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Abstract

This study investigates the effect of energetic microforces on the plane strain problems of vis-

coplastic bodies. The strain-gradient plasticity theory of the Gurtin-Anand model is considered
and slightly modified to account for an energetic microforce whose energy-conjugate is the di-
vergence of the plastic strain. The modified model, gives rise to a flow rule of viscoplastic bodies
which accounts for two energetic length scales associated with polar and vector microstresses
through quadratic form of the defect energy. It is shown that there are no volumetric changes
accompanied by elastic deformation whenever the energetic length scales are equal.
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1 Introduction

Key concepts such as strain hardening, yield points and failure stresses provide useful information
as to what happens during material failure [1]. Material begins to fail as soon as yielding begins,
so that processes such as size-effects, dislocation etc. during strain hardening are understood from
point view that stresses and free energy are functions of internal variables which account for internal,
irreversible, restructuring of materials during plastic behaviour [2,3].

The inability of the classical plasticity at apprehending size effects has led to the study of strain
gradient plasticity. Studies have revealed that size effects contribute to the strength of materials
[4,5]. For instance, experimental works have shown that the strength of metallic components of
metals undergoing inhomogeneous plastic flow is size dependent [6,7]. This is unaccounted for in the
classical theory of plasticity. Thus to account for size effects, researchers have introduced within the
constitutive theory and force balances, fields that are in themselves explicitly related to the strain
gradient and hence necessitate the need for additional length scales for dimension consistency [8-11].

The strain gradient plasticity theory introduced by Gurtin [12] allows for more than one energetic
material length scales associated with the Burgers tensor or gradient of the plastic strain [13,14]. The
material length scales play crucial role in the weakening and strengthening properties of materials.
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However, no study has been directed towards determining the compressibility properties of materials
based on these intrinsic energetic material length scales.

The purpose of this work is to use a modified form of the Gurin-Anand model [13,15] to determine
the effect of material length scales on the plastic flow of materials under plane strain.

2 The Gurtin-Anand model

The microforce balance for viscoplastic bodies is given as
T, =T° — divK?, (2.1)

where T, is the deviatoric part of the Cauchy stress T', TP is called the plastic microstress tensor
and KP? is the polar microstress. The force balance (2.1) is obtained by recognizing the energy
conjugates of each of the microstresses and using the principle of virtual power.

The constitutive relations between the force-like variables and their conjugates are given by

T =2uES + k(trE°)I (2.2)

dP\™ EP dP\"™ VEP
TP =5, — | =—:;K? =1%s,(— , 2.3
$ (d()) dp’ dis S (d()) dp ( )

where s, is a constant denoting the initial yield strength

The constitutive relations used here, assume the absence of an hardening function used in Gurtin
and Anand [15] so that, the internal stress dimensioned quantity S equals the initial yield strength
So, | is called the dissipative length scale associated with the dissipative part of the polar microstress
K" . m is the rate sensitivity parameter, d, is the initial flow rate and d? is the effective flow rate

dis?

defined by

dr — \/|Ep|2 +2|VEP|2, (2.4)

K%, is the dissipative part of the polar microstress K?. p and x are the elastic shear and bulk
modulus respectively, and E° and EP are the elastic and plastic strains respectively. The energetic
part K2 of the polar microstress K? is defined in component form as;

1 1
( g’n)jnq = MLQ |:E§')q,n - 5 (Efn,q + Eqpn,j) + 36qu7{)n,r:| ) (25)
where L is called energetic length scale associated with energetic part K2, of the polar microstress
KP

Substituting constitutive relations (2.3) and (2.5) into (2.1), we have the Gurtin-Anand flow
rule given as

T, + pL? (AEP — sym, (VdivEP)) = s, (

dP\"™" VEP
_2 odi halll
Soalv [<do> dp

sym,(A) is the symmetric deviatoric part of tensor A defined as

dP\"™" EP
i) o

(2.6)

symo(A) = sym(A) — étr(A)I =_(A+A") - étr(A)I,

N |

where sym(A) is the symmetric part of tensor A.
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3 Plastic flow rule accounting for an energetic internal micro-
force

The basic rate-like variables in the Gurtin-Anand Model are ﬁ', H¢ and EP. These variables are
not independent of each other because of the kinematic relation given as

Vii=H®+ EP, with trEP =0, (3.1)

where # is the displacement vector of an arbitrary point Z in the deformed body and H€ is the
elastic part of the displacement gradient V. The microforce balance (2.1) of the Gurtin-Anand
model [15] are obtained through the principle of virtual power following the assumptions that

e An elastic macrostress T is energy-conjugate to H¢
e A plastic microstress T? is energy-conjugate to EP

e A polar plastic microstress KP? is energy-conjugate to VEP.

These assumptions allow the power expenditure W;,;(P) due to internal agencies over a sub-region
P of the body B be written in the form

Wint (P) :/

(T CHE+TP: EP + KPEVE’P) dv. (3.2)

P

The operations : and : are the inner products on second-order and third-order tensors respectively.
Suppose there exists an energetic internal microforce ¥ assumed energy-conjugate to the diver-

gence divEP of the plastic strain so that the microforce balance of Gurtin -Anand model takes the

modified form![13]

T, = TP — sym,(VX) — divK? (3.3)

with o0
X = ————— A4
X ddivEr 3.4)

where 1 is the free energy measured per unit volume. The free energy assumes the form [13]
1 1 1

¥ = plEG]? + Saltr B 4 SpL?|V x BP? 4 SpQP|divEr P, (3.5)

where @) is the energetic length scale due to the presence of the energetic internal microforce x.
Following from equations (3.4) and (3.5) we have
X = pQ?*divE?. (3.6)

By substituting equations (2.3), (2.5) and (3.6) in (3.3), we have the flow rule accounting for an
energetic dependence on the internal microforce ' given as
dar ) m pp

T, + p (L*AEP + (Q* — L*)sym, (VdivEP)) = s, <do =

dP\™ VEP
J— 2 y JR—
l SodZ'U [(do) ap

The microscopic boundary conditions following that of Gurtin and Anand [15] assume the form

EP =0 on T, and KPA+sym,(X®7A) =0 on T}y, (3.8)

(3.7)

where 71 is the outward unit normal on the surface I'y. I'j, represents part of the boundary I' that
is micro-hard and I'y represents part of the boundary I' that is micro-free with I' = I'j, UT'¢ and
I', NIy is a smooth curve.

IThis microforce balance is obtained via the principle of virtual power and the use of divergence theorem
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4 Plane strain-gradient formulation of visco-plastic media

Here we shall consider the plane strain-gradient plasticity theory of the modified Gurtin-Anand
model given by (3.7). This will enable us to determine the effect of the energetic internal microforce
on the flow rule of a visco-plastic material. As an aid to finite element implementation, the weak
formulation of the flow rule for the following cases would be derived:

e m=1
e m>0and Q= L.

Let x1—coordinate axis be represented by the x-axis and the xo—axis be represented as y—axis.
Suppose a body undergoes a plane strain so that the displacement vector « can be written as

@ = uy(z,y)e1 + ua(x, y)és, (4.1)

where ¢€; and €5 are unit vectors parallel to the  and y- axes respectively. The non-vanishing
components of the strain are defined by

Juy Oug 1 (0w Ous
Ein=—, FEyp=— d Fo=-|—+—"1. 4.2
=5 22 ay an 1255 <8y + O (4.2)
By plastic incompressibility given in (3.1)2 we have

Since the non-vanishing components of the plastic strain are E?;, E; and ET, then, the components
of the plastic strain can be written as a column matrix in the form

Ef
EP=| E%, |, (4.4)
EY,
so that the laplacian of the plastic strain is defined as
9?EP, | 9*EY,
Ox2 oy?
82 EP 82 EP
AE? = e R (4.5)
9%EP, d%EP,
8m212 + 8y212

and the symmetric deviatoric part of gradient of the divergence of the plastic strain is given by

1 82E{)1 82E{)2 _ 82E§2
3 (25 +

Ox? Ozdy 0y?
i JOP 1 9°EL, 9°Ef, O*EY,
symo(VdivE?P) = 3 (25,2 + Tont — 5t ) (4.6)

1 (0°EY, | O°E?, | O°EY, | O%EL,
5(8m8y + 0x2 + 0y? + o0y

The components of the macrostress in (2.2) are defined by

1
T = k0 +2pu (E‘fl - g(Efl + E§2)>
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so that

where 0 = EY, + ES, = E11 + E9s with F1; and FEss the components of the total strain.
Similarly,

3k —2
Tyy = < r . “) 0+ 2uES,, (4.8)
and
T2 = 2uFET,. (4.9)
Recall that under plane strain T35 is in general non-zero, where
3k —2
T33:< ””3 “) 0. (4.10)

Let M = @ and N = w. The components of the macrostress in terms of M and N are
defined by

Ju Ju
Ty = Na—; + Ma—; — 2uEP,. (4.11)
Ju Ju
Ty = Na—; + Ma—xl — 2uED,. (4.12)
1 [ 0u ou
Tio = 24 (2 <8yl + a;) - Ef2> . (4.13)
and 5 5
U U
Tys = M (8:1:1 + 8;) . (4.14)
Recall that the deviatoric part of the macrostress T, is defined by
1
T,=T— gtr(T)L (4.15)
where [ is the rank-two unit tensor. Clearly
1
Torn =T — g(Tn + Toy + T33)
2 ouy Ous 1 Ous Ouq
To1 =~ | N=—+M—="—-2uE?, | — = [ N=—"4+ M— —2uE?
" 3( 8ﬂc+ dy MH) 3( 8y+ Ox HE2
1 8U1 8@62
——M|—=—+—=].
3 ( Ox * Oy )
By simplifying it is obvious that
2 8’&1 1 (’)ug
To11 =2p (36:5 T30y Ef1) . (4.16)
Similarly,
2 Ju 10u
To0 = 24 (3(9; — 5871 — E§2> : (4.17)
1 [ 0u ou
T012 = 2‘u <2 (6:[/1 + a;) - Ef2> . (418)
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and

2 8U1 aUQ
To33 = —— — 4+ — . 4.1
033 3k < oz + 6y> (4.19)

Without loss of generality and for the purpose of determining the significance of length scale @,
assume that rate-sensitivity parameter m = 1, then the flow rule (3.7) becomes a linear partial
differential equation given as

T, + 1 [L*AE? 4+ (Q* — L?)symo(VdivEP)]

2

S, - [ .
= 2FEP — —s,divVEP. 4.2
a4 dos vV (4.20)

For this case of rate-sensitvity parameter the flow rule in component form after substituting (4.16)-
(4.18) in (4.20) is given in component form as follows

- P
0= 20B}, + 2B, — 20 <25u113“2) 0 (ﬂ(LerzQ)aEn)

30x 30y oz or
0 (B aElQ _ ﬁ 2 aEfl
8x(3(Q ~L)%,° 32L +Q) Oy
9 {950 8Ef1 250 3E11
9 (l 4oz )~ d By (4.21)

] OFY
) -5 (5222

<12 2" 65}) (4.22)
and
0= 2uEY, d Ef2 N(%?‘F%qf)—%(g(LQ‘FQQ)a 12
_9 (”(LZ‘ _|_Q2)8Ef2> _ 9 (zZ‘S(’aEﬂ) _ 9 <z25"aEf2> . (4.23)
oy \ 2 oy ox d, Ox oy d, Oy

4.0.1 Effect of internal microforce on the flow rule

The flow rule presented in (4.21)-(4.23) for the special case of @ = L will result to the following

equations

o T 2 3u1 1 8u2 3 8Ep

—ouE?, 4 Sofp gy (20M _ 20U 9 [ p20%h

0 pE + 4, n iz <3 9z 30y > B <;L 5

A WL OB\ 0 25 LY, 0 2% OEP, (1.24)
dy dy oz \  d, Ox oy \" 4, oy

2 Ous 1 0uy 0 OFEP

=2 Ep Ep 2 It et L2 22
0 =2pks + d, 22 1 (3 oy 3 890) By <u 781/
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0 OE} 9 (250 OE 0 (250 OES
_ 9 (22 _ 9 (2850952 ) _ 9 [,25 05 4.9
Ox <,u Ox ) oy ( d, Oy ) Oz < do, Oz ) (4.25)
and 0 0 0 OEY
—ouEP. 4 Sope (9" U2 9 ( 729712
0 u12+d0 12 u<8y+8x oz \M'" "oz
9 (L2 OEY, 9 1250 8Ef2 9 l237anf2 (4.26)
Oy Oy Oz d, Ox Oy d, oy |’ '
By adding (4.24) and (4.25) with the fact that £, + E¥, = 0 then
8u1 6u2
— +—— | =0. 4.2
(896 * 8y> 0 (4.27)
This implies that
tr(E) =0, (4.28)

where E is the total strain defined by £ = E° + EP with ¢r(EP) = 0, so that we have as a
consequence of () = L, elastic incompressibility given by

tr(E) = 0. (4.29)

Thus (4.24) and (4.25) for fixed & (k = 1,2) become

So - . 0 OEY
0=2uEy, + 2FF —2uEf, — — (,JL?’C’C)

d, ox or
_9 MLz% _9 52@% _9 12370% (4.30)
Oy Oy Ox d, Oz Oy d, Oy '
By assuming that for Q@ = L
Ef, =0, Ej =0, E},#0 (4.31)
then
Ef, =0, E5,=0, Ejy,#0. (4.32)

4.1 Weak formulation of the flow rule for m =1

Let wy(x,y) and we(x,y) and ws(x,y) be weight functions satisfying the homogeneous boundary
conditions of the flow rule. These weight functions have been chosen so that the force balances are
satisfied for each approximate solution of the flow rule. The weight functions wy (z,y), w2(x,y) and
ws(z,y) are chosen so that the weak formulation of the flow rule (4.21)-(4.23) are

. 2 8“1 1 8%2
— [ (2uw, E? So —/2 cdn 20U
0 /Q ( pwi B 4wy d 11) dxdy . 1wy <3 9r 3 0y ) dzdy

Hoir2 2\ O0w1 0BTy p o 2\ Ow1 OET,
(L 4+2Q°) ——F—+= — L) ——/=| dzd
Jr/Q[?)( JrQ)@a: Ox +3(Q )833 Oy e
Wono 00w OEY, s, 0w OEY, .5, 0w OFY,
—(2L —-— If—— F—— dzd
Jr/ﬂ 3( JrQ)@y oy d, 0r Oz do, 0y 0Oy T
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_ Koo 2 OB K2 72 OET, 250 aEll
/le (3(L+2Q)8x+3(Q L)By ld(“) N | dS
OEY o OEY
f/rwl (3(2L2+Q ) y“ +z22— ay“) ny] ds. (4.33)

= P, + w2 L - 20uz 10w
O—/Q (2uw2E22—|—w2d EQQ) dzdy /QQ,uwg <3 3y 301 dzdy
6LU28E 1% P
249 22 . Fin2 _ 12992
+ [ |5 vaen G0 4 b - 152 00 |

Ows OEY, 550 0wy OFS, 55, 0wy OEY,

Ox d, Oy Oy d, Ox O

dxdy

2L2+Q)

o
Q
o Koo 2, OB, Moo 2y O, 2503E22
AWQ[(g(L+2Q)8y+3(Q )55 + BT |y | as
Hior2 2, 0E5y | 1250 8E§2
— w2 §(2L +Q) +l -5 Nz dS, (434)
r

ox d, Ox
8u1 E)uz
0= /Q (2,uo.13E12 —l—wgd E12) dxdy — /Q,uo.)3 (6 + 6‘:17) dxdy

Ows OEY, Ows OF
2 2 30L4y M 2 2\ 0W3 0L
+/Q[2(L +Q) 9% On +2(L +Q)8y ay]dxdy

N / S0 Ows OEYy 15 50 Ows DEY,
d, 0x Ox d, Oy Oy
_ / s
r

1 OFE?. s, OEF
(2 (1)2 + QQ) ;2 + ZQ—d 12) 7775] ds
/ w3
r

g P
<g(L2 + Q%% + 125"3%) ny] ds. (4.35)

3(

and

1222 dxdy

d, Oy

4.2 General Weak formulation of the flow rule for m >0 and ) = L

Suppose m > 0 and @ = L, the flow rule takes the form

T, + pL?AEP = s,FEP — *s,div(FVEP), (4.36)

where F = (4 "
—\d ar"

Given that H is a test function satisfying homogeneous boundary condition of the flow rule then

by divergence theorem, the weak formulation of the flow rule is given by

0= / [ZQSOFVE”EVH + pL?VEP'NH + s,FE? : H—T, : H] av
Q
- / [FSOFH  (VEPR) + H - (MLQVEPﬁ)] ds, (4.37)
T
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where 7 is the outward unit normal to the boundary I' of €.

Suppose, under plane strain, E}; and F%, are neglected, then in component form, the weak

formulation of the flow rule is given by

. 8u1 8UQ
0= /Q [2MW4E{72 + w4sOFEf2} drdy — /Q 2wy (3y + 6x> dxdy
Owy OE?. Owy OE?. Ouwy OE?, Owy OE?.
o, pOWaOLyy 2 O0W1 0L, 729w 0L, 120w O,
+/Q o 0r Oz + 180 oy Oy B o oz TH oy Oy dud

EP EP
_ /F Wy KZ%OF%;) Ne + (lzsoFaale) nyl ds

OFP, OFP,
—/w4 (uﬁaxl?) e + <uL2 8;) 77y‘| ds, (4.38)
T

where 77, and 7, are the components of the outward unit normal 7.

5

Conclusion

The additional length scale @ associated with the divergence of the plastic strain gives rise to elastic
incompressibility whenever the length scales ) and L are equal. Thus elastic incompressibility is
achievable, even in the presence of the energetic length scale L associated with the gradient of the
plastic strain.
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