special functions appear as solutions of differential equations. Symbolic com-
putation where algorithms and software are required for manipulation of mathematical expressions
make use of special functions. Activation functions are examples of special functions. Sigmoid
function is the most popular of the three activation functions in the hardware implementation of
Artificial Neural Network (ANN). In biologically inspired neural networks, the activation function
is usually an abstraction representing the rate of action potential firing in the cell. Some of the sig-
moid functions have been used as activation function of artificial neurons including the logistic and
hyperbolic tangent functions. Sigmoid curves are also used as commutative distribution functions
that go from 0 to 1 like the integrals of the logistics distribution, normal distribution, and student’s
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t probability functions. The study of sigmoid function in geometric function theory is motivated
by its significance in science, engineering and other fields of endeavours.

The study of analytic functions in complex analysis is significant because of their properties and
applications but univalent functions have other interesting features aside being analytic which make
its study of more interest. There are many subclasses of analytic and univalent functions in geo-
metric function theory. A class T of functions with negative coefficients from second term was first
introduced by Silverman [1] and has since then opened up a prolific line of research interest in that
direction among function theorists.

Let A denotes the class of functions of the form:

f(z) :z—}—Zakzk (1.1)
k=2
which are analytic in the open unit disk U = {z € C': |z| < 1} and let
()= —2—; 520 (1.2)
1) = T 52 :

be a modified sigmoid function then, v(s) =1 fo s = 0.
We denote by T the subclass of A consisting of functions f(z) € A which are analytic and
univalent in U and of the form

fz)=2-> az*, ar>0 (1.3)
k=2
Hence, we have f,(z) € T, defined as
F(2) =2=Y (s)arz¥, ax >0 (1.4)
k=2

where y(s) = 1+ 35— 975° + 5555° — 155955 + - - - defined by (1.2). We also define identity function
for T, as

ey(2) =2 (1.5)

We say that f(z) is starlike in domain U if f : U — C is univalent and f(U) is a starlike domain
with respect to origin.
Then f(z) € A is said to be starlike of order p if it satisfies

!/
Re { () } >
f(2)
for some (p(0 < p < 1)) and for all z € U. Also a univalent function f(z) € A is said to be
convex of order p if and only if zf'(2) is starlike of order p. In other words, if

el )

for some (p(0 < p <1)) and for all z € U.
Further more, a univalent function f(z) € A is said to be close-to-convex of order p if

Ref{zf'(2)} > p

for some (p(0 < p < 1)) and for all z € U.
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2 Differential Operators

2.1 Salagean Differential Operator

Let f(z) € A, the Salagean differential operator introduced in [2] denoted by D™ f(z) is defined by
DOf(z) = f(2)
D'f(z) = zf'(2)
D" f(z) = 2(D" 1 f(2))".

where n € No = N U{0}. If f(2) is given by (1.1), then

D" f(z) = z—!—Zk‘"akz (2.1)

Several other differential operators have been recently introduced to generalize (2.1) following
the introduction of Salagean differential operator in [2]. Some of the operators include:
Al-Oboudi differential operator: Let f(z) € A, in [3], Al-Oboudi defined a differential operator

as follows
Df(2) = f(2)
Drf(2) = D' f(2) = (1 = N)f(2) + A2f'(2) = Daf(2), A >0,
D}f(z) = Dy (D" f(2)) .

Thus,

—z—|—Z{1—|— — DAY apz® A>0 (2.2)

For A =1, (2.2) becomes (2.1).
Darus and Ibrahim in [4] defined a generalized differential operator

Dy s f —z—i—Z{ﬁ — 1A —a) +1}" 2" (2.3)

for o, 5,A >0,k >2and n € Ny = NU{0}.
R&ducanu generalized Salagean and Al-Oboudi differential operators in [5] as follows

Dy f(2) =2+ i[l + (adk+a— ) (k- 1)}”akzk (2.4)
k=2

Ramadan and Darus introduced a generalized differential operator in [6] as follows
DI 5 sf(2) —z+z A=8)(B—a)k—1)+1]"arz* (2.5)

for 0, 8,0 >0, A>0, A >0, 8>, k>2and n € Ny =N U{0}.
In 7], Darus and Ibrahim introduced a generalized differential operator

Df(z) = f(2)
D;Af(z) =(a=ANf(z)+(A=—a+1)zf'(z)

DP L f(2) = DL, (D" (2)) .
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Thus,
)=z4+> {((k=1)A-a)+k} az® A>0 (2.6)
The operators are generalized form of some well-known differential operators such as Silagean
operator (2.1) and Al-Oboudi operator (2.2) for example.

2.1.1 Differential Operator Involving modified Sigmoid Function

In [8], Fadipe-Joseph et. al introduced Salagean differential operator involving modified sigmoid
function which is defined as follows
Let f,(z) € A,, the Salagean differential operator denoted by D™ f,(z) is defined by

Dof'y(z) f'y()

D'F,(2) = 1(s) 2! (2)

D" f,(2) = DID" " £,(2)] = 7(s)2[D" £, (=)'
Hence,

D" f, () z—i—Z’y "apZs m=n+1 (2.7
for details, see [8].

2.1.2 New Differential Operator Involving modified Sigmoid Function

Let f,(z) € Ty, then from (2.6) and (2.7) we obtain a generalized differential operator involving
modified sigmoid function as follows:

8ol (2) =77(8)2 = S A" (8) [k — 1)(A — w) + K] ay2" (2.8)

for \,w > 0. See [7] and [8] for detail.

2.1.3 Ruscheweyh Operator involving modified sigmoid function with R" : T, — T,
n€e Ng=NU {0}

Let f,(z) € T, then the Ruscheweyh operator involving modified sigmoid function denoted by
R™ f,(z) is defined as
o0
R f., (= Z’y n)arz® ap >0 (2.9)
k=2

where,

n+k—1):(n+1)(n+2>-~-(”+k_1) (2.10)

Bk(n):B(TL,k‘): ( n (k’*].)'

(n+1)n+2)...(n+k—-1) (n+1)r
(k—1)! G

(Vg1
(V-1

Hence, B(0,k) = ( K 6 1 ) = = 1. See [8] and [9] for detail.
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2.1.4 Combination of Generalised Salagean Differential Operator and Ruscheweyh
Operator involving modified sigmoid function

We combine the generalised Saldgean differential operator involving modified sigmoid function de-
fined by (2.8) and the Ruscheweyh operator involving modified sigmoid function defined (2.9) above
to obtain a certain operator defined as:

Nwly(2) = uDX ,fy(2) + (1= p)R" fy(2); A€[0,1], pel0,1] z€U. (2.11)

O o fo(2) = 17" ()2 = D iy (s)[(k = DA —w) + k] arz" + (1= p)z+ > (1= p)y(s) Bi(n)arz"
k=2 k=2

¥(s) {uly" () (k = YA = w) + K" + (1 — p) Br(n)} ar2".

NE

= [ (s) —p+ 1]z -

>
U

2

Subclasses of univalent functions in geometric function theory are characterized by simple analytic
inequalities and play significant role in the study of univalent functions. Several authors such as
[12], [4], [13], [7], [6], [5], [14], [15], [16], [17], [18], [19] and [20] have successfully defined and
investigated various subclasses of univalent functions. In particular, Joshi and Sangle in [10] intro-
duced and studied subclass T'Dy(a, 8, €, u;n) of univalent functions by using Al-Oboudi operator
as a generalised Sidldgean differential operator in the unit disk U = {z : |2| < 1}. This was moti-
vated by the work of Joshi and Sangle [10]. Using differential operator defined in (2.11), a class
T, Dy (e, B,&, 1; p - n) of univalent functions which extends and generalizes the class earlier studied
in [10] was established.

2.2 Definition:
A function f,(z) € T, defined by (1.4) is in the class T, Dy ., (a, 8,&, pu;p : n) if

(%, f(2)] = [uy™ () — p+ 1]

<
pe (@1 (2)) —a] = [(@2,£,() = (77(s) =+ 1)

<&<1, pel0,1]andp,n € Ny = NU{0}; n>0andp>2 z € U.

DN =

1
wher60§a<§§,0<ﬁ§1,

3 Main Results

In this section we state and prove the main results of this paper.
We begin by proving the necessary and sufficient condition for a function to belong to the class

T7D>\7w(a76;€7//5;p : TL)
Theorem 3.1
If a function f,(z) belongs to the class T, D) ., («, 8,§, p;p : n), then

D k()L + BE = DIH{ph" ()(k = (A = w) + K" + (1 = ) Bi(n)} ax
k=2

<pEBluY"(s) —p+1—al.
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Proof:
Suppose f-(z) belongs to the class T, Dy ., (a, 8,&, ;p : n), by equation (2.11) and definition 2.2,
we have that

=D k() {uh ™ (s)(k = 1)(A = w) + K" + (1 = u) By(n)} arz"""
k=2

< B|p€lu"(s) —p+1—a] - Zkv (1= p&) {uy"(s)(k = 1)(A = w) + k" + (1 = p) By (n)} a2~

|z| <r and as r — 17, then

> k() {uly" () (k = D)(A = w) + A" + (1 = p) Bio(n)} au
k=2

< Bpelpy"(s) —p+1—al+ Y Bky(s)(1 = p&) {uly" (s)(k — 1)(A — w) + k" + (1 — p) Bi(n)} ax

k=2
= > k)[4 B¢ — D] {uly"(s)(k = DA —w) + k" + (1 = ) By (n)} ax
k=2

<pEBluy"(s) —p+1—al.

Hence,
- pEBlpy"(s) —pu+1—q]
2 S T AR DT kD0 @ T A B Y
The result is sharp for
F2) =z — pEp[p"(s) —p+1—al R

kr(s)[1+ B(pE — DI {ply"(s)(k = (A —w) + k" + (1 — p) Br(n)}

Corollary 3.1
Let a function f,(z) belongs to the class T1 Dy ., (a, 5,&, u; p : n) then.

D kL +o(pe = DI{pl(k = (A = w) + k)" + (1 = ) Bi(n)}ax < ptB(1 - a).

k=2

Corollary 3.2
Let a function f,(z) belongs to the class T1Dx 1 (e, 5,&, p;p : n) then.

D kL4 BE = DI {pl(k = 1)(A = 1) + k)" + (1 = p) Bu(n) yax < p€B(1 - a).

k=2

Corollary 3.3
Let a function f,(z) belongs to the class T1 Dy 1(«, 8,€, 1;p : n) then.

NE

K1+ 8(p€ = DIk = 1)(A = 1) + k" } ar <pgB(1 — ).

El
I|

2
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Corollary 3.4
Let a function f,(z) to the class T1 Dy o(c, 8,&,1;2 : n) then.

D R+ B2¢ = DI{[(k — DA+ 1]"}ay < 268(1 — ).
k=2

The result is sharp for

. 24(1 - a) !
R+ 526 = DIk = DA+ 117

Remark: Class T1 Dy 1(«, 8,€,1;2:n) = TDy(a, 8,&;n) studied in [10]. Thus,

f(z) ==

TDx(a, 8,&;n) C Ty Dyl B, & psp : n).

Theorem 3.2
Let T’yDA,w(avﬁvga KD n)7 then
,’,,77,2 pgﬂ[ﬂ’yn(s)iu+1ia] <|f (Z)‘
2(1+ B(pE — DI{uh(s)(A —w) + 2" + (1 = ) Ba(n)} = 7
<t pEBp"(s) —p+1—a

B 2[1 4+ B — DI{u[y"(s)(A —w) +2]" + (1 — ) B2 (n)}
Proof:
By Theorem 3.1, for any function f € T, D) (e, 8,&, p;p : n), we have that

= PPl (s) —p+1—a] _
< D T BE Ul ()~ 1) + i (= By P 23

and - -
@212 =S vaglel > 1ol — 1P Y a
k=2 k=2
> e~ Y
k=2
2 pEBlpy"(s) —p+1—al _ _
e B 1 () (A —w) £ 2+ (L= ) Ba()y e =T andk(:s;
Similarly, '

(@) < L2l + Y v(s)arlzl® < [2] + =Py (s)as
k=2

S 1) < 2P S A()ar, k=2
k=2

PP (s) —p+1—qaf
29(s)[1 + B(p€ — D] {u[y"(s)(A —w) +2]" 4 (1 — p) Ba(n) }

for |zl =7, and k = 2.
(3.3)

[+ (2)] < ety
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From (3.2) and (3.3) we have

7,7,’,,2 pgﬁ[lu‘f)/n(s)ilu+1ia] < ‘f (Z)|
[+ 8 = D{uhm(s)(A —w) + 2" + (1 — p)Ba(n)} — 7

pEBlpy" (s) —p+1—a]

ST T B - D () —w) + 7 + (1= ) Ba(m)}

Theorem 3.3
Let T, Dy o (ar, 8,&, p;p : ), then

PEBI"(5) —p+ 11—« <
1+ B(p§ — DI{uly™(s) (A —w) + 2" + (1 = p) Ba(n)} —

PPl (s) — p+1—af
(14 B¢ — D {uh(s)(A —w) +2]" + (1 — p)Bz(n)}

-7

115(2)]

<1l+r

Proof:
Let fy € Ty Dy o(a, 5,&, u;p : n), then, by Theorem 3.1, if f € T, Dy (e, 5,&, u;p : n), we have
that

oo

PP (s) —p+1—af

2 S T BE DT (kD0 + i+ (= pBeGm] ¢ 25
and thus,
pfﬁ[lﬂ"(s)—/ﬁ‘*‘l—a] (k:2).

a2 = 2v(s)[1 4 B(p€ — D] {uly™(s)(A = w) + 2] + (1 — p) B2(n)}
But

£ 2 1= ky(o)larl[2* and £ (2)] < 1+ 29(s)|z]laz]-
k=2

So that

pEBu"(s) —p+1—af
($)[L+ B = D] {uhm(s)(k = 1)(A —w) + k" + (1 — p) Bg(n)}

|f1(2)] > 1—k7‘3|k7 (for k>2).

Hence,

pEBlpy" (s) — p+1—a]
2v(s)[1 + B(p€ — D] {p[y"(s)(A = w) +2]" 4 (1 — p1) Ba(n) }

(for k=2; |z|=7r)
(3.4)

£ (2)] = 1—2ry

Also,

pEPluY™(s) — p+1 —af
27(s)[1 + B(p€ — D] {p[y"(s)(A = w) + 2" + (1 — p1) Ba(n) }

Then, for z € U, the equalities (3.4) and (3.5)

|£5 () < 1+2ry

(for k=2; |z|=r)
(3.5)

V()1 + Bp€ = DI{uh(s)(A —w) +2]" + (1 — p)Ba(n)} — 7

pEBluY"(s) —p+1—a
()1 + B(p€ — D] {p[y(s)(A —w) +2]" 4 (1 — p) Ba(n) }

= 1-ry

<147y
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which completes the proof.

Theorem 3.4
If a function f,(z) defined by (1.4) belongs to the class T, Dy ., (, 8, &, 3 p : n).
Let

- pEBY(s)[py"(s) —p+1 - a
V()1 + B¢ — D{uly™(s)(k = 1)(A —w) + k" + (1 — p) Bi(n)}

Then the function f, € T, D) o, («, 8,&, p;p : n) if and only if it can be expressed in the form

fi(z) = z and [,(z) = 2 k>2

2) = urfu(z) (3.6)
k=1
where p; >0 and > 00, = 1.
Proof:
Let
fW(Z) = 22021 :ukfk(z); pe >0, k=1,2,... and 220:1 pr = 1.
Thus,
2) =Y pkfe = mfi(2) + Y pfr(z)
k=1 k=2
Thus,
pEBlpY"(s) —p+1—af k
+Z . { Y[+ B(PE — D{p[y*(s)(k = 1)(A —w) + k]* + (1 — p) B(n)} }
- Vo — €Ll (s) —pu+1—af Lk
=l tpat. ;2“’“ S+ BE — DIl (s)(k — D)% —w) + K" + (1 - @) Be(n)}
pa(2) + pafa(2) + pafa(z) + . = pa(2) + Y it
k=2
where py 4+ po 4+ ... =Y poy i = 1. Then,
—Z_Z,Ulc pES"(s) —p+1—al .
= )L+ B@E = D {ply™(s)(k = 1)(A —w) + k™ + (1 = p) Br(n)}

It thus follows that

Z“ pEB[py"(s) —p+1—af
F [+ B8P — D] {ulhm(s)(k = 1)(A —w) + k" + (1 — p) Bx(n)}

@)+ B0E = DI {ub™(s)(k = 1)(A = w) + K" + (1 = p) B(n)}
PPl (s) — p+1—af

o0
Zﬂkzl—ulﬁl-

k=2

In otherwords,

fv(z)=ﬂ1+2/¢k:1:>1—,u1§1.
k=2
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By Theorem 3.1 therefore, f, € T, Dy . (a, 5,&, ;p : n).
Conversely, if T, D (e, 8, &, u; p : n), then by Theorem 3.1,
o < pEBII"(s) —p+ 1 - a
~ kv(s)[1 + B = D {ply(s)(k = 1)(A = w) + k] + (1 — 1) Be(n) }
By setting

(k> 2).

< PEBIY™(8) — pp+ 1 — o
= k()L + BpE = DI {ub™ (5)(k = DA = w) + K" + (1 = i) Be(n) o

o0
pr=1- Zuk-
k=2

and

So that
_ pEBI"(s) —p+1 — ok (s)[L + B(p€ — D] {u"(s)(k = 1A —w) + k]" + (1 — ) Br(n)}
ky(s)[L+ B — D] {u[y(s)(k — 1)(A —w) + k" + (1 — p) B(n)} p€Buy"™(s) —p+1—a]’

We therefore notice that we can express f; in terms of (3.6). Thus, f,(z) = Y7, pukfr which
completes the proof.

3.1 Fekete-Szegd inequality for the class 7., D, ,(«a, 5,&, u;p = n)

In this section, the Fekete-Szego inequality for functions f,(z) belonging to the class T, Dy o, (v, 8, &, pt; p
n) was established.

Theorem 3.5
If a function f,(z) € T, belongs to the class T, Dy ., (e, 5,&, u;p : n) and ¢ € R. Then,
R[Q3 — pRO]
2 2
|a3 - g0a2| < TQ%

Proof: From Equation 3.1,
pEBIpY"(s) —p+1—0f

2= T e~ D b (50— @) T 2 T (= @) Ba(m)) &2 and
. B[ (s) — p+ 1 - q (k=3)
39(s)[L+ B(pE — L] {ur™(5)2(A — w) + 37 + (1 — p)Bs(n)}
o that e — a2 — p€Buy"(s) —p+1—a]
PR T B G+ BE — D] {u()2(A —w) + 37 + (1 — p)Bs(n)}
g@{ pEBLIY"(s) =+ 1 —a] }
29(s)[1+ BE — D] {u(5)(A —w) + 2" + (1 — ) Ba(n)}
o ad < | B £E| ‘Rﬂf — PR,
=0, 2 0,02
where Q1 = 2y(s)[1 + B(p€ — D] {u[y"(s)(A —w) +2]" + (1 — p)B2(n)};
Q= 3y(s)[L + BpE — D] {uly™(5)2(A —w) + 3" + (1 — p)Bs(n)} ; and
R = {pBluy"(s) —p+1—al}.
Therefore, )
las — pas”| < R[Q2Q:5§R91]

which completes the proof.

196



INTERNATIONAL JOURNAL OF MATHEMATICAL ANALYSIS AND
ITIMAO OPTIMIZATION: THEORY AND APPLICATIONS
Vor. 2017 , pp. 197 - 200

3.2 Radius Properties for class 7, D) ,(«, 3,&, ;p : n)

We now obtain the radii of starlikeness, convexity and close to convexity for the class Radii of
close-to-convexity, starlikeness and convexity for f, € T,Dy (o, ,&, pu;p : n) in this section as
follows:

Theorem 3.6
Let the function f,(z) be in the class T, Dy (e, 8, p;p : n); then f,(z) is starlike of order
p (0<p<1)in |z| <71, where

= kAL + B(E — D] {uly"(s)(k — DA — w) + K" + (1 — 1) By(n)} }
=iy { e ()l (s) — i+ 1 — al(k — p) =2
Proof: It suffices to show that ‘Zﬁ((zz)) — 1‘ <1l-np.
That is,
i) 1‘ _ |2 R v(karzt — 2 4 T, y(s)axzt
5 () 2= a7 (s)aRt

< D hea V(8)(k — Dag|z|F1
T (1= v(s)ak|zFY)

LI gt i,

1- Zziz ’y(s)akzk—l

It follows that

ZV(S)M <L

(I-p) ak
k=2
(1= k()L + B(p€ = DI{p0"(s)(k = 1A —w) + k" + (1 = p)Be(n)}

k—1
s pEBY(s) [y (s) =+ 1 —al(k —p)

Equivalently,
ol < {(1 = )k (e){1 4 Blpé = DLy (s)(k = DA~ w) 4 K7 4 (1= u)Bk(m}}kll- o] <r

- pEBA(8) [y (s) — p+ 1 — al(k — p) i 1
Thus,

—in (1 = P)ky()[L + BpE — D] {ulr™(5)(k — 1)\ — w) + K" + (1 — @) Bp(n)} | =1
e { pEBY(8) [y (s) — p+ 1= af(k = p) } k=2

which completes the proof.

Theorem 3.7
Let the function f,(z) be in the class T, D) o (c, 8, &, ;0 : 1), then f,(z) is convex of order p (0 <
p <1)in |z| < re, where

(1= p)ky(s)[1 + A€ = DI {uly"(s)(k = A —w) + K" + (1 — p) Br(n)} }’“ £ 9

r=infy { k(k — p)peBy(s) 17" (s) — i+ 1 — a

Proof: It suffices to show that ‘fo;((;)‘ <1l-—p, |2| <ro.

2R | e v(9)k(k = Dawz""t | 38, v(s)k(k — Daxz|*!
G | - ea T | S 1= s, v kagzF

To prove the Theorem, we must show that

> one2 V(s)k(k — Dag|z[**
1= 3702, v(s)kay |z

Since

<1l-p

<1l-—p
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S ()k(k — ol < 1.
k=2
And by Theorem 3.1, we obtain

(1= p)k(s)[1 + B(p€ = DI {uh"(s)(k = A —w) + k]" + (1 — ) Be(n)}

k—1
< k(k = P)pEB )" () — i+ 1—al
S { (1~ p)hy()[1 + B(E — 1] {uly™ (s)(k — D)(A — ) + K" + (1 — ) Bi(n)} }
k(k — p)p€By(s)[uy™(s) — p+1—af

which completes the proof.
The result is sharp for the function f,(z) given by
B pEBY(s) " (s) —p+1— 0] Lk
S+ B0E — D a5 (b — DO\ —w) + 7 + (1 — 0 Ba()}
Theorem 3.8
Let the function f,(z) be in the class T, Dy (o, 5,&, p;p : n). Then f,(2) is closed-to-convex of
order p (0 < p < 1) in |z| < r3, where

k> 2.

im0 00 B0~ Db (s) (k= (A~ w) + K" + (1= ) Be(m)} |
e { peBl(s) = p+1—al ez
(3.8)
The result is sharp for the function f,(z) given by
L PESY(8) " (s) —p+ 1 — a b >
V()L + B(pE = D {uly™(s)(k = DA —w) +k]* + (L= p)Be(n)}~ "~~~
Proof: It suffices to show that |f(z) —1|=1—p (0 <p <1 for 2] <rs.
Thus,
If'(z)—1]=1|1- Zk'y(s)akzk_l -1 =|- Zk’y(s)akzk_l < ij'y(s)akzk !
k=2 k=2 k=2
Since |fl(2) = 1] < ny(s)kak|zk_1| <1-—p if we divide bothsides by (1 — p), then,
k=2
0o k -
kzzz'y(s) (1—,0) ap |[2" < 1. (3.9)

By coefficient estimates of f,(z) € Ty D o (e, 8, &, pt;p : ) given by Theorem 3.1 above, (3.8) holds
if
k()21 _ ky(s)[L+ B(pE — D] {uly"(s)(k = (A —w) + k" + (1 — ) Br(n)}
(I=p) ~ p&Bluy™(s) —p+1-a

We find (k — 1)th root of both sides and multiply through by the inverse of (1k_7p) so that

k> 2.

2] < { (L= )L+ B = Db (5)(k = DA = w) + K" + (1 = ) Be(n)} }k
- pEBluY™(s) —p+1—af :

Hence,

. <{(1P)[1+5(p€1)]{M[7”(5)(/€1)(>\w)+k]”+(1ﬂ)3k(n)}}’“il
s pEBuY™(s) — p+1—af '
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