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Abstract

The notion of Ap-metric spaces, which generalizes A-metric spaces, S-metric spaces and Sj-
metric spaces is introduced in this paper. Analogues of some well known fixed point theorems
are established and proved in this space with an application to the solution of a nonlinear
integral equation. Our results generalize many known results in fixed point theory.
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1 Introduction

Metric space is an important tool in functional analysis, topology and nonlinear analysis. Its
topological structure has attracted the attention of many mathematicians partly because of its
usefulness in the fixed point theory. In recent years, diverse applications of fixed point theorems
have challenged researchers to introduce different generalizations of metric spaces. These generalized
spaces include 2-metric spaces, D-metric spaces, D*-metric spaces, G-metric spaces, b-metric spaces,
quasimetric spaces, Gp-metric spaces, complex valued Gp-metric spaces, S-metric spaces, S,-metric
spaces, complex valued S,-metric spaces, A-metric spaces, y-generalized quasi metric spaces and |,
most recently, S,-metric spaces (see [1] to [16]).

Motivated by these generalizations, we present the notion of A,-metric space which generalizes
A-metric spaces, S-metric spaces and S,-metric spaces. Some fixed point theorems are established
and proved in this new space.

The following is the definition of S,-metric spaces, a generalization of both S-metric spaces and
Sp-metric spaces.

Definition 1.1 [1]. Let X be a non-empty set and S : X® — R*, a function with a strictly
increasing continuous function, 2 : [0,00) — [0, 00) such that Q(t) > ¢ for all ¢ > 0 and ©(0) = 0,
satisfying the following properties:
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(i) S(z,y,2)=0 if and only if x = y = 2;
(i) S(z,y,2) <Q(S(z,z,a) + S(y,y,a) + S(z,2,a))  Va,z,y,z € X (rectangle inequality).

Then (X, S) is called an S,-metric space.

Remark 1.2
(i) If Q(z) = 2z, Sp-metric space reduces to S-metric space.
(ii) If Q(z) = bz, Sp-metric space reduces to Sp-metric space.

In [2], Abass et al. introduced the notion of an A-metric space as follows:

Definition 1.3 [2]. A non-empty set X with a function A : X™ — [0, 00) satisfying the following
properties:

(1) A(Qsla ¢2a ¢37 ) an) > 07
(11) A(¢17¢2a¢37 "'a¢n) =0if and Only if ¢1 - ¢2 - ¢3 = ... = ¢n;
(iii) For ¢, 0 € X,i=1,2,3,...,n,

A1, 02,83, ., 0n) < A(d1,01,01, .., (D1)n—1,0)
+  A(¢2, 02,02, ..., ($2)n—1,0)
+  A(d3, 03,03, (P3)n—1,0)
+  A(¢a, P4, P45 s (Pa)n—1, 0)

+ A(¢na¢n7¢na--~7(¢n)n7179>

is called an A-metric space.

Remark 1.4.
(i) A-metric space is an n-dimensional S-metric space in [2].
(ii) If n = 2, A-metric space reduces to ordinary metric space in [3].

(iii) If n = 3, A-metric space reduces to S-metric space in [4].

2 Main results

We introduce the following:

Definition 2.1. For a non-empty set X, let w : [0,00) — [0, 00) be a strictly increasing continuous
function such that w™'(z) < z < w(z) and w(0) = 0 for all z. A mapping 4, : X" — [0,00)
satisfying the following properties:

(1) Ap(¢1»¢21¢37 7¢n) > 0;
(il) Ap(d1, b2, 3, dn) =0  if and only if ¢y = o = d3 = ... = ¢,
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(iii) For ¢s,0€ X,i=1,2,3,...,n,

Ap(91, 2,93, s Pn) w(Ap(p1, b1, P1, s (D1)n—1, 0)
Ap(p2, 92,02, ..y (P2)n—1,0)
Ap(P3, 93, 93, s (P3)n—1, 0)

( Jn—1,0

Ap ¢4a¢4a¢47"'a(¢4 n—1, )

+ + + A

+ Ap(¢7l7¢na¢n7"'7(¢n)n—1ag))

is called an Ap-metric and (X, A,) is a A,-metric space.

Remark 2.2.

(i) Ap-metric space is an n-dimensional S,-metric space. Every A-metric space is an Ap-metric
space when w(z) = z but the converse is not true.

(ii

(ii

If n = 2 and w(z) = 2z, Ap-metric space reduces to an ordinary metric space in [3].
If n =2 and w(z) = bz, Ap-metric space reduces to b-metric space in [].
(iv
(v
Example 2.3. Let X = NJ{0} and

If n =3 and w(z) = 2z, Ap-metric space reduces to S-metric space in [4].

)
)
)
) If n =3, Ap-metric space reduces to S,-metric space in [2].

Ap(21, @9y ooy ) = e2imt [Tl g (2.1)
for all z; € X,i=1,2,....,n with w(z) = e* — 1. Then (X, 4,) is an A,-metric space.

Verification
(i) 1
n— B,
Ap(z1, 22, .y p) = eXi=t =zl _ 1>
since exponential function is an increasing function.

(i) oy =20 =23 =... = Ty,

n—1 .
Ap(xlax27 ,.’L’n) = ezi=1 o1 —zial 1
—  elmi—mltlzi—msltlri—zal+ i —za| g

elO1+[01+]0]+...[0] _
= —1=1-1=0
Conversely, if
n—1
Ap(l'l,l'g, ,Z‘n) = 621:1 |$1—$1+1‘ -1= 07

then
lneZ?:_f ler—Zital — 191
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which implies
n—1

Z |l‘1 - l’i+1| =0.

=1

Hence, 1 = x;41Vi.
(iii) Clearly with w(z) =e* —1,

Ap(z1, 22,23, ..., Tn) w(Ap(z1, 21,21, oy (T1) =1, 0)
Ap(z2, 2,22, ..., (T2)n—1, 0)
Ap(zs, 3,23, ..., (£3)n-1, 0)
Ap(

D L4y Thy Ty enny ('r4)n—1? Q)

+ 4+ + A

+ Ap(xnaxnaxru---7(xn)n—1aQ))
for z;,0€ X,i=1,2,3,...,n.
Remark 2.4.

1. Example 2.3 is an A, metric space but not a metric space because if n = 2 and A, = d, where
d is a metric on X, then

d(xy,ag) = el

> elmi—wsl 4 eles—wa| _ g
for some x1,x9,z3 € X. For instance, if z1 = 6, xo = 16 and x3 = 10, we obtain:
d(6,16) = €' —1=22026.5—1=22025.5
et —14¢e5 -1

54.6 —1+4034 -1
= 456

\Y

2. Example 2.3 is not necessarily an S-metric space because if n = 3 and A, = S, then

S(.’El,$2,1’3) = e|w17w2|+|931*933| -1
> 6|a:17a:4| 1
+ elza—zal _q
+ elts—mal _ 1

for some x1,x9, 3,4 € X. For instance, if z; = 6, z2 = 9, 3 = 16 and x4 = 10, we obtain:
5(6,9,16) = 10 —1=¢'® —1=4424124
et—14+el—14+e -1

= 56-1+27-1+4034-1
457.7

V
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3. Example 2.3 is not necessarily an A-metric space because if A, = A, as in A-metric space,

then
Alzy, o, ,iCn) — elm—zmltlei -zt i —ea | _q
> e‘$1*y| —1
+ 6\12*y| —1
4+ 6\13—y| —1
+ e‘mn_y‘ — 1

for some z;,y € X,i=1,2,...,n.
Lemma 2.5. Let (X, A,) be an A,-metric space. Then for u,v,w € X and n € N,
1. Ap(u,u,u,...,v) = w(Ay(v,v,v,...,u)).

2. Ap(u,u,u, ., v) Sw((n— 1DAp(u, u, u, ..., t) + Ap(v,v,0, ..., t)).

Proof
1.

Ap(u, uy uy .oy v) < w(Ap(u,u,u, ..., u)
+ Ap(uvuvua au)
+ Ap(u,u,u, ,’(L)
+ Ap(u7uaua ,U)
+ Ay(v,v,0,...,v,u))
= w(Ap(v,v,v,...,v,u))

Also,

Ap(v,v,0,...,u)

+ o+ + A

+ Ap(u,u,u,...,u,v))

= wdy(y,u,u,...,u,v)).

Therefore, Ap(u,u,u, ...,v) = w(Ap(v,v,v,...,u)).
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Ap(u,u,u, ..., ) w(Ap(u, u,u, ..., t)
Ap(u,u, u, ..., t)

Ap(u,u,u, ..., t)

+ + IA

+ Ap(v,v,v,...,1))
= w((n—1A4,(u,u,u,...t) + Ap(v,v,v,...,1)).

Definition 2.6. Let (X, A,) be an Aj-metric space. A sequence 3, in X is said to be;

1. Ap-convergent to a point u € X if for any € > 0, there exists a positive integer N, such that,
for all n > No, Ap(Bn, By By -y 1) < €.

2. Ap-Cauchy if for any € > 0, there exists a positive integer NN, such that, for all n,m > N,

Ap(ﬁma Bnaﬁm ceny 5n) < €.

Definition 2.7. An A,-metric space is said to be A,-complete if every A,-Cauchy sequence in it
is A,-convergent in it.

Theorem 2.8.

Let (X, A,) be a complete A,-metric space. Suppose that the mapping 7' : X — X satisfies the
contraction condition

Ap(Tfl,ng,ng, ,Tgn) S aAp(fl,gg,fg, 7€H)V€l S X,Z = 1,2,3, N (22)

where 0 < a < 1. Then T has a unique fixed point in X.

Proof:
Choose & € X and set &, =T"&,, n > 1. We have

Ap(§n7 €n+1; €n+17 £n+17 ceey £n+1) Ap(Tfnfla TEn, Tfm Tﬁn, sy Tfn)

< aAp(gnflagnvgnvgnv"'7571)
S azAp(gn—Qy gn—ly fn—la fn—lv ceey §n—1)
< anAp(é-Oaglvflvgla"'vgl)'
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IIMACO

Thus, for m < n,

Ap(fnagma£m7£m7 7£m)

where n = (1 + an® — 2an).

+ IA

+ 4+ A+ I+ A+

+ o+ A

N+ +

w(Ap(gmfmgm--~>£n7§n+1)

(n - 1)Ap(£ma£m7£m,§mv '~7§mv£n+l))
AP(§n7£n+17§n+la§n+1; ---7€n+1)

(n =D Ap(Emy Ent 1 Ent 1 Entts o Ent)
a™ Ap(§0,61,61,61, -, 61)

w((n — 1)2Ap(fn+1,§n+17§n+17 oy €nt1s €nt2)
(n— 1)Ap(§ma§m»€myfnu s &ms Enta))
a™ Ap(§0,61,61,61, -, 61)

" (n —1)2 4y (&0, &1, €15 €1, s 1)

(n = 1)Ap(Ems Ent2s Envar Ent2s s Ensa)
a" Ap(&o0,€1,61,815 -, 61)
a"ttn—1)2Ap (&0, &1, 61,615 &)
a"t?(n—1)%Ap (&0, &1, 61,615 &)
n—1)Ap(Em, Ent3s Entdr Enss s Ents)

anAp(£07€17§17£17 "'7§1)
a"+1(n - 1)2Ap(€07£17§1a§17 "'551)
a"+2(n - 1)2Ap(§07§17§17§1a -~-;£1)

am(n - 1)2Ap(€07€17£17§17 "'agl)
n-— 1)Ap(€ma€m+1,§m+1, -~->fm+1)

ann +am(n_1) Ap(€O7£17§17'“a€1)

1—a

Asn,m — 00, Ap(§ns&msEmsEms s Em) — 0.
Therefore, {£,} is an A,-Cauchy sequence. By completeness, there exists A € X such that &, is

Ap-convergent to .
Suppose TA #£ A,

Ap(En, TATA, ., TA) < adAp(€n_1, A A, ., A).

Taking the limit, we obtain

a contradiction. So, TA\ = A.

Ay(\,TA,TA,...,TA) <0

Suppose A1 # Ag is such that TA; = Ay and TAy = Ay. Then
AP(TAl, T)\Q, T)\Q, ceey TAQ) S aflp()\]_7 )\2, )\27 ceny )\2)

Implying

Ay, Az, Mgy s Ag) < 0.
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A contradiction. So, Ay = As.

This shows the uniqueness of the fixed point. O

Remark 2.9. If A,(T¢,,T¢,T¢s,...,TE,) is set as d(T€;,TE,), Theorem 2.8 reduces to well known
Banach Contraction Principle in metric spaces.

Theorem 2.10.
Let (X, A,) be a complete Ap-metric space. Suppose that the mapping T' : X — X satisfies the
condition

AP(T£17T§27"'?T§TL) S amaX{Ap(flnglaTgla"'7T€1)7
AP(£2aT§2aT§27 "'7T£2)a

e

Ap(gn?T§n7T§n7 7T€n)}7

VE € X,i=1,2,3,...,n, where 0 < a < 1. Then T has a unique fixed point in X.

Proof:
Choose & € X and set &, =T"&,, n > 1. We have

Ap(fn,€n+1,fn+1,§n+1, -'-a§n+1) = Ap(Tgnfl,TnggnaTgm -~-ann)
~ amaX{Ap(gnflagnv§n7§n7"'7571)’
Ap(fn,fn—&-l + &1+ o+ &)}

N

If the maximum is A, (&, §nt1 +Ent1 + .. +E&nt1), then from (2.12) we obtain A, (&, Ent1 +Ent1 +
we+ &np1) < adp(éns&ntr + Ent1 + oo + &ur1) which is a contradiction.
Therefore, the maximum is Ay,(§n—1,&n,&n:&ns - €n)- Hence, we have

Ap(§n7§n+1;€n+17£n+17---a§n+1) = Ap(T£n71;T§n>T£n7T§na---7T§n)
S aAp(§n71;€n7£n,£n7«~~7£n)
S a2AP(§n—27gn—l7fn—17€n—17-~-7§n—1)

IN -

anAp(€07§17£17§1a ""61)'
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IIMACO

Thus, for m < n,

AP(€n5§m7£m7£m7 7£m)

where n = (1 + an® — 2an).

+ IA

4+ A+ A+

+ 4+ A

N+ +

W(Ap(fnagmfm~--7§n7£n+1)

(n— 1)Ap(§m7§m7€m7£mv s €ms€ntt))
Ap(&ns&nt1,&nt1s Entts o Eni1)

(n = 1) Ap(Em» Ent1sEnt1y Entts s §n1)
a™ Ap(80,61,61,61, -+, 61)

w((n = 1)2Ap(Ent1, Ent1 Entts s Ent1s Enga)
(n - 1)Ap(§ma'5m7§m7§m7 ~~~7§m7§n+2))
a" Ap(&o,€1,61,815 -, 61)

" (n —1)* 4y (&, &1, &1, €1, s 1)

(n = 1)Ap(&m, Envas Envas Ensas s Eng2)
a" Ap(&o, 1,861,815+, 61)

" (n —1)2 4y (&0, &1, &1, &1, s 1)
a"t2(n —1)2A4, (¢, &1, 61,61, -, 61)
n—1)Ap(&m, Ent3s Ent3s Entds o Ents)

n

a/nAp(§0a§17€17£13 "'761)
anJrl (TL - 1)2Ap(50,§17£17£1a "'351)
a"+2(n - 1)2Ap(€07£17§1a§13 "'aél)

a’m(n - 1)2Ap(€07€17£17§1a "'agl)
n-— 1)AP(§mﬂ€m+17€m+17 "'7£m+1)

ann +am(n_1) Ap(€07£17§1a"'v€1)

l1—a

Asn,m — 00, Ap(§ns&ms&msEms s &m) — 0.
Therefore, {£,} is an A,-Cauchy sequence. By completeness, there exists A € X such that &, is

Ap-convergent to .
Suppose TA #£ A,

Ay(&n, TN, T, ..., TA)

Taking the limit, we obtain

A contradiction. So, TA = A.

< amax{A4,(&n-1,&n,&n, - &n),
Ay(\, TA,TA, ..., TA)}.

Ay(\, TN, TA,...,TA) <0

Suppose A1 # Ao is such that TA; = Ay and T Ay = \o. Then

AP<T>\1,T)\2,T)\2,...7T>\2) S amax{Ap()\l,T)\l,T)\l,...,T)\1)7

Ay(A2, TAg, TAg, ..., TA)}
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Implying
Ap(A, A2, gy, Ag) < 0. (2.8)

A contradiction. So, A\; = As.
This shows the uniqueness of the fixed point. [J

Remark 2.11. If A,(T¢1,T¢2,T¢s, ..., TE,) is set as d(T'€1, TE2) and d(&1, &2) denotes the maximum,

Theorem 2.10 reduces to well known Banach Contraction Principle in metric spaces.

3 An Application to the Solution of A Nonlinear Integral
Equation

Consider the following nonlinear integral equation

>

b
y(z) = /g(gc,s)H(ﬂc,s,s7 oy v(8))ds, (3.1)

where g : [a,b] X [a,b] = R, H : [a,b] x R — R are continuous functions and A € R, A\ # 0 is a
given number.

Let X be the set of all real continuous functions v : [a,b] — R for which « is continuous and
~v(z) C R for each z € [a,b]. endowed with the A, metric

n—

1
[v1=7i+1l
AP(th’YQa "'a’yn) =e=t

-1

for all v; € X,i =1,2,...,n. Then (X, A,) is a complete A,-metric space. Consider the following
conditions:

(i) There exists o > 0 such that |H(x,s,s,...,p1) — H(z,s,8,...,p2)| < o|p1 — p2| for each z,s €
[a, b] and each p1, p2 € R.
b
(ii) maicbfg(x, s)ds < 1, for all z, s € [a,b].

a<t

Theorem 3.1. Suppose that Theorem 2.8 and the conditions (i) — (i4) above holds. Then (3.1)
has a unique solution.

Proof. Define a mapping T : Cla, b] — C|a, b] by

b
(Tv)(z) = %/g(m,s)H(m,&s,...,’y(s))ds, YV € [a,b]. (3.2)

Then the integral equation (3.1) is equivalent to the fixed point problem v = Ty where T is defined
by (3.2).
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Now,

n—1
2 Ty1(8)=Ti41(s)]
AP (T71(8)1T72(s)7T’73(s)7~-7T’7n(s)) €=t

g(z,s)H (x,s,s,...,7i+1(s))ds .

e

n—1 b
> % So(@s)H(z,s,5,...,71(s))ds— %
1 a

-
Il

b n—1
B[ 9@ a)ds @0 @)= H@ss i (D

L Z =l

1 (5)772(8)’73(8% 7771(5)) )

Il

Pl

N
=
—~

e

where k = €T € [0,1), [A] > 0.
Therefore,

AIJ (Tfyl (3)’ T72(8)7 T’YS(S)7 ceey T’yn(s)) < kAp (71(5)7 72(3)’ 72(8)a "'772(5))

and T has a unique fixed point which is the unique solution of the integral equation (3.1).
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